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Abstract. Let V be a matrix weight on Rn+1 and W a matrix weight on
Rn, satisfying, for example, the matrix Ap condition. Define the trace, or
restriction, operator Tr by Tr(f)(x ′) = f(x ′, 0), where x ′ ∈ Rn and f is a

function on Rn+1. If α > 1
p
+n

“
1
p
− 1

”
+

+ β−n
p

, where β is the doubling expo-

nent of W , then the trace operator is bounded from Ḃαq
p (V ) into Ḃ

α− 1
p

, q

p (W )
(matrix-weighted Besov spaces), if and only if the weights V and W satisfy

1

|I|

Z
I
‖W 1/p(t)~y‖p dt ≤ C

1

|Q(I)|

Z
Q(I)

‖V 1/p(t)~y‖p dt

for all ~y and all dyadic cubes I ⊆ Rn, where Q(I) = I × [0, `(I)]. If V and
W satisfy the converse inequality, then there exists a continuous linear map

Ext : Ḃ
α− 1

p
, q

p (W ) → Ḃαq
p (V ). If both inequalities hold, Tr ◦ Ext is the

identity on Ḃ
α− 1

p
, q

p (W ).

1. Introduction

For a point x ∈ Rn+1, we write x = (x′, xn+1), where x′ = (x1, x2, ..., xn). For a
continuous function f : Rn+1 → C, we define the trace, or restriction of f , to the
hyperplane {(x ′, 0) : x ′ ∈ Rn}, which we identify with Rn, by Tr(f)(x ′) = f(x ′, 0).
It is a classical fact that one can extend the trace operator to be a bounded oper-
ator between various classes of functions or distributions on Rn+1 whose elements
are not necessarily continuous. Such trace theorems are of obvious importance in
boundary value problems in partial differential equations. The prototype of a trace
theorem is the result of Besov [B] that the restrictions of certain Sobolev spaces
are Besov spaces. Denoting the homogeneous Besov spaces on Rn by Ḃαq

p (Rn),
another classical result is that Tr is a bounded operator from Ḃαq

p (Rn+1) onto

Ḃ
α−1/p,q
p (Rn), provided α > 1

p + n
(

1
p − 1

)
+
, for 0 < p, q ≤ ∞ (see e.g., [Ta], [T]),

where x+ denotes the maximum of x and 0. We consider the analogous question for
matrix-weighted Besov spaces. We find necessary and sufficient conditions on a pair
of matrix weights V (on Rn+1) and W (on Rn) for Tr : Ḃαq

p (V ) → Ḃ
α−1/p,q
p (W )

to be bounded. We also consider a partial inverse operator Ext and find sufficient
conditions on V and W for the boundedness of Ext : Ḃα−1/p,q

p (W ) → Ḃαq
p (V ).

We recall the following definitions from [R1] and [FR]. LetM be the cone of non-
negative-definite m ×m complex-valued matrices. A matrix weight W is a locally
integrable map W : Rn → M. In the scalar case (i.e., m = 1), the weight will be
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denoted w. For a measurable vector-valued function ~f = (f1, ..., fm)T : Rn → Cm,

let ‖~f ‖Lp(W ) =
(∫

Rn

‖W 1/p(t)~f(t)‖p dt

)1/p

for 0 < p <∞, where ‖ · ‖ denotes the

usual norm on Cm. We say W ∈ Ap if W : Rn →M is a.e. invertible, W and W−1

are locally integrable, and ‖W‖Ap <∞, where, for 1 < p <∞,

(1.1) ‖W‖Ap = sup
Q

(
1
|Q|

∫
Q

(
1
|Q|

∫
Q

‖W 1/p(t)W−1/p(y)‖p dt

)p′/p

dy

)p/p′

and, for 0 < p ≤ 1,

(1.2) ‖W‖Ap = sup
Q

ess sup
y∈Q

1
|Q|

∫
Q

∥∥∥W 1/p(t)W−1/p(y)
∥∥∥p

dt,

where the supremum is over all cubes Q ⊆ Rn, |Q| is the Lebesgue measure of
Q, p′ = p/(p − 1) is the conjugate index, and the norm inside the integral is the
matrix operator norm. In the scalar weighted case (1.1) reduces to the well-known
Muckenhoupt Ap characteristic, see [HMW].

For a cube Q, `(Q) denotes the side length of Q. For c > 0, we let cQ denote
the cube with the same center and orientation as Q but whose side length is c `(Q).
A (non-zero) matrix weight W is called a doubling matrix weight of order p, 0 <
p <∞, if there exists a constant c such that for all cubes Q ⊆ Rn,

(1.3)
∫

2Q

‖W 1/p(t) ~y‖p dt ≤ c

∫
Q

‖W 1/p(t) ~y‖p dt,

i.e., the scalar measures w~y(t) = ‖W 1/p(t) ~y‖p, for ~y ∈ Cm, are uniformly doubling.
If c = 2β is the smallest constant for which (1.3) holds, then β is called the doubling
exponent of W . An Ap weight is always a doubling weight of order p (see [V] for
p > 1 and [FR, Lemma 2.2] for p ≤ 1).

