MAT 210 Brief Calculus

Sample Exam 1 - (Practice Version C)
Solutions

Instructor XXXXXXX

Full Name (Print clearly!)

Student ID

Important Disclaimer for Students:

e This is a sample exam, not the actual in-class exam. Problems are of similar difficulty but may differ in
type, numbers, or context.

e Success in the course depends on practicing concepts beyond this sample: lecture notes, Edfinity, Group
Work, quizzes, and homework.

e You should complete this exam as if you were in the real exam room: no notes, no internet, no calculators
beyond what is allowed, and an approximately 60-minute time limit.

e After finishing, check your answers against the provided solutions and grade yourself.
e If you could not complete within the time limit, practice again and attempt another sample exam.

e Treat every problem in your coursework (notes, quizzes, assignments) as fair game for the actual exam.

Page 1 of 11



Part I - Multiple Choice: Circle the response that best completes the statement or answers the
question. Then write the letter of your answer in the table after Problem 7.

1. (5 points) The height of a launched drone (in meters) above the ground is modeled by the quadratic function

h(t) = —2t* + 12t + 5,

where ¢ is the time in seconds after launch.

Compute the average rate of change of the drone’s height from t = 3 to t = 5.

A. The drone’s height is decreasing at a rate of 6 meters per second.

B. | The drone’s height is decreasing at a rate of 4 meters per second.

C. The drone’s height is decreasing at a rate of 2 meters per second.
D. The drone’s height is increasing at a rate of 2 meters per second.
E. The drone’s height is increasing at a rate of 4 meters per second.

Solution: First compute the height at each time:
h(3) = —2(3)* +12(3) + 5= —18 + 36 + 5 = 23
h(5) = —2(5)* +12(5) + 5 = —50 + 60 + 5 = 15
The average rate of change from ¢t =3 to ¢t =5 is

h(5) —h 15—-23 -8
( 5)) — 3<3) = 5 =5 = —4 meters per second.

2. (5 points) The distance traveled by an autonomous delivery robot (in kilometers) is modeled by the function
D(t) = 3e",
where ¢ is measured in hours after the robot begins moving.

Find the instantaneous rate of change of the distance traveled at ¢ = 2 hours. Round your answer to the
nearest whole number.

A. 3 kilometers per hour

B. |4 kilometers per hour

C. 5 kilometers per hour
D. 7 kilometers per hour
E. 9 kilometers per hour

Solution: The instantaneous rate of change is given by the derivative of D(t).

D'(t) = 3(0.5)e"" = 1.5¢%%
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Evaluate at ¢t = 2:
D'(2) = 1.5¢! ~ 1.5(2.718) ~ 4.08

Rounded to the nearest whole number, the instantaneous rate of change is

4 kilometers per hour.

3. (5 points) Determine the constant k such that lirq g(x) exists, where
z—

() de+k, x<l1,
€Tr) =
g 243, x>1

A [k=0]

B. k=2
C. k=4
D. k=6

E. None of the above

Solution: For the limit lim,_,; g(x) to exist, the left-hand and right-hand limits must be equal.
Left-hand limit:

lim g(z) =4(1)+k=4+k

r—1—
Right-hand limit:
lim g(x) = (1) +3=4

r—1t

Set the two limits equal:

Solving for k:
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4. (5 points) The height of a plant is given by H(t), where ¢ is measured in weeks and height is measured in
centimeters.

Which statement best describes the average rate of change of the plant’s height from week 2 to week 87

A. The height of the plant at week 5.
B. The total change in height of the plant over the interval.
C. | The change in height divided by the length of the time interval.

D. The instantaneous growth rate of the plant at week 5.

E. The derivative of the height function evaluated at week 8.

Solution: The average rate of change of a function over an interval is defined as

change in output

change in input

In this context, it represents how much the plant’s height changes per week, on average, between week 2 and
week 8.

5. (5 points) Which of the following functions is not continuous at x = 27 There is only one correct answer.

A.

r—2
T+ 2

T+ 2

r—2

o a =

In(z + 2)
(22 — 4)?

None of the above

Solution: A function is continuous at x = 2 if it is defined there and has no breaks or asymptotes.

