TRACES AND EXTENSIONS OF MATRIX-WEIGHTED BESOV
SPACES

MICHAEL FRAZIER AND SVETLANA ROUDENKO

ABSTRACT. Let V be a matrix weight on R”*1 and W a matrix weight on
R", satisfying, for example, the matrix A, condition. Define the trace, or
restriction, operator Tr by Tr(f)(z’) = f(z’,0), where z/ € R™ and f is a

function on R*+1. If o > %—&-n (% -1) + ﬁ%, where (3 is the doubling expo-
+

_1
nent of W, then the trace operator is bounded from By,?(V) into BZ P’ q(W)
(matrix-weighted Besov spaces), if and only if the weights V and W satisfy

1 . 1 -
i e e g [ viro

for all ¢ and all dyadic cubes I C R", where Q(I) = I x [0,4(I)]. If V and
W satisfy the converse inequality, then there exists a continuous linear map

_1 .
Ext : B; P’q(W) — Bp4(V). If both inequalities hold, Tr o Ext is the

. . ca—1.q
identity on B, * (W).

1. INTRODUCTION

For a point x € R"*! we write = (2/, z,,11), where 2’ = (11,72, ...,2,). For a
continuous function f : R**! — C, we define the trace, or restriction of f, to the
hyperplane {(z’,0) : " € R"}, which we identify with R™, by Tr(f)(z’) = f(z’,0).
It is a classical fact that one can extend the trace operator to be a bounded oper-
ator between various classes of functions or distributions on R"*! whose elements
are not necessarily continuous. Such trace theorems are of obvious importance in
boundary value problems in partial differential equations. The prototype of a trace
theorem is the result of Besov [B] that the restrictions of certain Sobolev spaces
are Besov spaces. Denoting the homogeneous Besov spaces on R™ by BSQ(R"),

another classical result is that Tr is a bounded operator from Bg‘q(R”“) onto
B;‘_l/p’q(R”), provided a > % +n (% - 1) , for 0 < p,q < oo (see e.g., [Ta], [T)]),
+

where z; denotes the maximum of z and 0. We consider the analogous question for
matrix-weighted Besov spaces. We find necessary and sufficient conditions on a pair

of matrix weights V' (on R"*1) and W (on R") for Tr : ng(V) — Bgil/p’q(W)
to be bounded. We also consider a partial inverse operator Ext and find sufficient
conditions on V and W for the boundedness of Ext : By~ /?4(W) — Bg‘q(V).
We recall the following definitions from [R1] and [FR]. Let M be the cone of non-
negative-definite m x m complex-valued matrices. A matriz weight W is a locally
integrable map W : R® — M. In the scalar case (i.e., m = 1), the weight will be
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denoted w. For a measurable vector-valued function f = (f1,e0s fr)T : R — C™,
1/p

let || f [|zow) = (/ WP f(t)|P dt) for 0 < p < 0o, where || - || denotes the

R‘!L

usual norm on C™. We say W € A, if W : R™ — M is a.e. invertible, W and W~!
are locally integrable, and [|[W||4, < oo, where, for 1 < p < oo,

= su 1 1 1/p =1/p () ||P n
(L1 Wi, = sup <|Q|/Q<Q|/QIIW OW ()l dt) dy)

and, for 0 < p <1,

p/p’

1 1/ ~1/p(|[F
(1.2) W[, = sup esssup — HW PHYW p(y)H dt,
@ veq@ 1QlJg

where the supremum is over all cubes @ C R", |Q| is the Lebesgue measure of
Q, p = p/(p — 1) is the conjugate index, and the norm inside the integral is the
matrix operator norm. In the scalar weighted case (1.1) reduces to the well-known
Muckenhoupt A, characteristic, see [HMW].