We say that a matrix weight W is p-admissible if any of the following holds:
(i) W ∈ Ap;
(ii) W is a doubling matrix weight of order p with doubling exponent β, and

p > β;
(iii) W (t) is diagonal for every t ∈ Rn and W is a doubling matrix weight of

order p.
We say a function ϕ ∈ S(Rn) belongs to the class A if supp ϕ̂ ⊆ {ξ ∈ Rn : 1

2 ≤
|ξ| ≤ 2} and |ϕ̂(ξ)| ≥ c > 0 if 3

5 ≤ |ξ| ≤ 5
3 . Set ϕν(x) = 2νnϕ(2νx) for ν ∈ Z.

Definition 1.1. Suppose α ∈ R, 0 < p < ∞, 0 < q ≤ ∞, ϕ ∈ A and W is a
p-admissible matrix weight on Rn. The Besov space Ḃαq

p (W ) is the collection of
all vector-valued distributions ~f = (f1, ..., fm)T with fi ∈ S ′/P(Rn) (the space of
tempered distributions modulo polynomials), 1 ≤ i ≤ m, such that

‖~f ‖Ḃαq
p (W ) =

∥∥∥{2να‖ϕν ∗ ~f ‖Lp(W )

}
ν

∥∥∥
lq
<∞,

where ϕν ∗ ~f = (ϕν ∗ f1, ..., ϕν ∗ fm)T .

In [R1] and [FR], it was shown that if W is p-admissible, then Ḃαq
p (W ) is well-

defined, in the sense that two choices of ϕ ∈ A yield the same space, with equivalent
quasi-norms.



TRACES AND EXTENSIONS OF MATRIX-WEIGHTED BESOV SPACES 3

Let Dn be the collection of dyadic cubes in Rn. Let Dn,ν = {Q ∈ Dn : `(Q) =
2−ν}. For ν ∈ Z and k ∈ Zn, let Qνk denote the dyadic cube {(x1, ..., xn) ∈
Rn : ki ≤ 2νxi < ki + 1, i = 1, ..., n} and let xQ = 2−νk be its “lower left corner”.
For I ∈ Dn, define Q(I) ∈ Dn+1 by Q(I) = I × [0, `(I)].

Our first result is the following.

Theorem 1.2. Suppose 0 < p < ∞ and 0 < q ≤ ∞. Suppose V is a p-admissible
matrix weight on Rn+1 and W is a p-admissible matrix weight on Rn with doubling
exponent β. Assume α > 1

p + n
(

1
p − 1

)
+

+ β−n
p . Then the trace operator Tr

extends to be a continuous map

(1.4) Tr : Ḃαq
p (V ) → Ḃ

α− 1
p , q

p (W )

if and only if there is a constant C > 0 such that

(1.5)
1
|I|

∫
I

‖W 1/p(t)~y ‖p dt ≤ C
1

|Q(I)|

∫
Q(I)

‖V 1/p(t)~y ‖p dt

for all ~y ∈ Cm and all I ∈ Dn.

Observe that in the scalar case, (1.5) reduces to

(1.6) 〈w〉I ≤ c〈v〉Q(I),

for all I ∈ Dn, where 〈w〉I = 1
|I|
∫

I
w(t) dt is the average of w over I, and similarly

for 〈v〉Q(I). In particular, note that (1.6) is independent of p.
In Remark 2.3, we show that we cannot drop the term (β − n)/p from the

conditions on the indices in Theorem 1.2, even in the scalar case.
We will use Daubechies’ wavelets to define an extension operator corresponding

to the trace operator. Let K be a positive integer. Let {ψ(i)}2n−1
i=1 be the generators

of Daubechies’ DL wavelets on Rn with compact support (see [D]), where L is taken
large enough that ψ(i) ∈ CK . Then suppψ(i) ⊆ r[0, 1]n, for all i, for some r > 1
depending on L. For I ∈ Dn and i = 1, 2, . . . , 2n − 1, define

ψ
(i)
I (x′) = |I|−1/2ψ(i)

(
x′ − xI

`(I)

)
.

Then {ψ(i)
I }I∈Dn,1≤i≤2n−1 is an orthonormal basis for L2(Rn). Suppose an integer

Ñ to be given. For t ∈ R, let h(t) be a C∞ function satisfying supph(t) ⊆ [−1, 1],
h(0) = 1, and

∫ 1

−1
tjh(t) dt = 0 for j = 0, 1, 2, . . . , Ñ . The vanishing moment

condition on h is regarded as void if Ñ < 0. For I ∈ Dn, i ∈ {1, 2, . . . , 2n − 1}, and
x = (x′, xn+1) ∈ Rn+1, let

h
(i)
Q(I)(x) = ψ

(i)
I (x′)h

(
xn+1

`(I)

)
.

We define
Ext(ψ(i)

I ) = h
(i)
Q(I)

and extend Ext linearly. We define Ext(~f ) = (Ext(f1), Ext(f2), . . . , Ext(fm)).
Notice that Ext depends on the choice of K and Ñ , although we suppress this
dependence in the notation. Our main result about the extension operator is the
following. Throughout the paper, [x] stands for the greatest integer ≤ x.
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Theorem 1.3. Suppose 0 < p < ∞, 0 < q ≤ ∞, and α ∈ R. Suppose V is
a p-admissible matrix weight on Rn+1 with doubling exponent δ, and W is a p-
admissible matrix weight on Rn. Define Ext with respect to the integers K and
Ñ = Nv, where we choose K > [α]+ +1 and Nv >

δ
p +(n+1)

(
1− 1

p

)
+
−n−1−α.

