MAT 242 Test 1 SOLUTIONS, FORM A

-1 0 0
1. [25 points] Find the inverse of the matrix [ -1 -1 0 ] using Gauss-Jordan Elimination.
0 1-1

Solution: Possible row operations are shown below.

-1 0 01 0 0 .7 1 0 0)]—-1 0 0
[—1—1 00101 - [—1—1 0 010]
0 1-110 0 1 0 1-11 0 0 1
.71 0 0] -1 0 0

@+® |[0-1 0|-1 1 0

0 1-11 0 0 1

.71 0 0[—-1 0 0

~® |0 1 0| 1-1 0

0 1-11 0 0 1

.71 0 01 =1 0 0

®-® |0 1 0| 1-1 0

0 0-11-1 1 1

.71 0 0 -1 0 0

-® |0 1 0| 1-1 0

00 1 1-1-1

-1 0 0
The inverse is thus l 1 -1 O] .
1 -1-1

Grading: 410 points for the set-up, +10 points for the row operations, +5 points for indicating
the answer. Grading for common mistakes: —10 points for bad row operations; —5 points for only
doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points
(total) for using another method incorrectly.



MAT 242 Test 1 SOLUTIONS, FORM A

2. [15 points] Indicate how many solutions each of the following systems of linear equations has, and ...

e If there are no solutions, circle the row that indicates that there are no solutions.
e If there is exactly one solution, circle the pivots.
e Otherwise, circle the columns which do not have pivots in them.

!
0

o o O

SO O OO -

o
SO 0o~

Solution: Correct answers are given above, and the relevant entries are in boldface.

-3
1

OO OO I o OO

[l = Nen)

2
1

S OO =N W (== =]

O OO~ W

—11
1

o O O

OO =N ==

SO0~ W

Infinitely many.

Exactly one.

Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief ex-
planation). Grading for common errors: —3 points for a wrong answer, —1 points for not indicating

the relevant entries; —1 points for “many”.



MAT 242 Test 1 SOLUTIONS, FORM A

3. [20 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, X2, X3, X4, X5, Xg, and X7.

0 01
0 0
1 0
0 1

N = O =

1 3 0-3-2
0 0 1-1-2
0 0 0 0 O
0 0 0 0 O
Solution: The variables which do not have pivots in their columns are xa, x4, and x5. They are free

variables, so set xo = a, x4 = b, and x5 = ¢. The nonzero rows of the matrix represent the equations

X1 = 11 —37(2 +3X4+2X5

X1 + 3X2 — 3X4 — 2X5 =11
X3 — X4 — 2X5 = 6 X3 = 6 + x4 + 2X5
Xg =1 or xg =1
X7 = 2 X7 = 2

Now replace the free variables with their values, and write down all of the equations, along with the
statement that all parameters can have any real values. This gives the following parameterization:

x; =11 —-3a+3b+ 2c

Xg=a

x3=6+b+2c

X4 =Db

X5 =C

xg =1

X7 =2

where a, b, c can be any real numbers

whose expanded form is

[X1 ] r117 r—37 37 M2
Xo 0 1 0 0
X3 6 0 1 2
4| =] 0] +a O|4+b-[1]4+c-|0
X5 0 0 0 1
X6 1 0 0 0

Lx7 L 2] L 0l L0 L0

Grading: +5 points for finding the free variables, +5 points for finding the equations for the lead
variables, +5 points for writing them together, +5 points for including the “where ... can be any
real numbers” condition. Grading for common mistakes: +5 points (total) if the answer was not a
parameterization.



