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Estimates on Level Set Integral
Operators in dimension two

By A. Comech and S. Roudenko

ABSTRACT. Both oscillatory integral operators and level set operators appear naturally

in the study of properties of degenerate Fourier integral operators (such as generalized

Radon transforms). The properties of oscillatory integral operators have a longer history

and are better understood. On the other hand, level set operators, while sharing many

common characteristics with oscillatory integral operators, are easier to handle.

We study L2-estimates on level set operators in dimension two and compare them

with what is known about oscillatory integral operators. The cases include operators with

non-degenerate phase functions and the level set version of Melrose-Taylor transform (as

an example of a degenerate phase function). The estimates are formulated in terms of the

Newton polyhedra and type conditions.

1. Introduction

Properties of generalized Radon transformations [PS86a] and more generally oscil-
latory and Fourier integral operators associated to degenerate canonical relations have
been attracting continuous interest since the paper by Melrose and Taylor [MT85] ap-
peared in 1985 (see the reviews [Pho95] and [GSW00, GS02]). Such operators often
appear in the theory of partial differential equations (scattering theory [MT85], trace
regularity [Tat98]) and in the integral geometry (restricted X-ray transforms [GG68],
[GU89], [GS94], averages over curves, generalized Radon transformations).

Let X = Y = Rn, n ≥ 1. Consider the Fourier integral operator

Fu(x) =
∫

RN×Y

eiφ(x,θ,y)a(x, θ, y)u(y)dθ dy, (1.1)

where the phase function φ(x, θ, y) is smooth and homogeneous of degree 1 in θ, and

a ∈ Sd
cl.(X × RN × Y ) ≡ Sd

phg.(X × RN × Y )
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is a classical (polyhomogeneous) symbol of order d, introduced by Hörmander [Hör71].
For simplicity, we assume that a(x, θ, y) has a compact support in both x and y and is
homogeneous in θ (of degree d):

a(x, θ, y) = |θ|da(x, θ/|θ|, y), for some d ∈ R.

To this Fourier integral operator we associate the canonical relation

C = {(x, dxφ(x, θ, y), y,−dyφ(x, θ, y)) : dθφ(x, θ, y) = 0} ⊆ T ∗X × T ∗Y. (1.2)

If this canonical relation is non-degenerate (the projections from C onto T ∗X\0 and
T ∗Y \0 are locally diffeomorphisms), then the continuity of F in Sobolev spaces Hs ≡
W s,2 follows from Hörmander’s paper [Hör71], and estimates in Lp-based Sobolev spaces
W s,p follow from the paper of Seeger, Sogge, and Stein [SSS91]. The case of degenerate
canonical relations is less understood.

Let ϕ ∈ C∞0 (R) be identically equal to 1 in a neighborhood of the origin. We define
Fλ by cutting off large values of θ:

Fλu(x) =
∫

RN×Y

|θ|dϕ(|θ|/λ)eiφ(x,θ,y) a(x, θ/|θ|, y)u(y) dθ dy

= λd+N

∫

SN−1×R+×Y

td+N−1ϕ(t) eiλtφ(x,α,y) a(x, α, y)u(y) dN−1αdt dy, (1.3)

where α = θ/|θ| ∈ SN−1 and t = |θ|/λ (so that θ = α|θ| = λαt).

To study the properties of the Fourier integral operator F one estimates the λ-decay
of the L2 → L2-norm of the oscillatory integral operators of the form

Tλu(x) =
∫

Y

eiλΦ(x,y) a(x, y)u(y) dy, Φ(x, y) ∈ C∞(X × Y ). (1.4)

Such operators were treated extensively by Phong and Stein [PS82, PS83, PS86a, PS86b,
PS89, PS91, PS92, PS94a, PS94b, PS94c, PS97, PS98, PSS99], Seeger [See93, See98],
Greenleaf and Seeger [GS94, GS98, GS99], Cuccagna [Cuc97], Comech [Com97, Com98a,
Com98b, Com99], Cuccagna and Comech [CC00], and many others.

The results are optimal in one dimension. They are sparse for higher dimensions;
essentially, what is known are the estimates for the cases when the projections from the
canonical relation C onto T ∗X and T ∗Y have singularities of sufficiently low type, such
as folds and cusps.

The properties of Fourier integral operators are intrinsically related to the properties
of level set integral operators. The latter operators come into play in the following way.
Rewrite (1.3) as

Fλu(x) = λd+N

∫

SN−1×Y

ψ0(λφ(x, α, y)) a(x, α, y)u(y) dN−1αdy, (1.5)

where ψ0(τ) =
∫∞
0
td+N−1ϕ(t)eitτdt is a Schwartz function, ψ0 ∈ S (R). Note that if

there is no dependence on α (e.g. N = 1), then

Fλu(x) = λd+N

∫

Y

ψ0(λφ(x, y)) a(x, y)u(y) dy, (1.6)
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which is a level set integral operator (sublevel sets where φ(x, y) ≈ λ−1). Thus, another
way to study Fourier integral operators is to consider integral operators associated to
sublevel sets

Lλ : L1(Y ) → L∞(X), Lλu(x) =
∫

Y

a(x, y)ψ(λΦ(x, y))u(y) dy. (1.7)

For simplicity, we assume that a ∈ L∞comp(X × Y ), ψ ∈ S (R) and Φ is a phase function.
Thus, we are interested in the decay rate of the Lp → Lq-norm of Lλ for large values
of λ. The Lp → Lq estimates for particular cases in dimension n = 1 were considered
in [CCW99] and [PSS01]. In the first reference, Christ, Carbery and Wright gave esti-
mates on level set integral operators when the phase function is smooth, non-degenerate
(i.e., Φxy 6= 0 ) and its Newton diagram consists of one point (see [CCW99]). Then
‖Lλ‖L2→L2 ≤ C λ−1/2 ln1/2 λ. In the second reference, Phong, Stein and Sturm consid-
ered the case when the phase function is a polynomial with an arbitrary Newton diagram.
They obtained a sharp estimate (without the logarithmic factor).