For a cube @, ¢(Q) denotes the side length of Q. For ¢ > 0, we let ¢@Q denote
the cube with the same center and orientation as @ but whose side length is ¢ £(Q).
A (non-zero) matrix weight W is called a doubling matriz weight of order p, 0 <
p < oo, if there exists a constant ¢ such that for all cubes Q C R",

(1.3) / WY P de < / WP () 7P dt,
2Q Q

i.e., the scalar measures wy(t) = |[W/?(t) §||P, for § € C™, are uniformly doubling.
If ¢ = 27 is the smallest constant for which (1.3) holds, then 3 is called the doubling
exponent of W. An A, weight is always a doubling weight of order p (see [V] for
p > 1 and [FR, Lemma 2.2] for p < 1).

We say that a matrix weight W is p-admissible if any of the following holds:

(i) W e Ap;

(ii) W is a doubling matrix weight of order p with doubling exponent 3, and
p>p;

(iii) W (t) is diagonal for every t € R™ and W is a doubling matrix weight of
order p.

We say a function ¢ € S(R™) belongs to the class A if supp ¢ C {{ € R :
€] <2} and [@(€)] = ¢ >0if 2 < [¢] < 3. Set o, (x) = 2"p(2"2) for v € Z.

1
5 <

Definition 1.1. Suppose a € R, 0 < p <00, 0 < g < o0, p € Aand W is a
p-admissible matrix weight on R™. The Besov space B,?(W) is the collection of
all vector-valued distributions f = (f1, ..., fm)? with f; € &'/P(R™) (the space of
tempered distributions modulo polynomials), 1 < ¢ < m, such that

£ 5000 = [{2 1o Flsan} |, <,

where o, x f = (0o * fryees o0 * fn) T

In [R1] and [FR], it was shown that if W is p-admissible, then B;‘q (W) is well-
defined, in the sense that two choices of ¢ € A yield the same space, with equivalent
quasi-norms.
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Let D,, be the collection of dyadic cubes in R™. Let D,,, = {Q € D,, : {(Q) =
277}, For v € Z and k € Z", let Q. denote the dyadic cube {(z1,...,z,) €
R™: k; <2¥z; <k;+1, i=1,..,n} and let 2o = 27"k be its “lower left corner”.
For I € D, define Q(I) € D41 by Q(I) =1 x [0,£(1)].

Our first result is the following.

Theorem 1.2. Suppose 0 < p < 0o and 0 < q¢ < 0o. Suppose V is a p-admissible

matriz weight on R" ™ and W is a p-admissible matriz weight on R™ with doubling

exponent (3. Assume o > % +n (% — 1) + B%". Then the trace operator Tr
+

extends to be a continuous map
. ca—1,
(1.4) Tr:BI(V) — B, ~(W)

if and only if there is a constant C > 0 such that
(1) e s o [ g

for ally € C™ and all I € D,,.
Observe that in the scalar case, (1.5) reduces to

(1.6) <w>1 < c{v)oa),

for all I € D,,, where (w); = m II [, w ;w(t)dt is the average of w over I, and similarly
for (v)g(r). In particular note that (1 6) is independent of p.

In Remark 2.3, we show that we cannot drop the term (8 — n)/p from the
conditions on the indices in Theorem 1.2, even in the scalar case.

We will use Daubechies’ wavelets to define an extension operator corresponding
to the trace operator. Let K be a positive integer. Let {¢ )} 7! be the generators
of Daubechies’ Dy, wavelets on R™ with compact support (see [D]), where L is taken
large enough that 1) € CX. Then suppv® C r[0,1]", for all i, for some 7 > 1
depending on L. For I € D, and i =1,2,...,2" — 17 define

Then {wgi)}lepmlgiggn,l is an orthonormal basis for L?(R™). Suppose an integer
N to be given. For t € R, let h(t) be a C*° function satisfying supp h(t) C [-1,1],
h(0) = 1, and f t'h(t)dt = 0 for j = = 0,1,2,...,N. The vanishing moment

condition on h is regarded as void if N < 0. For I € D,,, i € {1,2,...,2" =1}, and
T = ($/,In+1) € R"+1, let

(o) = o wn (5 ).