4. [25 points] Find

MAT 242 Test 1 SOLUTIONS, FORM A

Solution: Use expansion by minors along row 2, followed by Sarrus’s method:

6 —3

10 -4 6 -3 -5 6 -3 -5 —4 -3 -5 -4 6
6 o =———=0—|-3 6-2/+0-+|-6 6-2/+(-1) —|—6 -3 =2/+(0)-+|-6 -3 6
o 4| EM:R2 -3 -2 4 2 -2 4 2 -3 4 2 -3 2
-5 —4 -3 -5 —4 -3 | =5 —4
=1-|-6 -3 =2 l —6 —3 —2 —6—31
2 -3 4 2 -3 4| 2 -3
=1-[(=5)(=3)(4) + (=4)(=2)(2) + (=3)(=6)(=3) = (=3)(=3)(2) — (=4)(=6)(4) — (=5)(=2)(-3)]

=1-[60+ 16 — 54 — 18 + 30 — 96] = [ —62.

Grading: +15 points for expansion by minors, +10 points for Sarrus’s Method (or another expan-
sion by minors). Grading for common mistakes: —5 points for ignoring the checkerboard pattern;
—10 points for using another method correctly; —15 points for using another method incorrectly;
+15 points (total) for only doing one entry in a row or a column; +10 points (total) for doing
Sarrus’s Method on the 4 x 4 matrix (2).



MAT 242 Test 1 SOLUTIONS, FORM A

5. [15 points] Solve the system of linear equations

—18X1 — 4X2 — 5X3 + 3X4 =0
*87(1 — 37(2 — 27(3 + x4 = 2
10x1 + 2x9 + 3x3 — 2x4 = 4
X1 4+ 2Xo + 2Xx3 — X4 = 2
—18 —4 -5 377! -1 0-1-1
using the fact that _13 _2 _§ 7% = ; _é 1 g . (Other methods may result in the
7T 2 2-1 -1 2-3 4
loss of points.)
Solution:
X1 —18 =4 -5 377t 10 -1 0-1-1 0
9 _ -8 -3 -2 1 2 1-1 1 0 2
Z, A1'8{10232] [4] 2216[4]
X4 7T 2 2-1 2 -1 2-3 4 2
(=1)(0) + (0)(2) + (=1)(4) + (=1)(2) (0) +(0) + (=4) + (=2) —6
_ MO)+(=12)+ M)A+ (0)2) | _ | O+ (=2)+H)+O) | _|| 2
(2)(0) + (2)(2) + (1)(4) + (6)(2) (0)+(4) + (4) + (12) 20
(=1)(0) + (2)(2) + (=3)(4) + (4)(2) (0) +(4) + (=12) + (8) 0

Grading: +5 points for the set-up, +5 points for substitution, +5 points for calculation. Grading

—22
for common mistakes: —5 points for AB = _}g ; +7 points (total) for another method with the
10
0 0
; Lo . , 2 —24
correct answer; —b points for bad multiplication (with an answer like aq | oF 59 ).
4 20




MAT 242 Test 1 SOLUTIONS, FORM B

1-2 0
1. [25 points] Find the inverse of the matrix [ 0-1 0 ] using Gauss-Jordan Elimination.
-1 3 -1

Solution: Possible row operations are shown below.

1-2 01 0 0 ,T1—-2 011 0 0
l0—1 0/0 1 0] ®+0 l0—1 00101
-1 3-110 0 1 0 1-111 0 1
1-2 0;1 0 0
~® |0 1 0[0-1 0
0 1-111 0 1
.71 -2 011 0 0
®-@® |0 1 0/0-1 0
0 0-111 1 1
1-2 0 1 0 0
~® |0 1 0| 0-1 0
0 0 1]-1-1-1
.71 0 0] 1-2 0
@®+2® |0 1 0| 0-1 0
0 0 1] —-1-1-1

1-2 0
The inverse is thus l 0 -1 O] .
-1 -1 -1

Grading: 410 points for the set-up, +10 points for the row operations, +5 points for indicating

the answer. Grading for common mistakes: —10 points for bad row operations; —5 points for only

doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points
(total) for using another method incorrectly.



