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Estimates on Level Set Integral
Operators in dimension two

By A. Comech and S. Roudenko

ABSTRACT. Both oscillatory integral operators and level set operators appear naturally
in the study of properties of degenerate Fourier integral operators (such as generalized
Radon transforms). The properties of oscillatory integral operators have a longer history
and are better understood. On the other hand, level set operators, while sharing many
common characteristics with oscillatory integral operators, are easier to handle.

We study L?-estimates on level set operators in dimension two and compare them
with what is known about oscillatory integral operators. The cases include operators with
non-degenerate phase functions and the level set version of Melrose-Taylor transform (as
an example of a degenerate phase function). The estimates are formulated in terms of the
Newton polyhedra and type conditions.

1. Introduction

Properties of generalized Radon transformations [PS86a] and more generally oscil-
latory and Fourier integral operators associated to degenerate canonical relations have
been attracting continuous interest since the paper by Melrose and Taylor [MT85] ap-
peared in 1985 (see the reviews [Pho95] and [GSW00, GS02]). Such operators often
appear in the theory of partial differential equations (scattering theory [MT85], trace
regularity [Tat98]) and in the integral geometry (restricted X-ray transforms [GG68],
[GURY], [GS94], averages over curves, generalized Radon transformations).

Let X =Y =R", n > 1. Consider the Fourier integral operator
Sule) = [ (a0, y)uly)db dy (1.1)
RN xY

where the phase function ¢(x, 6, y) is smooth and homogeneous of degree 1 in 6, and

a€SH(X xRV xY)=8%_ (X xRN xY)
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is a classical (polyhomogeneous) symbol of order d, introduced by Hérmander [Hor71].
For simplicity, we assume that a(z,6,y) has a compact support in both « and y and is
homogeneous in 0 (of degree d):

a(z,8,y) = |6|%a(z,0/16],v), for some d € R.

To this Fourier integral operator we associate the canonical relation
C = {(Ia datd)(x,e’y)aya 7dy¢($, 03 y)) : de(b(gja oay) = 0} g T*X X T*Y (12)

If this canonical relation is non-degenerate (the projections from C onto T*X\0 and
T*Y\0 are locally diffeomorphisms), then the continuity of § in Sobolev spaces H® =
W#:2 follows from Hormander’s paper [Hor71], and estimates in LP-based Sobolev spaces
W#P follow from the paper of Seeger, Sogge, and Stein [SSS91]. The case of degenerate
canonical relations is less understood.

Let ¢ € C§°(R) be identically equal to 1 in a neighborhood of the origin. We define
$x by cutting off large values of 6:

Saulz) = / 101%(16]/\) @O a(z,0/16],y) u(y) db dy
RN xY

= NN / tHN= (1) M@ ) o (2 o, y) u(y) d¥ radtdy, (1.3)
s

N-1xR4 XY

where o = 6/|6] € S¥~! and t = |0|/)\ (so that § = a|f| = \at).

To study the properties of the Fourier integral operator § one estimates the A-decay
of the L? — L?-norm of the oscillatory integral operators of the form

Thu(z) = /Y @Y gz, y)uly) dy,  ®(x,y) € C°(X x Y). (1.4)

Such operators were treated extensively by Phong and Stein [PS82, PS83, PS86a, PS86b,
PS89, PS91, PS92, PS94a, PS94b, PS94c, PS97, PS98, PSS99], Seeger [See9d3, See9q],
Greenleaf and Seeger [GS94, GS98, GS99], Cuccagna [Cuc97], Comech [Com97, Com98a,
Com98b, Com99], Cuccagna and Comech [CCO00], and many others.

The results are optimal in one dimension. They are sparse for higher dimensions;
essentially, what is known are the estimates for the cases when the projections from the
canonical relation C onto 7*X and T*Y have singularities of sufficiently low type, such
as folds and cusps.