The purpose of this paper is to consider the L2 → L2 estimates on operators as-
sociated to sublevel sets in dimension n = 2 with the non-degenerate phase function
Φ (Theorem 1.1 below) and a specific example of a degenerate phase function (of type
(1, k)) which comes from the Melrose-Taylor transform (Theorem 1.2).

Theorem 1.1. (Non-degenerate case in 2D) Assume that Φ ∈ C∞(X×Y ), dimX =
dimY = 2, and detΦxiyj 6= 0 on the support of a(x, y). Then

‖Lλ‖L2→L2 ≤ C λ
− 1

2d ln4 λ, where d = 1/2.

We prove this theorem in Section 3. We also show there that the logarithmic fac-
tor can not be completely removed in dimension 2; in particular, we examine the case
Φ(x, y) = x · y (example 3.6) where the sharp estimate is

‖Lλ‖L2→L2 ≤ C λ
−1 lnλ. (1.8)

Next we study the level set version of the Melrose-Taylor transform [MT85]. This
model contains a rich set of examples, namely, operators associated to canonical relations
with a fold singularity in one of the projections and an arbitrary singularity in the other
projection. The estimates that hold for the Melrose-Taylor transform with particular sin-
gularities of the projections from the associated canonical relation also hold for arbitrary
oscillatory integral operators associated to canonical relations with the same singularities
(see [Com98b] and [Com99] ). We hope this is also the case for the level set operators
(arbitrary level set integral operators vs. level set version of Melrose-Taylor transform).

Theorem 1.2. (Melrose-Taylor transform) Let K be a compact domain in R3 with
the smooth boundary ∂K. Then for any fixed points r0 ∈ ∂K and ω0 ∈ S2, the level set
version of the Melrose-Taylor transform

Lλu(r) =
∫

S2
ψ(λ(r−r0)·(ω−ω0)) a(r, ω)u(ω) dω, r ∈ ∂K, ω ∈ S2, a ∈ L∞(∂K×S2)

satisfies the bound

‖Lλ‖L2(S2)→L2(∂K)
≤ C λ

−1+1/(4+2k−1) ln4 λ, (1.9)
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where k ∈ N is the maximal order of contact of tangent lines with the boundary of K (see
[Com98b]); if the Gaussian curvature of the boundary is strictly positive, then k = 1.

The paper is constructed as follows: next section provides definitions, notation and
a simple generalization of Varchenko’s result for a non-degenerate phase function for all
dimensions but it is not always sharp, in a sense it gives just an a priori bound. In
Section 3 we study the non-degenerate case in dimension 2 following by the asymptoti-
cally degenerate case in Section 4. Section 5 contains some necessary description of the
Melrose-Taylor transform and proof of Theorem 1.2. We end the paper with an obser-
vation on smooth kernels and connection between the level set integral operators and
oscillatory integral operators in Section 6.

To conclude the introduction, we remark that since ϕ is compactly supported,
the function ψ0(τ) =

∫∞
0
td+N−1ϕ(t)eitτ dx would have certain cancellation properties.

Therefore, it is natural to expect that the operator in (1.7) with this particular function
ψ0 will have better regularity properties than Lλ with a generic ψ ∈ S (R). However,
it turns out that in several important cases the regularity of F that one recovers from
considering (1.7) with arbitrary ψ ∈ S (R) is optimal.

2. Notation and Definitions

Let R+ denote the set of non-negative real numbers, and ∂α
x Φ(x) is the standard

multi-index notation for the higher-order partial derivatives of Φ:

∂α
x Φ(x) =

∂|α|Φ
∂α1x1 . . . ∂αnxn

, |α| =
n∑

j=1

αj .

For reader’s convenience we recall the Newton polyhedron associated to a function
at a particular point (Varchenko [Var76]).

Definition 2.1. Let U be an open neighborhood of p and let Φ ∈ C∞(U). The
Newton polyhedron Γp(Φ) that corresponds to Φ at the point p is defined as the convex
hull of the union of sets (R+)n ⊆ Rn translated to the points (α1, . . . , αn) ∈ Rn, where
the points (α1, . . . , αn) are such that ∂α

x Φ(x) is different from zero at p.

Definition 2.2. The distance d[Γ] to the Newton polyhedron Γ is defined as a positive
rational number d ∈ Q+ such that (d, . . . , d) is the coordinate of the point of intersection
of the line x1 = . . . = xn with the boundary ∂Γ of Γ.

In order to get sharp estimates we need to distinguish long and short Newton dis-
tances.

Definition 2.3. The long Newton distance Dp[Φ] that corresponds to the function
Φ(z) is defined as

Dp[Φ] = sup
{zj}

d[Γp(Φ(z))], D[Φ] = sup
p∈X×Y

Dp[Φ],

where the supremum is taken over all real analytic local coordinates {zj} in an open
neighborhood of the point p ∈ X × Y .
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Definition 2.4. The short Newton distance dp[Φ] that corresponds to the function
Φ(x, y) ∈ C∞(X × Y ) is defined as

dp[Φ] = sup
{xi}

sup
{yj}

d[Γp(Φ(x, y))], d[Φ] = sup
p∈X×Y

dp[Φ],

where the supremum is taken over all real analytic local coordinates {xi} and {yi} in
open neighborhoods of πX(p) ∈ X and πY (p) ∈ Y , respectively.

Remark 2.5. The difference between Definition 2.4 and Definition 2.3 is that when
taking the supremum we no longer allow changes of local coordinates that mix coordinates
in X and Y (see example 2.7). Clearly, Dp[Φ] ≥ dp[Φ]. The equality Dp[Φ] = dp[Φ] holds
when Γp(Φ) consists of a single vertex.

