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Example: diffusion equation

ut = uxx , (t , x) ∈ (0,∞)× (−1,1)

u(t ,−1) = u(t ,1) = 0, u(0, x) = u0(x)

Forward problem: given u0 find u(t , x) for some t > 0.

Backward problem: given u(T , x) find u0.
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Blurring/deblurring of images
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Tikhonov regularization

Jλ(x) = ‖b − Ax‖2 + λ‖x‖2,

or more generally

JB,λ(x) = ‖b − Ax‖2 + λ‖Bx‖2.

B can be a differential operator and ‖Bx‖ an approximation to a
Sobolev norm.

Numerically, we minimize

JB,λ(x) = ‖b − Ax‖22 + λ‖Bx‖22.

by solving the concatenated least-squares problem,

JB,λ(x) =
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]
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Numerical example: diffusion equation

ut = uxx with Neumann BCs.
In discretized form,

Uk = MkU0.
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Tikhonov regularization: minimize ‖MK u − Ũk‖2 + λ2‖u‖2



Numerical example: diffusion equation

ut = uxx with Neumann BCs.
In discretized form,

Uk = MkU0.
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Tikhonov regularization: minimize ‖MK u − Ũk‖2 + λ2‖Du‖2



Numerical example: diffusion equation

ut = uxx with Neumann BCs.
In discretized form,

Uk = MkU0.
-1 -0.5 0 0.5 1

-1.5

-1

-0.5

0

0.5

1

1.5

Tikhonov regularization: minimize ‖MK u − Ũk‖2 + λ2‖D2u‖2



Numerical example: piecewise constant case

ut = uxx with Neumann BCs.
In discretized form,

Uk = MkU0.

`1 v.s. `2 regularization:
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‖Du‖2 ‖Du‖1(TV )
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`1 regularization, sparsity, and

compressive sensing

Minimize ‖x‖`1 subject to Ax = b

Minimize ‖x‖`1 subject to ‖Ax − b‖2 ≤ σ

Minimize ‖Ax − b‖2 + λ‖x‖`1

Minimize ‖Ax − b‖2 + λ‖Bx‖`1

Remark: In statistics, Lasso regression analysis.
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SOLUTION

DESIGNING A STABLE
MEASUREMENT MATRIX
The measurement matrix ! must allow
the reconstruction of the length-N signal
x from M < N measurements (the vector
y). Since M < N, this problem appears
ill-conditioned. If, however, x is K-sparse
and the K locations of the nonzero coef-
ficients in s are known, then the problem
can be solved provided M ! K. A neces-
sary and sufficient condition for this sim-
plified problem to be well conditioned is
that, for any vector v sharing the same K
nonzero entries as s and for some " > 0

1 " " # $#v$2

$v$2
# 1 + " . (3)

That is, the matrix # must preserve the
lengths of these particular K-sparse vec-
tors. Of course, in general the locations
of the K nonzero entries in s are not
known. However, a sufficient condition
for a stable solution for both K-sparse
and compressible signals is that # satis-
fies (3) for an arbitrary 3K-sparse vector
v. This condition is referred to as the
restricted isometry property (RIP) [1]. A
related condition, referred to as incoher-
ence, requires that the rows {$ j} of !
cannot sparsely represent the columns
{%i} of & (and vice versa).

Direct construction of a measure-
ment matrix ! such that # = !& has
the RIP requires verifying (3) for each
of the 

!N
K
"

possible combinations of K
nonzero entries in the vector v of

length N. However, both the RIP and
incoherence can be achieved with high
probability simply by selecting ! as a
random matrix. For instance, let the
matrix elements $ j,i be independent
and identically distributed (iid) random
variables from a Gaussian probability
density function with mean zero and
variance 1/N [1], [2], [4]. Then the
measurements y are merely M different
randomly weighted linear combinations
of the elements of x, as illustrated in
Figure 1(a). The Gaussian measure-
ment matrix ! has two interesting and
useful properties:

! The matrix ! is incoherent with
the basis & = I of delta spikes with
high probability. More specifically, an
M % N iid Gaussian matrix
# = !I = ! can be shown to have
the RIP with high probability if
M ! cK log(N/K) , with c a small
constant [1], [2], [4]. Therefore, K-
sparse and compressible signals of
length N can be recovered from 
only M ! cK log(N/K) & N random
Gaussian measurements.
! The matrix ! is universal in the
sense that # = !& will be iid
Gaussian and thus have the RIP with
high probability regardless of the
choice of orthonormal basis &.