We define

Eat(y{) = hi),,

and extend Ext linearly. We define Eat(f) = (Eat(f1), Ext(f2), ..., Ext(fm)).
Notice that Ext depends on the choice of K and N, although we suppress this
dependence in the notation. Our main result about the extension operator is the
following. Throughout the paper, [x]| stands for the greatest integer < x.
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Theorem 1.3. Suppose 0 < p < o0, 0 < ¢ < 00, and a € R. Suppose V is
a p-admissible matriz weight on R with doubling exponent §, and W is a p-
admissible matriz weight on R™. Define Ext with respect to the integers K and

N = N,,, where we choose K > o]y +1 and N, > g+(n+l) (1 - %) —n—1-a.
+
Suppose there exists a constant C' > 0 such that

1 1
(1.7) 7/ VP ()7 ||P dt < C*/Ilwl/’”(t)ﬁllpdt
QDI o 1] Jr
for all I € D,, and all f € C™. Then Ext defines a continuous linear map
(1.8) Ext: B, ""(W)— BS(V).

ca—1,
If we also assume (1.5), then Tr o Ext is the identity map on By * o).

In the scalar case, (1.7) reduces to (v)o) < c{w) for all I € D,,. As far as we
know, Theorems 1.2 and 1.3 are new even in the scalar case.

The paper is organized as follows: in §2, we prove Theorems 1.2 and 1.3. In §3,
we discuss the restriction to planes of codimension higher than 1, which is a routine
generalization, and we present a less standard variation in which (1.5) and (1.7)
are replaced with versions involving a factor of ¢(I)"P, which results in a change in
the smoothness index of the Besov space of the restriction. We also remark that
our results have obvious analogues for the inhomogeneous Besov spaces ng(W).

Notation: For v a multi-index v = (y1,...,7,) with 7, € NU {0}, 1 < i < n,
the standard multi-index notation is used, such as |y| = 91 + 72 + -+ + Y, and
D7 = 0102 - 0. In general A ~ B means that there exist positive constants
c1,co such that e B < A < e B.

2. PROOFS OF THE MAIN RESULTS

We recall the definition of reducing operators associated to matrix weight (see
[V], and, for the case p < 1, [FR]). For a matrix weight W on R"™ and 0 < p < oo,
there exists a sequence of positive definite matrices {Ag w,p}oep, , called reducing
operators for W, such that for all § € C™,

1/p
. 1 .
gl ~ (|Q /Q ||W1/p<t>y||pdt) ,

with equivalence constants independent of @ and 3. The sequence of reducing
operators is not unique, but we suppose one to be chosen.

We note that condition (1.5) can be written in terms of reducing operators for
V and W as

(2.1) A1 wp 7|l < CllAgu),vp ¥l

for all ¥ € C™ and all I € D,,. .
Our analysis depends crucially on the relation between the space B?(W) and

its discrete analogue bgq(W), defined as follows.

Definition 2.1. Suppose a« € R, 0 <p <00, 0 < ¢ < oo and W is a p-admissible
matrix weight on R™. The space bg‘q(W) consists of all vector-valued sequences
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§={8g}gep, such that

- —1
||5||i;gQ(W) =192" Z Q"2 Soxq < 0.

€Dn v
Q , Lp(W) e

By carrying out the integration in Definition 2.1, we see that
(2.2)
a/p\ /4

- —ap+n—n 1 -
I¥ligeny = [ | 2 w@ oy /Q W3] dt

v€Z \QEDn,v

a/p\ V4

(2.3) ~ Z Z ((Q)_O‘p-i_n_np/zHAQ,W,ng||p

vEZ \QED,..