Consider the operator

LΦ,λu(x) =
∫

R
a(x, y)ψ(λΦ(x, y))u(y) dy, λÀ 1, (2.1)

where a ∈ L∞comp(R× R), Φ ∈ C(R× R), and ψ ∈ L1(R).

Using the results of Alexander Varchenko [Var76], we immediately obtain the fol-
lowing estimate.

Proposition 2.6. Assume that the phase Φ is real analytic and that the distance d
to the Newton polyhedron is greater than 1. Then

‖Lλ‖L2→L2 ≤ C λ
− 1

2D[Φ] lnp λ, 0 ≤ p <∞.

Furthermore, if the point (d, . . . , d) is inside some face of the Newton polyhedron, then
p = 0.

This follows from the estimate on the decay of oscillatory integrals, i.e., IΦ,λ =∫
Rn

ψ(x)eiλΦ dx, where ψ ∈ C∞0 (R). Assume that the phase Φ is real-analytic, that

D[Φ] = sup
p∈supp a(x)

D[Γp(Φ)] > 1, and that the line x(t) = (t, . . . , t) meets Γp(Φ) at the

interior of the face of Γp(Φ) at the points where d[Γp(Φ)] = d. Then, according to [Var76],

we obtain |IΦ,λ| ≤ C λ
− 1

D[Φ] ; the result now follows from Hölder’s inequality.

Example 2.7. Consider the phase function Φ(x, y) = x − y, x, y ∈ R. When com-
puting the short Newton distance d[Φ], we do not mix x and y; one computes that
d[Φ] = 1/2. On the other hand, when computing D[Φ], we can choose the local coordi-
nates x′ = x − y, y′ = y. Then Φ = x′ and the Newton diagram consists of the single
point (1, 0); hence, the distance to the Newton polyhedron is D[Φ] = 1. Next, the level
set integral

Iλ =
∫

R
ψ(λΦ(x, y))a(x, y) dx dy, a(x, y) ∈ C∞comp(R× R)

has the bound |Iλ| ≤ C λ−1 = C λ
− 1

D[Φ] , with D[Φ] = 1. For the level set operator

Lλu(x) =
∫

R
ψ(λΦ(x, y))u(y) dy,
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Proposition 2.6 gives the bound ‖Lλ‖L2→L2 ≤ λ
− 1

2D[Φ] . On the other hand, if we apply

the Schur lemma, we obtain the stronger bound ‖Lλ‖L2→L2 ≤ C λ−1 = C λ
− 1

2d[Φ] , with
d[Φ] = 1/2.

Remark 2.8. Note that we consider the complete Newton polyhedron, as opposed to
the reduced Newton polyhedron (points (m,n) with m = 0 or n = 0 are excluded) that
appeared in [PS97]. The difference is the following: adding terms like xa or yb to the
phase function Φ(x, y) (that does not affect the reduced Newton polyhedron) only leads
to the unitary factors in oscillatory integral operators, not affecting L2 → L2 estimates.
On the other hand, the terms like xa or yb could improve the estimates on operators
associated to the sublevel sets.

3. Non-degenerate case

In this section we prove Theorem 1.1 and study further consequences. We consider
the level set integral operator

Lλu(x) =
∫

Y

ψ(λΦ(x, y))u(y) dy, x ∈ X, y ∈ Y, (3.1)

where X and Y are small open neighborhoods of the origin in R2 and ψ ∈ Ccomp(R),
Φ ∈ C∞(X × Y ).

Proof. (of Theorem 1.1) We introduce the localization

Lλ =
∑

σ,ρ,m,n

Lσ,ρ
m,n, (3.2)

where m ∈ N2 (= N × N), n ∈ N2, σ ∈ {−1, 1}2, ρ ∈ {−1, 1}2, and

Lσ,ρ
m,nu(x) =

∫

Y

2∏

i=1

β(σi2miΦyi)
2∏

j=1

β(ρj2nj Φxj )ψ(λΦ(x, y))u(y) dy, (3.3)

and the localization function β ∈ C∞0 ([1/2, 2]) satisfies
∑

m∈N
β(2mt) = 1 for any t ∈ (0, 1/2).

In other words, on the support of the integral kernel of Lσ,ρ
m,n, the following inequalities

are satisfied

2−mi−1 ≤ σiΦyi ≤ 2−mi+1, 2−nj−1 ≤ ρjΦxj ≤ 2−nj+1.

The proof is based on the following 3 lemmas. First, we get a general estimate on
Lσ,ρ

m,n for all m and n, then we show that the case of large m and n can be discarded.

Lemma 3.1. For any σ ∈ {−1, 1}2, ρ ∈ {−1, 1}2 and for any m ∈ N2, n ∈ N2,

‖Lσ,ρ
m,n‖L2→L2 ≤ C λ−1.
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Proof. To obtain this estimate, we apply the Schur lemma. Denote by L(x, y) the integral
kernel of Lσ,ρ

m,n. Changing the variables of integration from (x1, x2) to (Φy1 ,Φ), we get

∫

X

|L(x, y)| d2x ≤
∫

X

2∏

i=1

β(σi2miΦyi)
2∏

j=1

β(ρj2nj Φxj )ψ(λΦ(x, y))
dΦy1 dΦ∣∣∣∂(Φy1 ,Φ)

∂(x1,x2)

∣∣∣
(3.4)

≤ C λ−12−m1

inf
supp L

∣∣∣∂(Φy1 ,Φ)

∂(x1,x2)

∣∣∣
.