Suppose there exists a constant C > 0 such that

(1.7)
1

|Q(I)|

∫
Q(I)

‖V 1/p(t)~y ‖p dt ≤ C
1
|I|

∫
I

‖W 1/p(t)~y ‖p dt

for all I ∈ Dn and all ~y ∈ Cm. Then Ext defines a continuous linear map

(1.8) Ext : Ḃ
α− 1

p , q
p (W ) → Ḃαq

p (V ).

If we also assume (1.5), then Tr ◦ Ext is the identity map on Ḃ
α− 1

p , q
p (W ).

In the scalar case, (1.7) reduces to 〈v〉Q(I) ≤ c〈w〉I for all I ∈ Dn. As far as we
know, Theorems 1.2 and 1.3 are new even in the scalar case.

The paper is organized as follows: in §2, we prove Theorems 1.2 and 1.3. In §3,
we discuss the restriction to planes of codimension higher than 1, which is a routine
generalization, and we present a less standard variation in which (1.5) and (1.7)
are replaced with versions involving a factor of `(I)κp, which results in a change in
the smoothness index of the Besov space of the restriction. We also remark that
our results have obvious analogues for the inhomogeneous Besov spaces Bαq

p (W ).
Notation: For γ a multi-index γ = (γ1, . . . , γn) with γi ∈ N ∪ {0}, 1 ≤ i ≤ n,

the standard multi-index notation is used, such as |γ| = γ1 + γ2 + · · · + γn, and
Dγ = ∂γ1

x1
∂γ2

x2
· · · ∂γn

xn
. In general A ≈ B means that there exist positive constants

c1, c2 such that c1B ≤ A ≤ c2B.

2. Proofs of the Main Results

We recall the definition of reducing operators associated to matrix weight (see
[V], and, for the case p < 1, [FR]). For a matrix weight W on Rn and 0 < p <∞,
there exists a sequence of positive definite matrices {AQ,W,p}Q∈Dn

, called reducing
operators for W , such that for all ~y ∈ Cm,

‖AQ,W,p ~y ‖ ≈
(

1
|Q|

∫
Q

‖W 1/p(t)~y ‖p dt

)1/p

,

with equivalence constants independent of Q and ~y. The sequence of reducing
operators is not unique, but we suppose one to be chosen.

We note that condition (1.5) can be written in terms of reducing operators for
V and W as

(2.1) ‖AI,W,p ~y ‖ ≤ C‖AQ(I),V,p ~y ‖

for all ~y ∈ Cm and all I ∈ Dn.
Our analysis depends crucially on the relation between the space Ḃαq

p (W ) and
its discrete analogue ḃαq

p (W ), defined as follows.

Definition 2.1. Suppose α ∈ R, 0 < p <∞, 0 < q ≤ ∞ and W is a p-admissible
matrix weight on Rn. The space ḃαq

p (W ) consists of all vector-valued sequences
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~s = {~sQ}Q∈Dn such that

‖~s ‖ḃαq
p (W ) =

∥∥∥∥∥∥∥
2να

∥∥∥∥∥∥
∑

Q∈Dn,ν

|Q|− 1
2~sQχQ

∥∥∥∥∥∥
Lp(W )


ν

∥∥∥∥∥∥∥
lq

<∞.

By carrying out the integration in Definition 2.1, we see that
(2.2)

‖~s ‖ḃαq
p (W ) =

∑
ν∈Z

 ∑
Q∈Dn,ν

`(Q)−αp+n−np/2 1
|Q|

∫
Q

‖W 1/p(t)~sQ‖p dt

q/p


1/q

(2.3) ≈

∑
ν∈Z

 ∑
Q∈Dn,ν

`(Q)−αp+n−np/2‖AQ,W,p~sQ‖p

q/p


1/q

.

The sequence space ḃαq
p (W ) corresponds to Ḃαq

p (W ) under the wavelet repre-
sentation, in the following sense. Let {ψ(i)}2n−1

i=1 be Daubechies’ DL wavelets on
Rn with compact support (see [D]), chosen with L sufficiently large so that each
ψ(i) ∈ CK withK ≥ [α]++1 and each ψ(i) has sufficiently many vanishing moments
(the number depending on α, p, and q). Note that each ψ(i)

I satisfies suppψ(i)
I ⊆ rI

and ψ(i)
I ∈ CK with

(2.4) |Dγψ
(i)
I (x′)| ≤ C|I|−1/2−|γ|/n,

for all |γ| ≤ K and all x′ ∈ Rn. Then by [R1, Corollary 10.3] and [FR, Theorem 4.4],

every ~f ∈ Ḃαq
p (W ) can be written as ~f =

2n−1∑
i=1

∑
I∈Dn

〈~f, ψ(i)
I 〉ψ(i)

I with convergence

of the sum in Ḃαq
p (W )-quasinorm if q <∞, and in S ′/P if q = ∞, and

(2.5) ‖~f ‖Ḃαq
p (W ) ≈

2n−1∑
i=1

‖{〈~f, ψ(i)
I 〉}I∈Dn

‖ḃαq
p (W ).