Tr—az . . . . .
A. is continuous at z = 2 since the denominator is nonzero.
T+
T+ 2 . ) . . .
B. is mot continuous at x = 2 because the denominator becomes zero, creating a vertical asymptote.
T —
C. In(z + 2) is continuous at x = 2 since x + 2 > 0.

D.

(2r — 4)? is a polynomial and is continuous everywhere.

Therefore, the only function that is not continuous at x = 2 is option B.

6. (5 points) The population of a town (in thousands) is modeled by the function

P(t) = 2t> — 12t + 50,

where t is the number of years since 2000.

Which statement correctly compares the average rate of change of the population from ¢ = 4 to t = 10 with
the instantaneous rate of change at t =77
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A. The average rate of change equals the instantaneous rate of change at t = 7.

B. The average rate of change represents how fast the population is changing at exactly t = 7.

C. | The average rate of change describes the overall change in population per year between t = 4 and t = 10,

while the instantaneous rate of change gives the rate of change at a specific moment.

D. The instantaneous rate of change measures the total change in population over the interval from ¢t = 4 to
t =10.

E. None of the above

Step 1: Average rate of change from ¢ =4 to ¢t = 10:

P(10) — P(4)

A te of ch =
verage rate of change 0—1

Compute P(10) and P(4):
P(10) = 2(10)% — 12(10) + 50 = 200 — 120 + 50 = 130

P(4) = 2(4)* — 12(4) + 50 = 32 — 48 + 50 = 34
130 —34 96

Average rate of change = ———— = — = 16 thousand per year

6 6
Step 2: Instantaneous rate of change at ¢t = 7: Take the derivative of P(t):

P'(t) =4t — 12

Evaluate at t = 7:
P'(7) = 4(7) — 12 = 28 — 12 = 16 thousand per year

Observation: In this case, the instantaneous rate at ¢ = 7 happens to equal the average rate over the interval,
but generally the concepts differ: one measures change over an interval, the other at a specific point.
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7. (5 points) The graph of g(z) is shown in Figure 1. Fill in the blanks: The function has a discontinuity
at r = and a discontinuity at x =
y = g(X)

. removable, 1; removable, 3

. |jump, 1; jump, 3

A
B
C. infinite, 0; removable, 3
D. infinite 5; removable 1 24 I |
E

. None of the above

X

Figure 1: Sample discontinuities

Solution: A jump discontinuity occurs when the left-hand and right-hand limits exist but are not equal,
causing a “jump” in the graph. From the graph in Figure 1:

e At z =1, there is a sudden jump in the function values, so it is a jump discontinuity.

e At x = 3, there is another sudden jump in the function values, so it is also a jump discontinuity.

Therefore, the function has a jump discontinuity at x = 1 and a jump discontinuity at x = 3.

PART I Answers: Please write the letter of your selected answers to multiple choice questions 1 through 7 in
the following table.

Problem 1 2 3 4 5 6 7

Answer B B A C B C B
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Part II - Fill in the blanks

8. (5 points) (1.25 points each) A sunflower seedling is planted, and its height h (in centimeters) over time ¢ (in
weeks) is graphed below. Determine whether each statement is True or False.

wl 300

I ey 'lTimel, t, in wetleks

SEREEEREREEEEEE

Circle T for True or F for False for each statement below.

T F a) The average rate of change of h over the interval [0,12] is greater
than the instantaneous rate of change of h at t = 4.

T F b) After 4 weeks, instantaneous rate of change of the height decreases
over time, reaching zero when the graph flattens.

T F c¢) The average rate of change of h over the interval [1,5] is less than
the instantaneous rate of change of the height at ¢ = 10.

T F d) The sunflower seedling grows faster during week ¢ = 4 than during
week t = 8.

Solution: By comparing the slopes of the secant lines (average rate of change) and the tangent lines (instantaneous
rate of change) on the graph, we can determine whether each statement is True or False without performing any
calculations.

Note: The steeper the tangent, the greater the instantaneous rate of change; the slope of the secant represents the
average rate over the interval.

Page 7 of 11



Part III - Free Response: You must show your work in the space provided to receive full credit.
Correct final answers without sufficient supporting work may receive zero credit.

‘Please put a box around your final answers.

9. (5 points) (0.5 point each) Use the graph to calculate the following limits.

Graph of y = f(x). Each tick mark is 1 unit.