Similarly, interchanging y1 and y2, we get
∫

X

|L(x, y)| d2x ≤ C λ−12−m2

inf
supp L

∣∣∣∂(Φy2 ,Φ)

∂(x1,x2)

∣∣∣
. (3.5)

Thus,

∫

X

|L(x, y)| d2x ≤ C λ
−1 min


 2−m1

inf
supp L

∣∣∣∂(Φy1 ,Φ)

∂(x1,x2)

∣∣∣
,

2−m2

inf
supp L

∣∣∣∂(Φy2 ,Φ)

∂(x1,x2)

∣∣∣


 (3.6)

≤ C
2−m1 + 2−m2

max
(

inf
supp L

∣∣∣∂(Φy1 ,Φ)

∂(x1,x2)

∣∣∣ , inf
supp L

∣∣∣∂(Φy2 ,Φ)

∂(x1,x2)

∣∣∣
) .

Let us denote the denominator of the above expression by D; then

2D2 ≥
∣∣∣∣

Φx1y1 Φx1

Φx2y1 Φx2

∣∣∣∣
2

+
∣∣∣∣

Φx1y2 Φx1

Φx2y2 Φx2

∣∣∣∣
2

=
∥∥∥∥
[

Φx1y1 Φx2y1

Φx1y2 Φx2y2

] [
Φx2

−Φx1

]∥∥∥∥
2

. (3.7)

We use the following inequality:

Lemma 3.2. For any matrix A 6= 0 and any vector u, we have ‖Au‖ ≥ inf
λ∈σ(A)

|λ| ‖u‖ ≥
|detA|
‖A‖N−1

‖u‖, where σ(A) is the set of eigenvalues of A.

Since ‖[Φx1 ,Φx2 ]
T ‖ ≥ C(2−n1 + 2−n2), we deduce from (3.7) that

D ≥ C
∣∣detΦxiyj

∣∣ (2−n1 + 2−n2).

Thus, continuing the proof of the previous lemma, (3.6) becomes

sup
y∈Y

∫

X

|L(x, y)| d2x ≤ C λ−1

inf
supp L

| detΦxiyj |
2−m1 + 2−m2

2−n1 + 2−n2
. (3.8)

Applying the same argument to the integration in y, we get

sup
x∈X

∫

Y

|L(x, y)| d2y ≤ C λ−1(2−n1 + 2−n2)
inf

supp L
| detΦxiyj |(2−m1 + 2−m2)

(3.9)

The Schur lemma finishes the proof of Lemma 3.1.
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For very large values of mi and nj , we use a different estimate.

Lemma 3.3. For any σ ∈ {−1, 1}2, ρ ∈ {−1, 1}2,

‖Lσ,ρ
m,n‖L2→L2 ≤ C 2−

1
2
(m1+m2+n1+n2).

Proof. Changing the variables of integration (x1, x2) → (Φy1 ,Φy2), similarly to the
derivation of (3.4) in Lemma 3.1, and then using localizations with respect to Φy1 and
Φy2 , we obtain

∫

X

|L(x, y)| d2x =
∫

X

. . .
dΦy1dΦy2∣∣∣∂(Φy1 ,Φy2 )

∂(x1,x2)

∣∣∣
≤ C

2−m1−m2

|det Φxiyj |
.

Similarly, ∫

Y

|L(x, y)| d2y ≤ C
2−n1−n2

|detΦxiyj |
.

Now, applying the Schur lemma, we obtain the desired estimate.

Lemma 3.3 means that in summation (3.2) the terms with max(mi, nj) ≥ 2 lnλ are
bounded by convergent geometric series that is bounded by C λ−1. The rest is bounded
by

∑
σ,ρ


 ∑

1≤mi,nj≤2 ln λ

‖Lσ,ρ
m,n‖


 ≤ C λ

−1 ln4 λ. (3.10)

This finishes the proof of Theorem 1.1.

Remark 3.4. If we track what happens to the estimate when inf
supp L

|detΦxiyj | be-

comes asymptotically small, we get

‖Lλ‖ ≤ C

inf |det Φxiyj |
λ−1 ln4 λ. (3.11)

This asymptotic is not optimal; the rescaling suggests that optimal result could be as
good as

‖Lλ‖ ≤ C

inf |det Φxiyj |1/2
λ−1. (3.12)

Indeed, in several important cases we can regain |det Φxiyj |1/2.

Remark 3.5. Applying Stein’s Almost Orthogonality argument, one can try to reduce
the power of lnλ in (3.11). However, in the general case, this logarithmic factor can not
be completely removed, which we demonstrate in the following example.

Example 3.6. In the case Φ(x, y) = x · y, where x, y ∈ R2, we can show that the
sharp estimate is

‖Lλ‖L2→L2 ≤ C λ
−1 lnλ. (3.13)

To obtain (3.13), one considers the partition

1 =
∑

j∈N,k∈N
β(2jx1)β(2kx2),



Level Set Integral Operators 9

splitting Lλ into Lλ =
∑

j∈N, k∈N
Lλ,i,j . One can show that ‖Lλ,i,j‖ ≤ C λ−1, then the

almost orthogonality considerations lead to the bound (3.13).

The bound (3.13) is sharp, i.e.,

‖Lλ‖L2→L2 ≥ C λ
−1 lnλ. (3.14)

To show that, consider

uλ(r) =
{

cλ

r , r ≥ λ−1,
0, r < λ−1,

where cλ = ln−1/2 λ is chosen so that ‖uλ‖L2 = 1. Then

Tλuλ(x) =
∫

R2
χ(λx · y)u(y) dy ≥

∫ ∞

λ−1

∫ 2π

0

χ(λ|x|r cos θ) r dr dθ.

Now by shifting θ 7→ θ + π/2 we can replace cos θ by sin θ, and it suffices to consider θ
such that sin θ ≈ θ. Thus, consider

∫ ∞

λ−1

∫ 2π

0

χ(λ|x|rθ)cλ
r
r dr dθ = cλ

∫ ∞

λ−1

∫ 2π

0

χ(λ|x|rθ) dr dθ.

When integrating in θ, we consider two cases

1. λ|x|r > 1, so that
∫ 1

0
χ(λ|x|rθ) dθ ≈ 1/(λ|x|r).