The sequence space ng(W) corresponds to ng(W) under the wavelet repre-

sentation, in the following sense. Let {1/}(i)}§:1_1 be Daubechies’ D, wavelets on
R™ with compact support (see [D]), chosen with L sufficiently large so that each
P € CK with K > [a], +1 and each 1" has sufficiently many vanishing moments
(the number depending on «, p, and ¢). Note that each wf,i) satisfies supp 1/1@ Crl
and 9\ € CK with

(2.4) D ()| < | A i,

for all |y| < K and all 2 € R”. Then by [R1, Corollary 10.3] and [FR, Theorem 4.4],
2" -1

every f € BZ‘)"I(W) can be written as f = Z Z (f: ¢§Z)>w§z) with convergence
i=1 I€Dn

of the sum in B;“q(W)—quasinorm if ¢ < 0o, and in §’/P if ¢ = o0, and

2" —1
(2.5) 1P N ssoqwy = 3 IF 0 e, llgo -
=1

One direction of the equivalence (2.5) holds under the much more general con-
ditions that the terms in the sum are “smooth molecules” for B;‘q (W). We state
a simplified version, which will be sufficient for our purposes, of the molecular de-
composition theorem for Besov spaces. In a more general form, this result is proved
for p > 1 in [R1, Theorem 5.2], and for 0 < p <1 in [FR, Theorem 3.1].

Theorem 2.2. Suppose « € R,0 < p < 00,0 < g < 00 and let W be a p-admissible
matriz weight on R™ with doubling exponent 3. Let N = max([% +n(l - %)Jr —
n — al,—1) and suppose M > % +n(1 - %)Jr. Suppose {mq}oep, is a family of
functions satisfying

(M1) /:ﬂmQ(x) dx =0, for|y| <N,

|z — zq|

Q)

)

—max (M,M—a«)
(M2) mo ()] < Q72 (1 N )

and
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(&)
for each Q € D,,. Suppose § = {5g}qep, € Z)g‘q(W). Then Z Somg € ng(W),
QEDy

-M
(M3) |D7mg(e)] < Q|12 1/ (1 + '””‘Q') il < o] + 1.

and there exists ¢ independent of § and {mq}q such that

(2.6) Y Semo < c|[5lpga -
QED, B;,Iq(W)

It is understood that (M1) is void if N = —1. We now prove Theorem 1.2.

Proof (of Theorem 1.2). We first show the necessity of (1.5). Suppose (1.4). Fix
I € D, and § € C™. Define the sequence ¢ = {f;} sep, by letting t; = 0if J # I,
and i = K(I)‘knTHJr%gj’. Let

ga') = Trp ().
Then by (2.5),

- I (=1 — 2 g _
) Ilg ||;a_%,q(v;"; It |‘:Q_%7q(‘/‘/=) (1) (a—2)p+n—np/ IArwptrl? = | Arwpd 7.
P P

Define Ext with respect to integers K > [a]y + 1, and N = N, = % + (n+
1) (1—1) —n—1—a. Let
P/+

f@) = Bxt(§)(x) =tV (2)h (JZE};) :

Then fe CK and
f(x/a 0) = ﬁ(l’l)
= {50}qep,,, by letting 55 = 0 for Q #

)
pIA

by the assumption h(0) = 1. Defin
Q(I), and 5oy = £(I)'/?t]. Let

mon(a) = K1)~/ (Z T )b (et ) = P (G )

Then f: Sq(nymq(r)- Note that suppmgy € rQ(I),

|DYmg iy (x)| < CUI)™ (n+1)/2=11 = 0|Q(I)|~ 1ol

for |y| < K, and
/:ﬂmQ(I)(x) dr =0

for 0 < |y| < N,, by the vanishing moment condition for h. Hence, up to a
multiplicative constant, mqr is a smooth molecule for Q(I) for By¢(V'). Therefore,
by Theorem 2.2,

(2.8) < c||s H CK(Q([))—OL[)-&-n-‘rl—(n—i-l)p/Q

||f HESQ(V bQQ(V ||AQ(I),V,p §Q(I) ||p
=cllAqu v 71"

Using (2.7), our assumption (1.4), and then (2.8), we obtain

A V| <cllg] a-1., <c F Il e <cl|lA Jll.