MAT 242 Test 1 SOLUTIONS, FORM B

2. [15 points] Indicate how many solutions each of the following systems of linear equations has, and ...

e If there are no solutions, circle the row that indicates that there are no solutions.
e If there is exactly one solution, circle the pivots.
e Otherwise, circle the columns which do not have pivots in them.

[1 -1 -3 2|-8
a. |0 0 0 1|-1 ’Inﬁnitely many.‘
0 0 0 0] O
! 1 -2 —-17
0 1 31 3
b. |0 0 0 2
0 0 0| O
LO 0 0l o0l
rl -2 1] 2
0 1 3|2
0 0 0]0
L O 0 010

Solution: Correct answers are given above, and the relevant entries are in boldface.

Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief ex-
planation). Grading for common errors: —3 points for a wrong answer, —1 points for not indicating
the relevant entries; —1 points for “many”.



MAT 242 Test 1 SOLUTIONS, FORM B

3. [20 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, X2, X3, X4, X5, Xg, and X7.

cooco~
cocoo~o
coo o w
co o~
cor~r oo
oo W
o~ oo o
O, N O

Solution: The variables which do not have pivots in their columns are X3, X4, and xg. They are free
variables, so set x3 = a, x4 = b, and xg = ¢. The nonzero rows of the matrix represent the equations

X1 + 3x3 — X4 + 2xg =4 X1 =4 —3%x3 + x4 — 2%¢
X2 B 2X4 + 3X6 =6 X9 = 6+ 2X4 — 3X5
X5 =2 or
x7r =1 X5 = 2

Now replace the free variables with their values, and write down all of the equations, along with the
statement that all parameters can have any real values. This gives the following parameterization:

x1=4—3a+b—2c
X9 =64+ 2b — 3¢

X3 =a
X4:b
X5:2
Xeg = C
X7:1

where a, b, c can be any real numbers

whose expanded form is

FX1 ] r47 r—37 r1 r—27
Xo 6 0 2 -3
X3 0 1 0 0
x4 =10 +a- 0| +b-|1]| +c- 0
X5 2 0 0 0
X6 0 0 0 1

L x7 L1 L 0l L0 L 04

Grading: +5 points for finding the free variables, +5 points for finding the equations for the lead
variables, +5 points for writing them together, +5 points for including the “where ... can be any
real numbers” condition. Grading for common mistakes: +5 points (total) if the answer was not a
parameterization.
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242 Test 1 SOLUTIONS, FORM B

[25 points] Find

= w oo
|
=W O

[
NN N Y
[SARE IR )

Solution: Use expansion by minors along row 1, followed by Sarrus’s method:

0

4 g é -4 7 0 0 7 0 0-4 0 0 —4
4 63 =———0+|-4 6-3/+0-—|3 6-3|+0-+|3 -4 -3)+-4.-|3
EM: R1 -4 5 -1 1 5—1 1 —4 -1 1 -4
—4 5 -1
0-4 7 0—-4 7
=413 -4 6 [3—4 6
1 -4 5 1 -4 5/[1

4-[(0)(=4)(5) + (=4)(6)(1) + (T)(3)(=4) — () (=4)(1) = (=4)(3)(5) — (0)(6)(—4)]
4-[0— 24— 84428+ 0+ 60] = —80. |

Grading: +15 points for expansion by minors, +10 points for Sarrus’s Method (or another expan-
sion by minors). Grading for common mistakes: —5 points for ignoring the checkerboard pattern;
—10 points for using another method correctly; —15 points for using another method incorrectly;
+15 points (total) for only doing one entry in a row or a column; +10 points (total) for doing
Sarrus’s Method on the 4 x 4 matrix (—112).