2. λ|x|r < 1, so that
∫ 1

0
χ(λ|x|rθ) dθ ≈ 1.

As it turns out, it suffices to consider the first case; this case alone yields

Tλuλ(x) ≥ cλ
λ|x|

∫ 1

1/(λ|x|)

dr

r
=

cλ
λ|x| ln r

∣∣∣∣
1

1/(λ|x|)

=
cλ ln(λ|x|)

λ|x| .

The bound from below on the L2 → L2 norm of Tλ is given by

‖Tλ‖2L2→L2 =
∫

R2

|Tλuλ(x)|2 dx ≥ 2π

1∫

1/λ

c2λ ln2(λ|x|)
λ2|x|2 |x| d|x|

=
2πc2λ
λ2

1∫

1/λ

ln2(λ|x|) d(ln(λ|x|)) =
2πc2λ ln3 λ

3λ2
,

where c2λ = 1/ lnλ. It follows that

‖Tλ‖L2→L2 ≥ C
lnλ
λ
.

We conclude that we can not get rid of the logarithmic factor in the two-dimensional
case.

This example can be generalized for higher dimensions (n ≥ 2): if ψ ∈ Ccomp and is
non-negative, then for any a(x, y) ∈ L∞comp(Rn × Rn) the operator

Lλu(x) =
∫

Rn

a(x, y)ψ(λΦ(x, y))u(y) dy,



10 A. Comech and S. Roudenko

with Φ(x, y) = x · y, is continuous in L2 with the bound λ−1 lnλ, and there can be no
improvement. However, assuming that ψ has at least M > n/2+1 vanishing moments so
that ψ̂(k)(0) vanishes for 0 ≤ k ≤M − 1 allows to push estimates to match those of non-
degenerate oscillatory integral operators. We prove this assuming that a(x, y) is smooth
(see Lemma 6.1). For higher dimensions n > 2 we expect that in the non-degenerate
case (∂α

x ∂
β
y Φ 6= 0) the following estimate holds

‖Lλ‖L2→L2 ≤ C λ
− 1

2d[Φ] lnp λ, 0 ≤ p <∞,

where d[Φ] = max(max
i
αi,max

j
βj) is the short Newton distance that corresponds to Φ.

4. Asymptotically degenerate case

We start with a “pure phase” result.

Lemma 4.1. Assume that Φ ∈ C∞(X × Y ), dimX = dimY = 2,

Φ(x, y) = Φ1(x1, y1) + Φ2(x2, y2),

and ∂x2∂y2Φ2 6= 0 on the support of a(x, y). Then

‖Lλ‖L2→L2 ≤ C λ
− 1

2d[Φ] ln4 λ.

This lemma resembles the situation with the oscillatory integral operators; the proof
is rather straightforward and we leave it as an exercise for the reader.

Remark 4.2. The same estimate holds for a slightly more degenerate phase function
Φ(x, y) that satisfies ∂xi∂yiΦ(x, y) = 0 for some i ∈ {1, 2} and j ∈ {1, 2}.

Now we consider the asymptotic case. Let κ > 0 be asymptotically small.

Proposition 4.3. Assume that

|detΦxiyj | ≥ κ, (4.1)

|Φx1y2Φx2y1 | ≤
1
4
|Φx1y1Φx2y2 |. (4.2)

Then

‖Lλ,κ‖ ≤ C
λ−1

κ1/2
ln4 λ.

The condition (4.2) is quite standard (see e.g. [Com97]); it represents our next best
approximation to the “pure phase” case.

Proof. First, observe that (4.1) and (4.2) imply that

|Φx1y1Φx2y2 | ≥
3κ
4
. (4.3)

As before, we use the decomposition of Lλ into

Lλ =
∑

σ,ρ,m,n

Lσ,ρ
m,n, (4.4)
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where m ∈ N2, n ∈ N2, σ ∈ {−1, 1}2, ρ ∈ {−1, 1}2. Denote the integral kernel of Lσ,ρ
m,n

by K(Lσ,ρ
m,n)(x, y). The rest of the proof is based on the following auxiliary lemmas.

Lemma 4.4. Consider the set of points U1 ⊂ X × Y , where

either |Φx2Φx1y1 | ≥ 2|Φx1Φx2y1 | or |Φx2Φx1y1 | ≤
1
2
|Φx1Φx2y1 | (4.5)

and

either |Φy1Φx2y2 | ≥ 2|Φy2Φx2y1 | or |Φy1Φx2y2 | ≤
1
2
|Φy2Φx2y1 |. (4.6)

The operator LU1 with the integral kernel K1(x, y) = χU1(x, y)K(Lσ,ρ
m,n)(x, y) satisfies

‖LU1‖L2→L2 ≤ C
λ−1

√
κ
.

Proof. We indicate the changes of variables in order to estimate the integrals and then
apply the Schur lemma.

∫
|K1(x, y)| d2x→

∫
|K1(x, y)|

∣∣∣∣
∂(x1, x2)
∂(Φ,Φy1)

∣∣∣∣ d(Φ,Φy1) →
λ−1|Φy1 |
|Φx2Φx1y1 |

, (4.7)

∫
|K1(x, y)| d2y →

∫
|K1(x, y)|

∣∣∣∣
∂(y1, y2)
∂(Φ,Φx2)

∣∣∣∣ d(Φ,Φx2) →
λ−1|Φx2 |
|Φy1Φx2y2 |

. (4.8)

Therefore,

‖LU1‖L2→L2 ≤ C
λ−1

inf |Φx1y1Φx2y2 |1/2
≤ C

λ−1

√
κ
,

by (4.3).

Analogously to Lemma 4.4, we obtain the following result.