s < el p0 < el i, < clldam.va ]

P
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Now suppose (1.5) holds for all I € D,,, and let fe Bg‘q(V). Define coefficient

sequences §(9) = {gg)}QeDnH by Eg) = (f, 1/}8)>, where {wg)}erwhlgiggnﬂ_l
are Daubechies” wavelets on R"*! as above for K > [a]; + 1. Then

(2.9) F=3% > &7,

and ||5|jaa () < ClIf |l ggaqyys by (2.5).
If the sum in (2.9) is finite, then Tr(f) is defined, since each 1/1(1 € C*. For
q < oo, if we establish the estimate ||Tr(f)]| soba S < f || goayy for such f
(W) i
then we can extend 7T'r to be a bounded, contlnuous map from all of By?(V) into

La—1
B; v q(I/V)7 since the quasi-norm convergence of the wavelet expansion shows that

the finite sums of the form in (2.9) are dense in ng(V). Once this is done, for f €

2TL+171 2n+1 1
B;““(V),letg': Z Z 5’6(5)1/1( and h = Z Z )wQ Pick a9 < @ < 0y,
=1 Q € Dpy1, i=1Q € Dpg1,
Q) <1 Q) > 1

where ag > & +n (% - 1)+ + B%". Note that § € B0 (V) and h e BaL(V).
2m -1 i), (i
ZQEDn+1 ()¢()($/,0)

ZQED”H (i)wQ( ,0) exist in Bao 1/pl(W) and

Hence, by the results for ¢ < oo, Tr(g)(z’) =>";_;

2"+1 1

and Tr(h)(z') = S0

—

B;l_l/p’l(W) respectively, and hence in §’'/P. Therefore, Tr(f)(z') = Tr(§)(z')+
Tr(h)(z') = ZZH -t > Qe B Q)w (z',0) exists in S'/P.

Recall that supp wég Cr@. Let J be the smallest integer such that 2J +1 > r.
If @ = Qux, where k = (K, j) (here k € Z" and k' = (k1,k2,...,k,) € Z"), and
jé¢{-J,—J+1,...,J — 1}, then Tr(wg))(x') = wg)(x’,()) = 0. Therefore,

2n+1 1

i)=Y Y Z RN GO}

=1 veZk'el" j=—J
For —J <j<J—1land I€D,, let QU(I)=1x[jQ),(j+ 1)(Q)]. Then

ontl_1 Jg—1

> Y )

i=1 j=—J
where

(w)

Ir Z Z SQ,, (K7, J>wQ WJ)( ,0) = Q(J) I)wQ(J>(I)
vEZ k! €L IeD,
Notice that
[Arwp Tl < CllAQuy (1) vp ¥ I,

for —J < j < J—1, with constants depending only on J, by (1.5) and the doubling
property for V', since

Ao vpd | < CllAs+nQm V¥l < CllAguw (1) vp¥ll-
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Using this, all of the terms 779 (f) can be estimated in the same way, so for the
remainder of the proof we drop the indices 7 and j. Hence, we consider Tr(f) =
21ep, Som¥Qn):-

For I € Dy, let t; = £(1)7Y/255y) and by (2) = €(1)*1gp)(2',0). We obtain

(I a
(f) Z trbr,

where each by satisfies supp by C I and
I~

Db ()] < e (DY20QUI) ™ P = ey 01y~ 31 = ¢ 17,

for every multi-index ~, by (2.4), since £(Q(I)) = ¢(I). Since a > = —|—n (7 1) +
+

ﬂ%" = % + % +n (1 — %) — n, the vanishing moment condition in Theorem 2.2 is
+
ca—l
void for B, »"(W). Hence, Theorem 2.2 implies
Tr(f a1 <cl||t ool
L L .
a/p\ /4
ol DN U ke EYRTO%1 ,
vEZ \I€Dy,,
by (2.3), where the sum on v is replaced by the supremum over v if ¢ = co. Using