DESIGNING A SIGNAL
RECONSTRUCTION ALGORITHM
The signal reconstruction algorithm
must take the M measurements in the
vector y, the random measurement
matrix ! (or the random seed that gen-

erated it), and the basis & and recon-
struct the length-N signal x or, equiva-
lently, its sparse coefficient vector s. For
K-sparse signals, since M < N in (2)
there are infinitely many s' that satisfy
#s' = y. This is because if #s = y then
#(s + r) = y for any vector r in the null
space N (#) of #. Therefore, the signal
reconstruction algorithm aims to find
the signal’s sparse coefficient vector in
the (N " M)-dimensional translated null
space H = N (#) + s.

! Minimum '2 norm reconstruction:
Define the 'p norm of the vector s as
($s$p)

p =
#N

i=1 |si|p . The classical
approach to inverse problems of this
type is to find the vector in the trans-
lated null space with the smallest '2
norm (energy) by solving

$s = argmin $s'$2 such that #s' = y.

(4)

This optimization has the convenient
closed-form solution $s = #T(##T)"1 y.
Unfortunately, '2 minimization will
almost never find a K-sparse solution,
returning instead a nonsparse $s with
many nonzero elements.
! Minimum '0 norm reconstruction:
Since the '2 norm measures signal
energy and not signal sparsity, con-
sider the '0 norm that counts the
number of non-zero entries in s.
(Hence a K -sparse vector has '0
norm equal to K.) The modified opti-
mization

$s = argmin $s'$0 such that #s' = y

(5)

can recover a K-sparse signal exactly
with high probability using only
M = K + 1 iid Gaussian measure-
ments [5]. Unfortunately, solving (5)
is both numerically unstable and NP-
complete, requiring an exhaustive
enumeration of all 

!N
K
"

possible loca-
tions of the nonzero entries in s.
!  Minimum '1 norm reconstruction:
Surprisingly, optimization based on
the '1 norm

$s = argmin $s'$1 such that #s' = y

(6)

[FIG1] (a) Compressive sensing measurement process with a random Gaussian
measurement matrix ! and discrete cosine transform (DCT) matrix &. The vector of
coefficients s is sparse with K = 4. (b) Measurement process with # = !&. There are
four columns that correspond to nonzero si coefficients; the measurement vector y is a
linear combination of these columns.
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where A is m×N
and m < N.

In CS, the goal is to obtain sparse solutions, i.e., xj ≈ 0, for
several j ′s.

One option: Minimize ‖x‖`1 subject to Ax = b.

‖x‖`p =
(
|x0|p + |x2|p + · · ·+ |xN |p

)1/p

Why p = 1?
Remark: the location of nonzero xj ’s is not known in advance.
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Why `1?

Unit ball:
`0, `1/2, `1, `2, `4, `∞

‖x‖`p =
(
|x0|p + · · ·+ |xN |p

)1/p

or, for 0 ≤ p < 1,

‖x‖`p =
(
|x0|p + · · ·+ |xN |p

)
I ‖x‖`0 = # of nonzero entries in x

ideal (?) but leads to a NP-complete problem
I `2 computationally easy but does not lead to sparse

solutions.



Sparsity and the `1-norm (1 equation case)

Example

a1x1 + a2x2 = b1
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x
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Sparsity and the `1-norm (1 equation case)

Example – `2

min
x1,x2

√
x2

1 + x2
2 subject to a1x1 + a2x2 = b1

x1

x
2

!
x2

1 + x2
2 > 0.8944

!
x2

1 + x2
2 < 0.8944
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Sparsity and the `1-norm (1 equation case)

Example – `1

min
x1,x2
|x1|+ |x2| subject to a1x1 + a2x2 = b1

x1

x
2 |x1| + |x2| < 1

|x1| + |x2| > 1
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See matlab experiment! (Test-l1-l2.m)



Back to image deblurring



Back to image deblurring – TV reconstruction



Back to image deblurring – HOTV order 2



Back to image deblurring – HOTV order 3



`2 vs. `1 in image deblurring (1D slice)
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`2 (black) and `1 (green) reconstructions
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