Lemma 4.5. Consider the set of points U2 ⊂ X × Y , where

either |Φx1Φx2y2 | ≥ 2|Φx2Φx1y2 | or |Φx1Φx2y2 | ≤
1
2
|Φx2Φx1y2 | (4.9)

and

either |Φy2Φx1y1 | ≥ 2|Φy1Φx1y2 | or |Φy2Φx1y1 | ≤
1
2
|Φy1Φx1y2 |. (4.10)

The operator LU2 with the integral kernel K2(x, y) = χU2(x, y)K(Lσ,ρ
m,n)(x, y) satisfies

‖LU2‖L2→L2 ≤ C
λ−1

√
κ
.

The reason we need the above two lemmas is

Lemma 4.6. The set of points (x, y) where neither (4.5) nor (4.9) is satisfied is empty.

Similarly, the set of points where neither (4.6) nor (4.10) is satisfied, is empty.
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Proof. If the first statement of the lemma was not true, we would have

|Φx2Φx1y1 | ≈ |Φx1Φx2y1 |, |Φx1Φx2y2 | ≈ |Φx2Φx1y2 |,
where ≈ means that both sides differ at most by a factor of 2. Multiplying both these
equalities and cancelling Φx1 and Φx2 (these are nonzero due to localization (3.3)), we
obtain

|Φx1y1Φx2y2 | ≈ |Φx2y1Φx1y2 |,
where ≈ means that both sides differ at most by a factor of 4. This contradicts (4.2).

Similar reasoning proves the second statement of the lemma.

Thus, we are left to consider the following two sets of points:

• The set U3 ⊂ X × Y where (4.5) and (4.10) are satisfied, while (4.6) and (4.9)
are not.

• The set U4 ⊂ X × Y (4.6) and (4.9) are satisfied, while (4.5) and (4.10) are not.

By the symmetry, it suffices to consider the first of these sets:

Lemma 4.7. Consider the set of points U3 ⊂ X × Y where

either |Φx2Φx1y1 | ≥ 2|Φx1Φx2y1 | or |Φx2Φx1y1 | ≤
1
2
|Φx1Φx2y1 |, (4.11)

|Φy1Φx2y2 | ≈ |Φy2Φx2y1 |, (4.12)

|Φx1Φx2y2 | ≈ |Φx2Φx1y2 |, (4.13)

where ≈ means that both sides differ at most by a factor of 2, and where

either |Φy2Φx1y1 | ≥ 2|Φy1Φx1y2 | or |Φy2Φx1y1 | ≤
1
2
|Φy1Φx1y2 |. (4.14)

The operator LU3 with the integral kernel K3(x, y) = χU3(x, y)K(Lσ,ρ
m,n)(x, y) satisfies

‖LU3‖L2→L2 ≤ C
λ−1

√
κ
.

Proof. Similarly to previous proofs we only indicate the change of variables in order to
get the estimates. ∫

d2x→
∫

d(Φ,Φy1) →
λ−1|Φy1 |
|Φx2Φx1y1 |

, (4.15)

∫
d2y →

∫
d(Φ,Φx1) →

λ−1|Φx1 |
|Φy1Φx1y2 |

∼ λ−1|Φx2Φx1y2 |/|Φx2y2 |
|Φy1Φx1y2 |

. (4.16)

Bounds (4.15) and (4.16) give the desired estimate

‖LU3‖L2→L2 ≤ C
λ−1

inf |Φx1y1Φx2y2 |1/2
≤ C

λ−1

√
κ
.

This finishes the proof of Proposition 4.3.
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5. Level set version of the Melrose-Taylor transform

We start this section by describing the Melrose-Taylor transform. Let K ⊂ Rn be
a compact domain with a smooth boundary B = ∂K. Melrose and Taylor showed in
[MT85] that the operator

RMTu(t, r) =
∫

R×Sn−1
δ(t− s− r ·ω)u(s,ω) ds dω, r ∈ B, dω ∈ Sn−1, s, t ∈ R, (5.1)

is a Fourier integral operator associated to the degenerate canonical relation

C ⊆ T ∗(R×B)\0× T ∗(R× S2)\0.

This means that the projections from C onto T ∗(R × B)\0 and T ∗(R × S2)\0 become
singular. Melrose and Taylor proved that when B is strictly convex (Gaussian curvature
is nonzero), RMT loses 1/6 of a derivative compared to properties of non-degenerate
Fourier integral operators (when both projections from the associated canonical relation
are locally diffeomorphisms).

Using the diffeomorphism

ı : (R×B)× (R× S2)
∼=→ C,

we lift projections πL and πR onto (R × B) × (R × S2), keeping the same notations πL

and πR for the lifted projections:

πL : (R×B)× (R× S2) → T ∗(R×B), πR : (R×B)× (R× S2) → T ∗(R× S2).

The singular components of these projections are given by the projections

πL|t,r,s : S2 → T ∗rK, πR|t,s,ω : K → T ∗ωS2.

We use the Euclidean metric to identify tangent and cotangent planes; then the singular
components of these projections are given by the orthogonal projections

πL|t,r,s : S2 → TrK, πR|t,s,ω : K → TωS2.

The first projection, being a projection from a sphere onto a plane, is always a Whitney
fold. The second projection is a Whitney fold at all points if and only if B is strictly
convex, with non-vanishing Gaussian curvature.

Let us consider an equivalent problem for oscillatory integral operators. Let f be
a smooth function that locally represents the boundary B = ∂K of a “scatterer” K, so
that

{x ∈ R : x3 = f(x1, x2)} ⊆ B,

and let g be a smooth function that locally represents the boundary of the unit sphere

g(y1, y2) = 1−
√

1− y2
1 − y2

2 .

Instead of the phase function Φ(x, y) = r(x) ·ω(y) from (5.1) we will consider the phase
function

Φ(x, y) = (r(x)− r(0)) · (ω(y)− ω(0)) = x1g(y1, y2)− y1f(x1, x2) + x2y2, (5.2)
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with x ∈ X, y ∈ Y and X = Y = R2. (The phase function (5.1) with r(0) 6= 0 and
ω(0) 6= 0 satisfies dxΦ 6= 0 and dyΦ 6= 0, and the Schur lemma immediately leads to the
estimate ‖L‖ ≤ C λ−1.)