(1.5) (equivalently, (2.1)), recalling that t; = £(I)~ 1255y, and regardlng the sum
over I € D, ,, as a sum over {Q(I),I € D, ,} C Dy41,,, we obtain

a/p\ /1
ITr(f a-1.0 <c Z Z (Q) T IR) A G 1y v S |IP
By © W)\ ez \QeDnia .,
=cl5lgaqvy < ellfllpgavy
O

Remark 2.3. In the classical scalar, unweighted case, the trace operator Tr :

B;‘q(R”H) — By ?’!(R™) is bounded for o > 1/p + n(1/p — 1), whereas in
Theorem 1.2 the range of indices is « > 1/p + n(1/p — 1)1 + (8 — n)/p, where
is the doubling exponent of w. If v and w are Lebesgue measure, then § = n and
we recover the classical result. One may think that the term (8 — n)/p may be
dropped in Theorem 1.2, but this is not the case. Even in the scalar case, the need
for some dependence on [ can be easily seen. For r > 0, let w(z’) = |2’|" be a scalar
weight on R™ and let v(z) = v(2’, xp11) = w(a’); that is, v is just w multiplied by
Lebesgue measure in the 2,41 direction. Then [I|7! [, w = |Q(I)|! fQ(I) v, which
gives (1.5) in the scalar case. Also w is doubling with doubling exponent 5 = r +n,
and v is doubling, so both v and w are p-admissible for the scalar case. However,
we claim that T'r : ng(v) — By 7 (w) fails for a < 1/p+n(1/p—1)+(3—n)/p,
for 0 < p < oo. To see this, let v € S(R™) satisfy () = 0 for |{] > 4 and
4 =1for || < 2. Let h : R — R be C™ and satisfy (as in the definition of
Ext) supph C [-1,1], h(0) = 1, and [#/h(t)dt = 0 for 0 < j < M, where
M is taken large enough that the conditions of Theorem 2.2 apply to v. Let
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f(@) = y(2')h(xpe1). Then, up to a constant factor, f satisfies the molecular
conditions of (M1), (M2), and (M3) of Theorem 2.2 for Q) = Qqoo. Thus, f € B;}q(v).
Moreover, Tr(f) =+, since h(0) = 1. But for v < 0, v * ¢, = @,, because ¥ = 1
on supp ¢,. Hence, for v <0,

v+ eullZo ) = / 1277 (2¥ @) |P|2|" dz = ey, 27 (1T
R

where ¢, , = [ |p(z)P|z|" dz. Recalling that r = 8 — n, we have

0
_ q
1T srmy 2 D (TP 0l

0
_Cq/p Z ovla=1/ptn—n/p=r/p)d — ;

V=—00

for a < 1/p+n(l/p— 1)+ r/p, and therefore, Tr(f) & B;‘_l/p’q(w), as claimed.
For 0 < p < 1, this observation shows that the indices in Theorem 1.2 cannot be
improved in general. For p > 1, the overlap of supports of the molecules is critical
in determining the Besov norm (see [FJ1, Theorem 3.1]), so a sharp example based
on a single molecule is not possible. However, even for p > 1, as r — oo, the
observation above shows that we cannot obtain the trace imbedding for all & > 1/p
as in the unweighted scalar case.

Here is the proof of Theorem 1.3.
Proof (of Theorem 1.3). Note that (1.7) is equivalent to
(2.10) Ao vp U1l < CllALwp 7 |-

Suppose (1.7) holds and let fe B;kiq(W Then f = Z Z t (Z)w(z), where
=1 I€eD,

= <f’,¢y)> Let t () = {t_}(i)}jepn for each 7 = 1,2,...,2" — 1. Also, for

by setting §é()1) = 0(I)Y25" when

each 4, define a sequence §() = {§5)}ern+l

Q = Q) for some I € D and s( D=0 if Q is not of the form Q(I). Furthermore,
Sty = ) V2Eat(y)”) for @ = Q(I),I € D, and m{y) =0
otherwise. Then, by definition,

Ext(f Z S 59 Eat(y) = Z S 59m

i=1 I€D, i=1 QEDp41

define mQ) by setting m!