One direction of the equivalence (2.5) holds under the much more general con-
ditions that the terms in the sum are “smooth molecules” for Ḃαq

p (W ). We state
a simplified version, which will be sufficient for our purposes, of the molecular de-
composition theorem for Besov spaces. In a more general form, this result is proved
for p > 1 in [R1, Theorem 5.2], and for 0 < p ≤ 1 in [FR, Theorem 3.1].

Theorem 2.2. Suppose α ∈ R, 0 < p <∞, 0 < q ≤ ∞ and let W be a p-admissible
matrix weight on Rn with doubling exponent β. Let N = max([β

p + n(1 − 1
p )+ −

n − α],−1) and suppose M > β
p + n(1 − 1

p )+. Suppose {mQ}Q∈Dn
is a family of

functions satisfying

(M1)
∫
xγmQ(x) dx = 0, for |γ| ≤ N ,

(M2) |mQ(x)| ≤ |Q|−1/2

(
1 +

|x− xQ|
l(Q)

)−max (M,M−α)

,

and
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(M3) |DγmQ(x)| ≤ |Q|−1/2−|γ|/n

(
1 +

|x− xQ|
l(Q)

)−M

if |γ| ≤ [α] + 1,

for each Q ∈ Dn. Suppose ~s = {~sQ}Q∈Dn
∈ ḃαq

p (W ). Then
∑

Q∈Dn

~sQmQ ∈ Ḃαq
p (W ),

and there exists c independent of ~s and {mQ}Q such that

(2.6)

∥∥∥∥∥∥
∑

Q∈Dn

~sQmQ

∥∥∥∥∥∥
Ḃαq

p (W )

≤ c ‖~s ‖ḃαq
p (W ).

It is understood that (M1) is void if N = −1. We now prove Theorem 1.2.

Proof (of Theorem 1.2). We first show the necessity of (1.5). Suppose (1.4). Fix
I ∈ Dn and ~y ∈ Cm. Define the sequence ~t = {~tJ}J∈Dn

by letting ~tJ = 0 if J 6= I,
and ~tI = `(I)α−n+1

p + n
2 ~y. Let

~g(x′) = ~tIψ
(1)
I (x′).

Then by (2.5),

(2.7) ‖~g ‖p

Ḃ
α− 1

p
, q

p (W )

≈ ‖~t ‖p

ḃ
α− 1

p
, q

p (W )

= `(I)−(α− 1
p )p+n−np/2‖AI,W,p ~tI‖p = ‖AI,W,p~y ‖p.

Define Ext with respect to integers K ≥ [α]+ + 1, and Ñ = Nv = β
p + (n +

1)
(
1− 1

p

)
+
− n− 1− α. Let

~f(x) = Ext(~g )(x) = ~tIψ
(1)
I (x′)h

(
xn+1

`(I)

)
.

Then ~f ∈ CK and
Tr(~f )(x′) = ~f(x′, 0) = ~g(x′)

by the assumption h(0) = 1. Define ~s = {~sQ}Q∈Dn+1 by letting ~sQ = 0 for Q 6=
Q(I), and ~sQ(I) = `(I)1/2~tI . Let

mQ(I)(x) = `(I)−(n+1)/2ψ(1)

(
x′ − xI

`(I)

)
h

(
xn+1

`(I)

)
= `(I)−1/2ψI(x′)h

(
xn+1

`(I)

)
.

Then ~f = ~sQ(I)mQ(I). Note that suppmQ(I) ⊆ rQ(I),

|DγmQ(I)(x)| ≤ C`(I)−(n+1)/2−|γ| = C|Q(I)|−
1
2−

|γ|
n+1

for |γ| ≤ K, and ∫
xγmQ(I)(x) dx = 0

for 0 ≤ |γ| ≤ Nv, by the vanishing moment condition for h. Hence, up to a
multiplicative constant, mQ(I) is a smooth molecule forQ(I) for Ḃαq

p (V ). Therefore,
by Theorem 2.2,

(2.8) ‖~f ‖p

Ḃαq
p (V )

≤ c‖~s ‖p

ḃαq
p (V )

= c `(Q(I))−αp+n+1−(n+1)p/2‖AQ(I),V,p ~sQ(I) ‖p

= c ‖AQ(I),V,p ~y ‖p.

Using (2.7), our assumption (1.4), and then (2.8), we obtain

‖AI,W,p~y ‖ ≤ c ‖~g ‖
Ḃ

α− 1
p

, q

p (W )
≤ c ‖~f ‖Ḃαq

p (V ) ≤ c ‖AQ(I),V,p ~y ‖.
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Now suppose (1.5) holds for all I ∈ Dn, and let ~f ∈ Ḃαq
p (V ). Define coefficient

sequences ~s (i) = {~s (i)
Q }Q∈Dn+1 by ~s (i)

Q = 〈f, ψ(i)
Q 〉, where {ψ(i)

Q }Q∈Dn+1,1≤i≤2n+1−1

are Daubechies’ wavelets on Rn+1 as above for K > [α]+ + 1. Then

(2.9) ~f =
2n+1−1∑

i=1

∑
Q∈Dn+1

~s
(i)

Q ψ
(i)
Q ,

and ‖~s ‖ḃαq
p (V ) ≤ C ‖~f ‖Ḃαq

p (V ), by (2.5).