We would like to know the λ-decay of the L2(Y ) → L2(X) norm of the oscillatory
integral operator

Tλu(x) =
∫

R×S2
e−iλΦ(x,y)u(s,ω) dy.

The associated canonical relation is parameterized by x and y as

(x, y)
∼=7−→ (x,Φx, y,Φy) ∈ C ⊆ T ∗X\0× T ∗Y \0 (5.3)

The projections πL : C → T ∗X and πR : C → T ∗Y become singular on the common
variety where the mixed Hessian ∂2Φ

∂xi∂yj
becomes degenerate. We denote

h(x, y) = det
i,j

∂2Φ
∂xi∂yj

, 1 ≤ i, j ≤ 2,

and define the critical set of Φ by

ρ = {(x, y) ∈ X × Y : h(x, y) = 0}. (5.4)

Remark 5.1. The simplest singular case is when both projections

πL : (x, y) 7→ (x, dxΦ(x, y)), πR : (x, y) 7→ (y, dyΦ(x, y))

have Whitney fold singularities. The corresponding result for oscillatory integral opera-
tors was proved by Pan and Sogge [PS90]. They proved that if the projections πL and
πR are Whitney folds, then the operator Tλ has the λ-decay of its L2 → L2 norm that is
less by 1/6 than in the case when πL, πR are non-degenerate (local diffeomorphisms).

Let us remind the definition of the type of a smooth map introduced in [Com99].
Let M and N be two C∞-manifolds of the same dimension. Consider a smooth map
π : M → N that drops rank simply by 1: the co-rank of dπ is at most 1, and at its
critical variety the differential d(det dπ) does not vanish. The type of π at a critical point
is defined as the highest order of vanishing of the determinant of its Jacobian in the
directions of the kernel of its differential. Let V ∈ C∞ (Γ(TM)) be a kernel vector field

V |det dπ=0 6= 0, V |det dπ=0 ∈ ker dπ.

If dim ker dπ|po > 0, then we define the type of π at po as the smallest k ∈ N such that
V k(det dπ)|po 6= 0. Thus, for the level-set version of Melrose-Taylor transform in Theorem
1.2 the degenerate phase function is of the type (1, k).

Now we prove Theorem 1.2 which follows from the following two lemmas. In the
first lemma, we derive a bound on the operator truncated away from the critical set. In
the second lemma, we get the estimate on the part of the operator supported in a small
neighborhood of the critical set.

Lemma 5.2. Consider the level set version of the Melrose-Taylor transform restricted
to the set of points where | detΦxiyj | ≥ κ for some small κ > 0

Lλ,κu(x) =
∫

(1− β0(κ−1 detΦxiyj ))ψ(λΦ(x, y))u(y) dy.



Level Set Integral Operators 15

This operator satisfies

‖Lλ,κ‖L2(Y )→L2(X) ≤ C
λ−1

κ1/2
ln4 λ.

Proof. First, let us compute det Φxiyj
, we obtain det Φxiyj

= g1(y)− f1(x) + f2(x)g2(y).
For brevity, we used the notations fi(x) = ∂xif(x), gj(y) = ∂yjg(y).

Let K(x, y) denote the integral kernel of Lλ,κ . We employ the following integration
∫
K(x, y) d2x ≤

∫
K(x, y)

d(Φ,Φy2)∣∣∣∂(Φ,Φy2 )

∂(x1,x2)

∣∣∣
≤ C

λ−1|Φy2 |
|Φx1Φx2y2 − Φx2Φx1y2 |

, (5.5)

which we supplement with
∫
K(x, y) d2y ≤

∫
K(x, y)

d(y1,Φ)∣∣∣ ∂(y1,Φ)
∂(y1,y2)

∣∣∣
≤ C

λ−1|y1|
|Φy2 |

. (5.6)

The denominator in (5.5) is the following expression

Φx1Φx2y2 − Φx2Φx2y1 = (g(y)− y1f1(x))− (−y1f2(x) + y2)g2(y)
= (g(y)− y1g1(y)− y2g2(y)) + y1 detΦxiyj .

If |g(y)−y1g1(y)−y2g2(y)| differs from |y1 detΦxiyj | at least by a factor of 2 at each point
(x, y), then (5.5) is bounded from above by C λ−1|Φy2 |/(|y1||detΦxiyj |), and applying
the Schur lemma, we get the estimate

‖Lλ,κ‖2L2(Y )→L2(X) ≤
C λ−1

inf | detΦxiyj |1/2
≤ C λ−1

√
κ

.

Next we consider the case when these two terms differ less than by a factor of two,
i.e.,

|g(y)− y1g1(y)− y2g2(y)| ≈ |y1 detΦxiyj |.
Due to the strict convexity of the unit sphere,

|g(y)− y1g1(y)− y2g2(y)| ≥ c|y|2,
for some c > 0, so that we have

c

2
|y|2 ≤ |y1||det Φxiyj | ≤ |y|| detΦxiyj |.

This results in the bound on |y|,

|y| ≤ 2
c
| detΦxiyj |.

Since we also know that |g2(y)| ≤ C |y| for small values of |y|, we have the bound

|Φx1y2Φx2y1 | = |f2(x)g2(y)| ≤ C |f2(x)||detΦxiyj |,
which is smaller than | detΦxiyj |, if |f2(x)| is sufficiently small (this is easily provided
by restricting the x-support). Proposition 4.3 becomes applicable, and it finishes the
proof.
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Lemma 5.3. The level set version of the Melrose-Taylor transform, truncated to the
set | detΦxiyj

| ≤ κ,

L0
λ,κu(x) =

∫
β0(κ−1 detΦxiyj

)ψ(λΦ(x, y))u(y) dy,

satisfies

‖Lλ,κ‖L2(Y )→L2(X) ≤ C λ
−1/2κ

1
2+ 1

2k lnλ,

where k is the highest order of contact of the tangent lines with the boundary of K.