It follows that Ext is linear. Also, as in the previous argument, for a small enough

constant ¢, each cmg) is a smooth molecule for B;‘q(V). Hence, by Theorem 2.2,

2" —1

1Bzt (Pl gaacy < ¢ D 15D N0
=1

1/p
on_1 q/p

=2 (| X d@ e et y, 5P

=1 vEZ \QEDni1,0
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1/p
on_1 q/p

=3I S an ez g g v 10 P ,

i=1 veZ \I€D,,

—»()

using the definition of §5’. By the assumption (1.7), we obtain

Ext(f aq( <c @ <c|f w1 ,
1E2t(F)l 5 Zn lyoton gy < I o

(W)

ca—1,
by (2.5). This proves the continuity of Ext on By * *(W).
2m—1
Note that Tr o Ext is the identity on finite sums of the form Z Z t_}(z)wy),
i=1 I€D,
by the wavelet identity. Thus, for ¢ < oo, the density of these finite sums in
- ail’ . . . . . .
B, »?(W) and the continuity of Tr and Ext imply that Tr o Ext is the identity
- a_l7 . . . So— u —
on B, » (W). This result and the imbedding By 1/p’OO(VV) — Bp° 1/p’l(W) +
B;‘l_l/p’l(W), where g < a < a1, guarantee that Tr o Fxt is the identity on

ca—1 oo
B, "W). O

3. VARIATIONS AND GENERALIZATIONS

We consider generalizations of Theorems 1.2 and 1.3 in two directions. The first
direction is standard, in which we consider the trace when the change in dimensions
could be greater than 1. The second is not standard. It involves modifying the
estimates (1.5) and (1.7) with factors of £(I) to a power, which results in a change of
the smoothness index in the Besov space of the restriction. For maximum concision
and generality, we combine these two generalizations in the following statements.

In this section, n is a positive integer and j is a positive integer with j < n.
For z € R"*! we denote z = (x’,2"), where '’ € R/ and 2" € R**1=J. For a
continuous function f : R"*! — C, we define Tr(f) : R — C, the trace of f, by
Trf(z’) = f(x’,0). For I € D;, we define Q(I) = I x [0,£(I)]"*'~7 € Dy41.
Theorem 3.1. Suppose 0 < p < 00 and 0 < ¢ < 00, kK € R. Suppose V is a
p-admissible matriz weight on R and W is a p-admissible matriz weight on R
with doubling exponent 3. Assume o > % +7J (% — 1)+ + %. Then the trace

operator T'r extends to be a continuous map

1-j

(3.1) Tr:BY(V)— B, W)

if and only if there is a constant C > 0 such that
1 1

(32 / WP ()| dt < C [I(1)]7 VP ()P dt
7 [ KO gy L, O

for ally € C™ and all I € D;.

To define the extension operator, let {1 )}2J ! be the generators of Daubechies’
Dy, wavelets on R7, for L large enough. Let ¢1 and h be as in the definition of
Ext in §1. Define Fxt( (Z)) Rt — C by

Eat($)(x) = () (2")h (JZ}; ) h (%)2 ) ek @(;)1) '
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We extend Ezt by linearity.

Theorem 3.2. Suppose 0 < p < 00, 0 < q < 00, a,k € R. Suppose V is a p-

admissible matriz weight on R™ T with doubling exponent §, and W is a p-admissible

matriz weight on R7. Define Ext with respect to the integers K and N = N,,, where

we choose K > [a]1 +1 and N, > g—l— (n+1) (1 . %) —n—1—a. Suppose there
+

exists a constant C > 0 such that

1 1/p(1\i7||P —ﬁpi 1/p(1\i7||P
(3.3) QD] Joun [VP@)g || dt < C [I(T)] |I|/,HW )7 dt

forall I € D; and all € C™. Then Ext defines a continuous linear map

. q—ntl=g

(3.4) Ext: By 7

W) - Bay(v).

nd1—j

If (3.2) also holds, then T'r o Ext is the identity operator on BZ_ r

W),

The case kK = 0 gives the matrix-weight analogue of the standard restriction
results from R"*! to R7; if we take j = n we have Theorems 1.2 and 1.3.