If the sum in (2.9) is finite, then Tr(~f ) is defined, since each ψ
(i)
Q ∈ C1. For

q < ∞, if we establish the estimate ‖Tr(~f )‖
Ḃ

α− 1
p

, q

p (W )
≤ c‖~f ‖Ḃαq

p (V ) for such ~f ,

then we can extend Tr to be a bounded, continuous map from all of Ḃαq
p (V ) into

Ḃ
α− 1

p , q
p (W ), since the quasi-norm convergence of the wavelet expansion shows that

the finite sums of the form in (2.9) are dense in Ḃαq
p (V ). Once this is done, for ~f ∈

Ḃα∞
p (V ), let ~g =

2n+1−1∑
i=1

∑
Q ∈ Dn+1,
`(Q) ≤ 1

~s
(i)
Q ψ

(i)
Q and ~h =

2n+1−1∑
i=1

∑
Q ∈ Dn+1,
`(Q) > 1

~s
(i)
Q ψ

(i)
Q . Pick α0 < α < α1,

where α0 >
1
p + n

(
1
p − 1

)
+

+ β−n
p . Note that ~g ∈ Ḃα0,1

p (V ) and ~h ∈ Ḃα1,1
p (V ).

Hence, by the results for q < ∞, Tr(~g)(x ′) =
∑2n+1−1

i=1

∑
Q ∈ Dn+1,

`(Q) ≤ 1

~s
(i)
Q ψ

(i)
Q (x ′, 0)

and Tr(~h)(x ′) =
∑2n+1−1

i=1

∑
Q ∈ Dn+1,

`(Q) > 1

~s
(i)
Q ψ

(i)
Q (x ′, 0) exist in Ḃ

α0−1/p,1
p (W ) and

Ḃ
α1−1/p,1
p (W ), respectively, and hence, in S ′/P. Therefore, Tr(~f)(x ′) = Tr(~g)(x ′)+

Tr(~h)(x ′) =
∑2n+1−1

i=1

∑
Q∈Dn+1

~s
(i)
Q ψ

(i)
Q (x ′, 0) exists in S ′/P.

Recall that suppψ(i)
Q ⊆ rQ. Let J be the smallest integer such that 2J + 1 ≥ r.

If Q = Qν,k, where k = (k′, j) (here k ∈ Zn+1 and k′ = (k1, k2, . . . , kn) ∈ Zn), and
j 6∈ {−J,−J + 1, . . . , J − 1}, then Tr(ψ(i)

Q )(x′) = ψ
(i)
Q (x′, 0) = 0. Therefore,

Tr ~f (x′) =
2n+1−1∑

i=1

∑
ν∈Z

∑
k′∈Zn

J−1∑
j=−J

~s
(i)
Qν,(k′,j)

ψ
(i)
Qν,(k′,j)

(x′, 0).

For −J ≤ j ≤ J − 1 and I ∈ Dn, let Q(j)(I) = I × [j`(Q), (j + 1)`(Q)]. Then

Tr(~f ) =
2n+1−1∑

i=1

J−1∑
j=−J

Tr(i,j)(~f ),

where

Tr(i,j)(~f )(x′) =
∑
ν∈Z

∑
k′∈Zn

~s
(i)
Qν,(k′,j)

ψ
(i)
Qν,(k′,j)

(x′, 0) =
∑

I∈Dn

~s
(i)

Q(j)(I)
ψ

(i)

Q(j)(I)
.

Notice that
‖AI,W,p ~y ‖ ≤ C ‖AQ(j)(I),V,p ~y ‖,

for −J ≤ j ≤ J −1, with constants depending only on J , by (1.5) and the doubling
property for V , since

‖AQ(I),V,p~y ‖ ≤ C‖A(2J+1)Q(I),V,p~y ‖ ≤ C‖AQ(j)(I),V,p~y ‖.
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Using this, all of the terms Tr(i,j)(~f ) can be estimated in the same way, so for the
remainder of the proof we drop the indices i and j. Hence, we consider Tr(~f ) =∑

I∈Dn
~sQ(I)ψQ(I).

For I ∈ Dn, let ~tI = `(I)−1/2~sQ(I) and bI(x′) = `(I)1/2ψQ(I)(x′, 0). We obtain

Tr(~f ) =
∑

I∈Dn

~tIbI ,

where each bI satisfies supp bI ⊆ rI and

|DγbI(x′)| ≤ cγ `(I)1/2`(Q(I))−
n+1

2 −|γ| = cγ `(I)−
n
2−|γ| = cγ |I|−

1
2−

|γ|
n ,

for every multi-index γ, by (2.4), since `(Q(I)) = `(I). Since α > 1
p +n

(
1
p − 1

)
+

+

β−n
p = 1

p + β
p +n

(
1− 1

p

)
+
−n, the vanishing moment condition in Theorem 2.2 is

void for Ḃ
α− 1

p , q
p (W ). Hence, Theorem 2.2 implies

‖Tr(~f )‖
Ḃ

α− 1
p

, q

p (W )
≤ c ‖~t ‖

ḃ
α− 1

p
, q

p (W )