MAT 242 Test 1 SOLUTIONS, FORM B

. [15 points] Solve the system of linear equations

—20X1 — 5X2 + 12X3 - 9X4 =2
—12x;1 — 2x9 + Tx3 — 5%4 = 0
—5X1 — X2 + 3X3 — 2X4 =1
X1+ X2 — X3+ X4 =9
-20 =5 12 —-97°! -1 1 1-2
using the fact that _E?) :% ; :g = :; ? _é ::13 . (Other methods may result in the
1 1 -1 1 0-2 5 1
loss of points.)
Solution:
X1 -20 -5 12 -977' 127 -1 1 1-2 2
X2 | _a-1.p_ -12 -2 7 -5 .[0 -1 211].{0
xg | B -5 -1 3 -2 1] | -2 1 5 -3 1
X4 1 1 -1 1 9 L 0-2 5 1 9
(=D@)+ M) + (ML) + (=2))7 [ (=2)+(0) + (1) + (-18) -19
_ | ED@+@)O) + (=DM +(=D)O) | | () + O+ (=D +(=9) | _| | —12
(=2)(2) + (1)(0) + (5)(1) + (=3)(9) (=4) +(0) + (5) + (=27) —26
0)2)+(=2)O)+ G+ 1)@ L (0)+(0)+(5) +(9) 14

Grading: +5 points for the set-up, +5 points for substitution, +5 points for calculation. Grading

—109
for common mistakes: —5 points for AB = :gg ; +7 points (total) for another method with
10
-2 —44
the correct answer; —5 points for bad multiplication (with an answer like (1) or _g ).
36 18




MAT 242 Test 1 SOLUTIONS, FORM C

-1 -2 -3
1. [25 points] Find the inverse of the matrix [ 0 1 0 ] using Gauss-Jordan Elimination.
0-2-1

Solution: Possible row operations are shown below.

~1-2-3;1 0 0 ,T1 2 3, -1 0 0
l0100101—@l0100101
0-2-110 0 1 0-2-11 0 0 1
1 2 3, -1 0 0
® +20 [0 1 0| 0 1 0]
0 0-11 0 2 1
ll 2 31 -1 0 01
~® |0 1 0| 0 1 0
00 11 0-2-1
1 2 0j-1 6 3
@ - 303 [0 1 0’ 0 1 01
00 1| 0-2-1
.71 0 0] -1 4 3
@®-2® |0 1 0| 0 1 o]
00 11 0-2-1

-1 4 3
The inverse is thus l 0 1 0 ] .
0 -2 -1

Grading: 410 points for the set-up, +10 points for the row operations, +5 points for indicating
the answer. Grading for common mistakes: —10 points for bad row operations; —5 points for only
doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points
(total) for using another method incorrectly.



MAT 242 Test 1 SOLUTIONS, FORM C

2. [15 points] Indicate how many solutions each of the following systems of linear equations has, and ...

e If there are no solutions, circle the row that indicates that there are no solutions.
e If there is exactly one solution, circle the pivots.
e Otherwise, circle the columns which do not have pivots in them.

1 0 0)-2
0 1 -1| 3
0 0 0| O
L0 0 0l O
[ 1 2 1 3] -2
b. {0 0 o0 1| 3
(0 0 0 0]-2]
it 2 3 -2 -3 4
0 1 1 3 0| —4
c. |0 0 O 1 -1 -1 Infinitely many.
0 0 0 0 1, 0
L0 0 O 0 0l O

Solution: Correct answers are given above, and the relevant entries are in boldface.

Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief ex-
planation). Grading for common errors: —3 points for a wrong answer, —1 points for not indicating
the relevant entries; —1 points for “many”.



MAT 242 Test 1 SOLUTIONS, FORM C

3. [20 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, X2, X3, X4, X5, and Xg.