To see how the case k # 0 can arise, suppose j = n and let r > —1. Consider
the scalar weights v and w, where w is Lebesgue measure on R” and v on R**! is
defined by v(x) = |z,+1|". Both are doubling weights, and hence are p-admissible
(because they are scalar weights). For I € D;,

1 1 1

Q] Jou, "= 1t =

Thus, we have conditions (3.2) and (3.3) with k = —r/p. It may seem strange that

one obtains the trace imbedding with a different smoothness index. However, the

Besov norm measures smoothness in the weighted LP norm. If the weight blows up

or decays to 0 as the hyperplane R is approached, the finiteness of the Besov norm

on R™*! places stronger or weaker conditions on the smoothness of the function on

the hyperplane. This is reflected in the behavior of the coefficients in the wavelet
expansion corresponding to the small dyadic cubes near the restriction plane.

The proofs of Theorems 3.1 and 3.2 are simple modifications of the proofs of
Theorems 1.2 and 1.3. We make only a few comments on the changes needed.
Observe that condition (3.2) is equivalent to

(3.5) [Arwp 71l < CUMI" |Agu,vp Vl

for all ¥ € C™ and all I € D;. To show the necessity of (3.2) in Theorem 3.1, fix

I € Dj and § € C™. Define £ = {£,}jep, by letting t; = 0 if J # I, and &; =
a—nFtly 1 J N — 5 R

oD TR Let (o) = t“/)gl)(x’). Then ||g ”BW%M’Q(W) ~ || AL wpi |-

Let f = t}Emt(@b}l)) = Sonymq(r), where 5oy = ¢(I)+1=9/2; and moy =
(1)~ H1=0)/2 Bt ( §1)). Then Tr(f) = §. Letting 5o = 0 for @ not of the form
Q(I), we obtain ||]?||ng(‘/) < CUI)"[|Ag(r),vp¥ || Hence, the boundedness of T'r
implies (3.5), and thus, (3.2).

Now assume (3.2) holds. We can suppose f: ZleDj SQ(n¥qr)- Then Tr(f) =
ZI@D,- i1bs, where t; = é(I)*("“’j)/zs”Q(I) and by (x’) = €(I)<n+1*j)/2wQ(1)(x’, 0).

z(f)fﬁ /1 w(t) dt.
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Using the assumption (3.2),

HTT(f)IIBaJH—m,q(W) <c|t ||ba7wf+1—j+m,q(w) <l lggaqy < ellf llpgagvys

P P
I4 P

similarly to the proof of Theorem 1.2.

The modifications needed for the proof of Theorem 3.2 are similar to those we
have just indicated.

Finally, we remark that all of the results we have stated have analogues for the
inhomogeneous matrix-weighted Besov spaces By¢(W) (defined in [R1], §11, and
[FR], §6). For the proofs we use Daubechies’ orthonormal decomposition on R™ in

the inhomogeneous form f = ZIGDH,Z(I):I<f”71>71+212:1_1 EQeDn,z(Q)<1<fv ¢8)>¢8),
where ~ is the scaling function for Daubechies’ wavelets. The only differences in
the statements are that conditions (1.5) in Theorem 1.2 and (1.7) in Theorem 1.3
(also (3.2) in Theorem 3.1 and (3.3) in Theorem 3.2) are required to hold only for
dyadic cubes I with ¢(I) < 1, and the extension operator is defined using only
terms corresponding to cubes with side lengths less than or equal to one, using ~y
instead of the zby) for £(Q) = 1. The rest of each proof is essentially the same,
using the results for the inhomogeneous spaces in [R1], §11, and [FR], §6.
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