=

∑
ν∈Z

 ∑
I∈Dn,ν

`(I)−(α−1/p)p+n−np/2‖AI,W,p~tI‖p

q/p


1/q

,

by (2.3), where the sum on ν is replaced by the supremum over ν if q = ∞. Using
(1.5) (equivalently, (2.1)), recalling that ~tI = `(I)−1/2~sQ(I), and regarding the sum
over I ∈ Dn,ν as a sum over {Q(I), I ∈ Dn,ν} ⊆ Dn+1,ν , we obtain

‖Tr(~f )‖
Ḃ

α− 1
p

, q

p (W )
≤ c

∑
ν∈Z

 ∑
Q∈Dn+1,ν

`(Q)−αp+n+1−(n+1)p/2‖AQ(I),V,p ~sQ ‖p

q/p


1/q

= c ‖~s ‖ḃαq
p (V ) ≤ c‖~f ‖Ḃαq

p (V ).

�

Remark 2.3. In the classical scalar, unweighted case, the trace operator Tr :

Ḃαq
p (Rn+1) → Ḃ

α− 1
p , q

p (Rn) is bounded for α > 1/p + n(1/p − 1)+, whereas in
Theorem 1.2 the range of indices is α > 1/p + n(1/p − 1)+ + (β − n)/p, where β
is the doubling exponent of w. If v and w are Lebesgue measure, then β = n and
we recover the classical result. One may think that the term (β − n)/p may be
dropped in Theorem 1.2, but this is not the case. Even in the scalar case, the need
for some dependence on β can be easily seen. For r ≥ 0, let w(x′) = |x′|r be a scalar
weight on Rn and let v(x) = v(x′, xn+1) = w(x′); that is, v is just w multiplied by
Lebesgue measure in the xn+1 direction. Then |I|−1

∫
I
w = |Q(I)|−1

∫
Q(I)

v, which
gives (1.5) in the scalar case. Also w is doubling with doubling exponent β = r+n,
and v is doubling, so both v and w are p-admissible for the scalar case. However,

we claim that Tr : Ḃαq
p (v) → Ḃ

α− 1
p , q

p (w) fails for α ≤ 1/p+n(1/p−1)+(β−n)/p,
for 0 < p < ∞. To see this, let γ ∈ S(Rn) satisfy γ̂(ξ) = 0 for |ξ| > 4 and
γ̂ = 1 for |ξ| ≤ 2. Let h : R → R be C∞ and satisfy (as in the definition of
Ext) supph ⊆ [−1, 1], h(0) = 1, and

∫
tjh(t) dt = 0 for 0 ≤ j ≤ M , where

M is taken large enough that the conditions of Theorem 2.2 apply to v. Let
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f(x) = γ(x′)h(xn+1). Then, up to a constant factor, f satisfies the molecular
conditions of (M1), (M2), and (M3) of Theorem 2.2 for Q = Q00. Thus, f ∈ Ḃαq

p (v).
Moreover, Tr(f) = γ, since h(0) = 1. But for ν ≤ 0, γ ∗ ϕν = ϕν , because γ̂ = 1
on supp ϕ̂ν . Hence, for ν ≤ 0,

‖γ ∗ ϕν‖p
Lp(w) =

∫
Rn

|2νnϕ(2νx)|p|x|r dx = cr,p2ν(np−n−r),

where cr,p =
∫
|ϕ(x)|p|x|r dx. Recalling that r = β − n, we have

‖Tr(f)‖q

Ḃ
α−1/p,q
p (w)

≥
0∑

ν=−∞

(
2ν(α−1/p)‖γ ∗ ϕν‖Lp(w)

)q

= cq/p
r,p

0∑
ν=−∞

2ν(α−1/p+n−n/p−r/p)q = ∞,

for α ≤ 1/p + n(1/p − 1) + r/p, and therefore, Tr(f) 6∈ Ḃ
α−1/p,q
p (w), as claimed.

For 0 < p ≤ 1, this observation shows that the indices in Theorem 1.2 cannot be
improved in general. For p > 1, the overlap of supports of the molecules is critical
in determining the Besov norm (see [FJ1, Theorem 3.1]), so a sharp example based
on a single molecule is not possible. However, even for p > 1, as r → ∞, the
observation above shows that we cannot obtain the trace imbedding for all α > 1/p
as in the unweighted scalar case.

Here is the proof of Theorem 1.3.

Proof (of Theorem 1.3). Note that (1.7) is equivalent to

(2.10) ‖AQ(I),V,p ~y ‖ ≤ C‖AI,W,p ~y ‖.

