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Abstract 

 

 
This thesis delves into the asymptotic and combinatorial foundations of fam- 

ilies of ideals in Noetherian local rings (R, m), illuminating new connections 

be- tween algebra, geometry, and combinatorics. In collaboration with Cheng 

Meng, we advance the classical theory by analyzing weakly graded families, 

weakly p- families, and weakly inverse p-families of m-primary ideals. 

Through the devel- opment of a unified analytic framework, we establish the 

existence of asymptotic colength limits for these broad classes of families and 

prove Brunn-Minkowski- type inequalities, positivity criteria, and volume = 

multiplicity formulas. These results generalize and strengthen previous work 

on p-families, revealing deep connections between algebraic growth, convex 

geometry, and singularity theory. 

 

In a separate collaboration with Sankhaneel Bisui, T à i  Huy Hà ,  and Jonathan 

Montaño, we present explicit polyhedral and lattice-point models for the rational 

powers and Rees valuations of ideals invariant under torus and general linear 

group actions. This combinatorial viewpoint enables us to prove a Mustaţă- 

Takagi-type summation formula for rational powers in these equivariant set- 

tings, and to establish a weaker version of the formula for arbitrary ideals over 

the complex numbers when the exponent is sufficiently large. Together, these 

investigations deepen our understanding of asymptotic invariants and multiplic- 

ity theory, and reveal the rich interplay between algebraic structures, geometric 

intuition, and combinatorial techniques in commutative algebra and invariant 

theory. 
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