I )
a) lim f(z)=3 f) lim f(z) =2
b) lim f(z)=3 g) lim f(z) = =2
¢) lim f(z)=3 h) f(1)=—1
d) lim f()DNE i) lim f(z)DNE
e) lim f(z) = -1 D)) =1

10. (10 points) Let t > 1 denote the number of months since a new public library opened. The number of active
library memberships (in hundreds) after ¢ months is modeled by

M(t) = 220 + 35In(t).

a) (4 points) Find M'(t).

Solution: p . .
M (t) = — (22 In(t)) = o=
(1) dt( 0+ 35 n()) 043857 ="5
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b)

c)

(4 points) Evaluate M’(8), round to 2 decimal places, include units.
Solution:

35

M(8) = T ~ 438

Units: hundreds of memberships per month. So, M’(8) ~ 438 memberships per month.

(2 points) Interpret the meaning of your answer in part (b).

Interpretation: At 8 months after the library opened, the number of active library memberships is
increasing at a rate of approximately 4.38 hundreds per month (or about 438 memberships per month).
This represents the instantaneous growth rate of memberships at that time.

11. (10 points) The table below shows the median monthly water bill (in tens of dollars) for households in a city
from January 2010 to January 2016, where ¢ is years since the start of 2010.

a)

Year t (years after 2010) 0 1 2 3 4 5 6
Bill (tens of US $) 12 13.2 14.5 15.5 16.4 17.5 18.1

Compute the average rate of change of the bill from the start of 2012 to the start of 2015. Include units.
Step 1: Identify the interval and values:

- Start of 2012 — t = 2 (bill = 14.5) - Start of 2015 — ¢t =5 (bill = 17.5)

Step 2: Use the average rate of change formula:

(Billatt=5)— (Billatt=2) 175-145 30 _

Average rate of change =
5—2 3 3

Step 3: Include units: The bill is in tens of dollars, and time is in years, so the average rate of change
is
1.0 tens of dollars per year = $10 per year.

Interpret your answer from part (a).
Interpretation: On average, the median monthly water bill increased by $10 per year between 2012 and
2015.

12. (15 points) (5 points each) Find the derivative of the following functions. Show your work. You do NOT
need to simplify your results.

a)

) 10

T
f(ZE) =9r2 — 4 m + 84.3
Simplify all exponents first:

10
flz) = 9x? — 5z * — 7x5 +84.3
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7 10
f(x) =9 51;%—1 =5 () - = (5)27 40
63 50
() = ?xg +2007° — —a?

b) g(t) = Vil — Vti5

Rewrite roots as fractional exponents:

g/(t) _ Etll/él—l . §t5/2—1

4 2
11 5

() — = 4T/4 _ 243/2

q'(t) 1 5

c) h(u) = 8In(u) + 7e'?

1
B (u)=8-~+7-12"
u

8
B (u) = — + 84e'*"
u

13. (10 points) The total energy stored in a hybrid power system is modeled by
E(t) = 5% + 3¢9 1 0.8¢  (megajoules),

where ¢ is the number of minutes since the system was turned on (¢ = 0 represents the start).

a) (4 points) Find E'(t).
E'(t) = 0.3 4+ 0.45¢%1%" 4 0.8

b) (4 points) Calculate the instantaneous rate of change of the total energy after 12 minutes. Include units.
(Round your answer to the nearest whole number.)

Evaluate at t = 12:

E'(12) ~ 0.3¢"™ + 0.45¢'® 4- 0.8 ~ 4 megajoules per minute.

¢) (2 points) Interpret your answer from part (b).
After 12 minutes, the total energy stored in the system is increasing at an instantaneous rate of approxi-
mately 4 megajoules per minute.
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14. (10 points) Let f(z) = 5z + 3. Answer the following:

(a) (3 points) Find f(x + h).
Substitute x + h into f(x):

flx+h)=5(x+h)+3=>5xr+5h+3

(b) (4 points) Find the difference quotient.

fx+h)—f(x) (5x+5h+3)—(5z+3) 5h

h B h T
(c) (3 points) Use the limit definition of the derivative to find f'(a).
By definition:
. fla+h)—fla) . (ba+>5h+3)—(5ba+3) . bh
! = = = —_— =
Flar=im= = h R

So, f'(a) =5.
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