Suppose (1.7) holds and let ~f ∈ Ḃ
α− 1

p , q
p (W ). Then ~f =

2n−1∑
i=1

∑
I∈Dn

~t
(i)

I ψ
(i)
I , where

~t
(i)

I = 〈~f, ψ(i)
I 〉. Let ~t (i) = {~t (i)

I }I∈Dn
for each i = 1, 2, . . . , 2n − 1. Also, for

each i, define a sequence ~s (i) = {~s (i)
Q }Q∈Dn+1 by setting ~s (i)

Q(I) = `(I)1/2~t
(i)

I when

Q = Q(I) for some I ∈ Dn and ~s (i)
Q = 0 if Q is not of the form Q(I). Furthermore,

define m(i)
Q by settingm(i)

Q(I) = `(I)−1/2Ext(ψ(i)
I ) for Q = Q(I), I ∈ D, andm(i)

Q = 0
otherwise. Then, by definition,

Ext(~f ) =
2n−1∑
i=1

∑
I∈Dn

~t
(i)

I Ext(ψ(i)
I ) =

2n−1∑
i=1

∑
Q∈Dn+1

~s
(i)
Q m

(i)
Q .

It follows that Ext is linear. Also, as in the previous argument, for a small enough
constant c, each cm(i)

Q is a smooth molecule for Ḃαq
p (V ). Hence, by Theorem 2.2,

‖Ext(~f )‖Ḃαq
p (V ) ≤ c

2n−1∑
i=1

‖~s (i)‖ḃαq
p (V )

=
2n−1∑
i=1

∑
ν∈Z

 ∑
Q∈Dn+1,ν

`(Q)−αp+n+1−(n+1)p/2‖AQ,V,p ~s
(i)
Q ‖p

q/p


1/p
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=
2n−1∑
i=1

∑
ν∈Z

 ∑
I∈Dn,ν

`(I)−(α−1/p)p+n−np/2‖AQ(I),V,p
~t

(i)
I ‖p

q/p


1/p

,

using the definition of ~s (i)
Q . By the assumption (1.7), we obtain

‖Ext(~f )‖Ḃαq
p (V ) ≤ c

2n−1∑
i=1

‖~t (i) ‖
ḃ

α− 1
p

, q

p (W )
≤ c‖~f ‖

Ḃ
α− 1

p
, q

p (W )
,

by (2.5). This proves the continuity of Ext on Ḃ
α− 1

p , q
p (W ).

Note that Tr ◦ Ext is the identity on finite sums of the form
2n−1∑
i=1

∑
I∈Dn

~t
(i)

I ψ
(i)
I ,

by the wavelet identity. Thus, for q < ∞, the density of these finite sums in

Ḃ
α− 1

p , q
p (W ) and the continuity of Tr and Ext imply that Tr ◦ Ext is the identity

on Ḃ
α− 1

p , q
p (W ). This result and the imbedding Ḃα−1/p,∞

p (W ) → Ḃ
α0−1/p,1
p (W ) +

Ḃ
α1−1/p,1
p (W ), where α0 < α < α1, guarantee that Tr ◦ Ext is the identity on

Ḃ
α− 1

p ,∞
p (W ). �

3. Variations and Generalizations

We consider generalizations of Theorems 1.2 and 1.3 in two directions. The first
direction is standard, in which we consider the trace when the change in dimensions
could be greater than 1. The second is not standard. It involves modifying the
estimates (1.5) and (1.7) with factors of `(I) to a power, which results in a change of
the smoothness index in the Besov space of the restriction. For maximum concision
and generality, we combine these two generalizations in the following statements.

In this section, n is a positive integer and j is a positive integer with j ≤ n.
For x ∈ Rn+1, we denote x = (x ′, x ′′), where x ′ ∈ Rj and x ′′ ∈ Rn+1−j . For a
continuous function f : Rn+1 → C, we define Tr(f) : Rj → C, the trace of f , by
Trf(x ′) = f(x ′, 0). For I ∈ Dj , we define Q(I) = I × [0, `(I)]n+1−j ∈ Dn+1.

Theorem 3.1. Suppose 0 < p < ∞ and 0 < q ≤ ∞, κ ∈ R. Suppose V is a
p-admissible matrix weight on Rn+1 and W is a p-admissible matrix weight on Rj

with doubling exponent β. Assume α > n+1−j
p + j

(
1
p − 1

)
+

+ β−j
p . Then the trace

operator Tr extends to be a continuous map

(3.1) Tr : Ḃαq
p (V ) → Ḃ

α−n+1−j
p +κ, q

p (W )

if and only if there is a constant C > 0 such that

(3.2)
1
|I|

∫
I

‖W 1/p(t)~y‖p dt ≤ C [l(I)]κ p 1
|Q(I)|

∫
Q(I)

‖V 1/p(t)~y‖p dt

for all ~y ∈ Cm and all I ∈ Dj.

To define the extension operator, let {ψ(i)}2j−1
i=1 be the generators of Daubechies’

DL wavelets on Rj , for L large enough. Let ψ(i)
I and h be as in the definition of

Ext in §1. Define Ext(ψ(i)
I ) : Rn+1 → C by

Ext(ψ(i)
I )(x) = (ψ(i)

I )(x′)h
(
xj+1

`(I)

)
h

(
xj+2

`(I)

)
· · ·h

(
xn+1

`(I)

)
.
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We extend Ext by linearity.