—4
1 ]
—4

Solution: The variables which do not have pivots in their columns are Xz, X4, and xg. They are free
variables, so set xo = a, x4 = b, and xg = ¢. The nonzero rows of the matrix represent the equations

1-2 0-1 0-3
0 0 1-3 0-3
0 0 0 0 1-1

X1 — 2X9 — X4 — 3xg = —4 X1 = =4+ 2x2 + X4 + 36
X3 — 3X4 — 3xg = —4 or X3 = —4 4 3x4 + 3Xg
X5 — X = —4 X5 = —4 + X

Now replace the free variables with their values, and write down all of the equations, along with the
statement that all parameters can have any real values. This gives the following parameterization:

X1 =—-4+2a+b+3c

Xo = da

x3 = —4+3b+ 3c

X4 =Db

X5 =—44c

Xg =C

where a, b, c can be any real numbers

whose expanded form is

X1 —4 2 1 3
Xa 0 1 0 0
xs| _ | —4 0 RE: 3
xi| = 0 +a 0 +b 1 +c 0
X5 —4 0 0 1
X6 0 0 0 1

Grading: +5 points for finding the free variables, +5 points for finding the equations for the lead
variables, +5 points for writing them together, +5 points for including the “where ... can be any
real numbers” condition. Grading for common mistakes: +5 points (total) if the answer was not a
parameterization.



MAT 242 Test 1 SOLUTIONS, FORM C

-5 =7 —4 =5
. . -5 1 -7-7

4. [25 points] Find 9 _4 7 _3f
0 0 1 0

Solution: Use expansion by minors along row 4, followed by Sarrus’s method:

T -7 -4 -5 ~5 4 -5 —5 -7 5 5 —7 —4
904 73| = 0] LT T4 (0) |5 T =T+ (1) - =5 1 =TI+ 0 45 L T
EM : R4 4 7 _3 o 73 B oo

00 1 0
-5 -7 -5 5 —7 =5 | =5 =T
=-l=p 1T l—5 17| -5 11
-2 -4 -3 —2 —4 -3| -2 —4

= —1-[(=5)(1)(=3) + (=) (=7)(=2) + (=5)(=5)(=4) = (=5)(1)(=2) = (=7)(=5)(=3) = (=5)(=7)(—4)]
= —1-[15—98 — 100 — 10 + 140 + 105] = [ —52. |

Grading: +15 points for expansion by minors, +10 points for Sarrus’s Method (or another expan-
sion by minors). Grading for common mistakes: —5 points for ignoring the checkerboard pattern;
—10 points for using another method correctly; —15 points for using another method incorrectly;
+15 points (total) for only doing one entry in a row or a column; +10 points (total) for doing
Sarrus’s Method on the 4 x 4 matrix (5).



MAT 242 Test 1 SOLUTIONS, FORM C

5. [15 points] Solve the system of linear equations

—3X1 + X3 + X4 = 0
47(2 + 3X3 + X4 = 2
X1+5X2+3X3+X4:4
— 3)(2 — 2X3 — X4 = 2
-3 0 1 177! -1 1-2-2
using the fact that (1) ;L g 1 = 71 _g 72 7? . (Other methods may result in the loss
0-3-2-1 -1 0-3 -5
of points.)
Solution:
X1 -3 0 1 177! r0 -1 1-2-2 0
2 1 0 4 3 1 2 1-2 3 2 2
13 =A 'B{l 5 3 1 [4] -1 3-3-1 {4
X4 0-3-2-1 2 -1 0-3-5 2
(=1)(0) + (1)(2) + (=2)(4) + (=2)(2) (0) +(2) + (=8) + (—4) —10
_ M)+ (=2)2) + 3)(4) +(2)(2) | _ O)+(=)+12)+ @) | _|| 12
(=1)(0) + (3)(2) + (=3)(4) + (=1)(2) (0) + (6) + (—12) + (=2 -8
(=1)(0) + (0)(2) + (=3)(4) + (=5)(2) (0) + (0) + (—12) 4 (—10) —22

Grading: +5 points for the set-up, +5 points for substitution, +5 points for calculation. Grading

6
for common mistakes: —5 points for AB = 3421 ; +7 points (total) for another method with the
—16
0 0
; Lo . ; 8 16
correct answer; —5 points for bad multiplication (with an answer like | g| or 40 ).
—18 —12