Proof. This time we only need the dyadic localization in Φy2 . Denote the integral kernel
of Lλ,κ by K0(x, y). Using the same notations as in Lemma 5.2, we estimate

∫
K0(x, y) d2x ≤

∫
K0(x, y)β0(κ−1 detΦxiyj )

dx1 dΦy2∣∣∣∂(x1,Φy2 )

∂(x1,x2)

∣∣∣
≤ C |Φy2 |κ1/k.

Let us mention that the integration in x1,
∫

R
β0(κ−1 detΦxiyj

) dx1, yields a factor of

κ1/k due to our finite type assumption on the singularity:

(∂x1 |Φy2
)k detΦxiyj 6= 0.

We also estimate
∫
K0(x, y) d2y =

∫
β0(κ−1 detΦxiyj )ψ(λΦ)

dy1 dΦ∣∣∣ ∂(y1,Φ)
∂(y1,y2)

∣∣∣
≤ C

λ−1

|Φy2 |
κ,

since ∂y1 detΦxiyj 6= 0 (because of the Whitney fold, or k = 1). The application of the
Schur lemma finishes the proof.

Note that since we only used the localization in Φy2 , we end up with the first power
of lnλ in the estimate.

Now we choose κ > 0 such that the estimates from Lemmas 5.2 and 5.3 would
match. This produces the estimate (1.9) and finishes the proof of Theorem 1.2.

6. Smooth Kernels

Estimates on the level set operators with smooth kernels, a(x, y) ∈ C∞comp(Rn×Rn),
could be deduced from the estimates on oscillatory integral operators, as we state in the
following observation.

Lemma 6.1. Let a ∈ C∞comp(Rn × Rn), Φ ∈ C∞(Rn × Rn), and assume that the
oscillatory integral operator

Tλu(x) =
∫

Rn

a(x, y) eiλΦ(x,y) u(y) dy (6.1)

is bounded by ‖Tλ‖L2→L2 ≤ C(1 + |λ|)−ν .



Level Set Integral Operators 17

Next, assume that ψ ∈ C∞(R) has M ≥ 0 zero moments, so that ψ̂(k−1)(0) = 0
for 1 ≤ k ≤ M (M = 0 means there are no zero moments; M = 1 means that ψ̂(0) =∫
R ψ(z) dz = 0, etc.) Then the level set operator

Lλu(x) =
∫

Rn

a(x, y)β(λΦ(x, y))u(y)dy, (6.2)

where ψ ∈ C∞(R), is bounded by

‖Lλ‖L2→L2 ≤




C λ−ν , 0 ≤ ν < M + 1,
C λ−(M+1) lnλ, ν = M + 1,
C λ−(M+1), ν > M + 1.

Proof. One can rewrite (6.2) as

Lλu(x) =
∫

R
ψ̂(ρ)

[∫

R
eiλρΦ(x,y) a(x, y)u(y) dy

]
dρ =

∫

R
ψ̂(ρ)Tλρ u(x) dρ. (6.3)

Using an “old device” (e.g. see p.3 [CCW99]),

‖Lλu(x)‖L2→L2 <

∫

R
|ψ̂(ρ)| · ‖Tλρu(x)‖L2 dρ < C ‖u‖

L2

∫

R

|ψ̂(ρ)|
(1 + |λρ|)ν

dρ, (6.4)

hence,

‖Lλ‖L2→L2 ≤ C

∫

R

|ψ̂(ρ)|
(1 + |ρλ|)ν

dρ. (6.5)

If β has at least M vanishing moments, so that ψ̂(k)(0) = 0, 0 ≤ k ≤M − 1, then there
exists ε > 0 so that |ψ̂(ρ)| ≤ C |ρ|M as long as |ρ| ≤ ε.

The integral in (6.4) is bounded as follows

‖Lλ‖L2→L2 ≤
∫

R

|ψ̂(ρ)|
(1 + |λρ|)ν

dρ ≤
∫ ε

0

C |ρ|M
(1 + |λρ|)ν

dρ+
1

(ελ)ν

∫ ∞

ε

|ψ̂(ρ)| dρ. (6.6)

Since ψ̂ ∈ S(R), the second term in the right-hand side of (6.6) is bounded by C λ−ν .
Our main concern is the first term. If ν < M + 1, we change the variable of integration
in the first integral in the right-hand side of (6.6) to z = λρ

∫ ε

0

C |ρ|M
(1 + |λρ|)ν

dρ ≤
∫ ε

0

C |ρ|M
|λρ|ν dρ ≤ C λ

−ν .

If ν ≥M + 1, the first term can be bounded as follows

∫ ε

0

C |ρ|M
(1 + |λρ|)ν

dρ ≤ λ−(M+1)

∫ ελ

0

C zM

(1 + z)ν
dz. (6.7)

If ν > M +1, the integral in the right-hand side is bounded uniformly in λ; if ν = M +1,
the integral is bounded by C lnλ.

In conclusion we would like to point out that in some cases the estimates on level
set integral operators enjoy better decay than the oscillatory integral operators.
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Example 6.2. Consider the following example. Let

Φ(x, y) = x2 + y2, x, y ∈ Rn.

Then Tλu(x) =
∫
Rn e

iλΦ(x,y)a(x, y)u(y) dy has no decay on λ (since Tλ can be represented
as m(eiλx2

) ◦ T̃ ◦m(eiλx2
), with m(eix2

) being multiplications by a unitary factor, and T̃
does not depend on λ). However, using the Schur lemma, one immediately proves that the
L2 → L2 operator norm on the level set operator Lλu(x) =

∫
Rn ψ(λΦ(x, y))a(x, y)u(y) dy

decays like λ−n/2.
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