Theorem 3.2. Suppose 0 < p < ∞, 0 < q ≤ ∞, α, κ ∈ R. Suppose V is a p-
admissible matrix weight on Rn+1 with doubling exponent δ, and W is a p-admissible
matrix weight on Rj. Define Ext with respect to the integers K and Ñ = Nv, where
we choose K > [α]+ +1 and Nv >

δ
p +(n+1)

(
1− 1

p

)
+
−n− 1−α. Suppose there

exists a constant C > 0 such that

(3.3)
1

|Q(I)|

∫
Q(I)

‖V 1/p(t)~y ‖p dt ≤ C [l(I)]−κp 1
|I|

∫
I

‖W 1/p(t)~y ‖p dt

for all I ∈ Dj and all ~y ∈ Cm. Then Ext defines a continuous linear map

(3.4) Ext : Ḃ
α−n+1−j

p +κ, q
p (W ) → Ḃαq

p (V ).

If (3.2) also holds, then Tr ◦ Ext is the identity operator on Ḃ
α−n+1−j

p +κ, q
p (W ).

The case κ = 0 gives the matrix-weight analogue of the standard restriction
results from Rn+1 to Rj ; if we take j = n we have Theorems 1.2 and 1.3.

To see how the case κ 6= 0 can arise, suppose j = n and let r > −1. Consider
the scalar weights v and w, where w is Lebesgue measure on Rn and v on Rn+1 is
defined by v(x) = |xn+1|r. Both are doubling weights, and hence are p-admissible
(because they are scalar weights). For I ∈ Dj ,

1
|Q(I)|

∫
Q(I)

v(t) dt =
1

r + 1
`(I)r =

1
r + 1

`(I)r 1
|I|

∫
I

w(t) dt.

Thus, we have conditions (3.2) and (3.3) with κ = −r/p. It may seem strange that
one obtains the trace imbedding with a different smoothness index. However, the
Besov norm measures smoothness in the weighted Lp norm. If the weight blows up
or decays to 0 as the hyperplane Rj is approached, the finiteness of the Besov norm
on Rn+1 places stronger or weaker conditions on the smoothness of the function on
the hyperplane. This is reflected in the behavior of the coefficients in the wavelet
expansion corresponding to the small dyadic cubes near the restriction plane.

The proofs of Theorems 3.1 and 3.2 are simple modifications of the proofs of
Theorems 1.2 and 1.3. We make only a few comments on the changes needed.
Observe that condition (3.2) is equivalent to

(3.5) ‖AI,W,p ~y ‖ ≤ C [l(I)]κ ‖AQ(I),V,p ~y ‖

for all ~y ∈ Cm and all I ∈ Dj . To show the necessity of (3.2) in Theorem 3.1, fix
I ∈ Dj and ~y ∈ Cm. Define ~t = {~tJ}J∈Dj by letting ~tJ = 0 if J 6= I, and ~tI =

`(I)α−n+1
p +κ+ j

2 ~y. Let ~g(x′) = ~tIψ
(1)
I (x′). Then ‖~g ‖

Ḃ
α−n+1−j

p
+κ, q

p (W )
≈ ‖AI,W,p~y ‖.

Let ~f = ~tIExt(ψ
(1)
I ) = ~sQ(I)mQ(I), where ~sQ(I) = `(I)(n+1−j)/2~tI and mQ(I) =

`(I)−(n+1−j)/2Ext(ψ(1)
I ). Then Tr(~f) = ~g. Letting ~sQ = 0 for Q not of the form

Q(I), we obtain ‖~f‖Ḃαq
p (V ) ≤ C`(I)κ‖AQ(I),V,p~y ‖. Hence, the boundedness of Tr

implies (3.5), and thus, (3.2).
Now assume (3.2) holds. We can suppose ~f =

∑
I∈Dj

~sQ(I)ψQ(I). Then Tr(~f) =∑
I∈Dj

~tIbI , where ~tI = `(I)−(n+1−j)/2~sQ(I) and bI(x ′) = `(I)(n+1−j)/2ψQ(I)(x ′, 0).
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Using the assumption (3.2),

‖Tr(~f)‖
Ḃ

α−n+1−j
p

+κ, q

p (W )
≤ c‖~t ‖

ḃ
α−n+1−j

p
+κ, q

p (W )
≤ c‖~s ‖ḃαq

p (V ) ≤ c‖~f ‖Ḃαq
p (V ),

similarly to the proof of Theorem 1.2.
The modifications needed for the proof of Theorem 3.2 are similar to those we

have just indicated.
Finally, we remark that all of the results we have stated have analogues for the

inhomogeneous matrix-weighted Besov spaces Bαq
p (W ) (defined in [R1], §11, and

[FR], §6). For the proofs we use Daubechies’ orthonormal decomposition on Rn in
the inhomogeneous form f =

∑
I∈Dn,`(I)=1〈~f, γI〉γI+

∑2n−1
i=1

∑
Q∈Dn,`(Q)<1〈~f, ψ

(i)
Q 〉ψ(i)

Q ,
where γ is the scaling function for Daubechies’ wavelets. The only differences in
the statements are that conditions (1.5) in Theorem 1.2 and (1.7) in Theorem 1.3
(also (3.2) in Theorem 3.1 and (3.3) in Theorem 3.2) are required to hold only for
dyadic cubes I with `(I) ≤ 1, and the extension operator is defined using only
terms corresponding to cubes with side lengths less than or equal to one, using γ
instead of the ψ(i)

I for `(Q) = 1. The rest of each proof is essentially the same,
using the results for the inhomogeneous spaces in [R1], §11, and [FR], §6.
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