The properties of Fourier integral operators are intrinsically related to the properties
of level set integral operators. The latter operators come into play in the following way.
Rewrite (1.3) as

Saufw) = AT /S oy W@ ) el @) u) dady,  (15)

where ¥o(1) = [;° tT NV "1o(t)e'7dt is a Schwartz function, ¢y € .#(R). Note that if
there is no dependence on « (e.g. N = 1), then

Bau(z) = XY /Y bo(M(,v) alz, y) uly) dy, (1.6)
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which is a level set integral operator (sublevel sets where ¢(z,y) ~ A~!). Thus, another
way to study Fourier integral operators is to consider integral operators associated to
sublevel sets

S LY) = I5X). Sa) = [ a0 )y i (17
For simplicity, we assume that a € Lg5,, (X x Y), ¢ € #(R) and @ is a phase function.
Thus, we are interested in the decay rate of the LP — L%-norm of £y for large values
of \. The LP — L9 estimates for particular cases in dimension n = 1 were considered
in [CCW99] and [PSS01]. In the first reference, Christ, Carbery and Wright gave esti-
mates on level set integral operators when the phase function is smooth, non-degenerate
(i.e., ®yy # 0 ) and its Newton diagram consists of one point (see [CCW99]). Then
Il s 2 < CAY21nY/2 X, In the second reference, Phong, Stein and Sturm consid-

ered the case when the phase function is a polynomial with an arbitrary Newton diagram.
They obtained a sharp estimate (without the logarithmic factor).

The purpose of this paper is to consider the L? — L? estimates on operators as-
sociated to sublevel sets in dimension n = 2 with the non-degenerate phase function
® (Theorem 1.1 below) and a specific example of a degenerate phase function (of type
(1,k)) which comes from the Melrose-Taylor transform (Theorem 1.2).

Theorem 1.1. (Non-degenerate case in 2D) Assume that ® € C*°(X xY), dim X =
dimY = 2, and det ®,,,,, # 0 on the support of a(x,y). Then

1€l 22 < C A3 In* A where d=1/2.

We prove this theorem in Section 3. We also show there that the logarithmic fac-
tor can not be completely removed in dimension 2; in particular, we examine the case
®(z,y) = = -y (example 3.6) where the sharp estimate is

H'Q/\HL2—>L2 < C)\illn)\. (18)

Next we study the level set version of the Melrose-Taylor transform [MT85]. This
model contains a rich set of examples, namely, operators associated to canonical relations
with a fold singularity in one of the projections and an arbitrary singularity in the other
projection. The estimates that hold for the Melrose-Taylor transform with particular sin-
gularities of the projections from the associated canonical relation also hold for arbitrary
oscillatory integral operators associated to canonical relations with the same singularities
(see [Com98b] and [Com99] ). We hope this is also the case for the level set operators
(arbitrary level set integral operators vs. level set version of Melrose-Taylor transform).

Theorem 1.2. (Melrose-Taylor transform) Let K be a compact domain in R with
the smooth boundary OK. Then for any fixed points ro € 0K and wq € S?, the level set
version of the Melrose-Taylor transform

Lhu(r) = . PN (r—ry)-(w—wp)) a(r,w) u(w) dw, T€cdK, weS? acL™®OKxS?

satisfies the bound

||£)\|| < C,)\71+1/(4+2k’1) 1114 )\’ (19)

L2(S2)—L2(K)
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where k € N is the maximal order of contact of tangent lines with the boundary of K (see
[Com98b)); if the Gaussian curvature of the boundary is strictly positive, then k = 1.

The paper is constructed as follows: next section provides definitions, notation and
a simple generalization of Varchenko’s result for a non-degenerate phase function for all
dimensions but it is not always sharp, in a sense it gives just an a priori bound. In
Section 3 we study the non-degenerate case in dimension 2 following by the asymptoti-
cally degenerate case in Section 4. Section 5 contains some necessary description of the
Melrose-Taylor transform and proof of Theorem 1.2. We end the paper with an obser-
vation on smooth kernels and connection between the level set integral operators and
oscillatory integral operators in Section 6.

To conclude the introduction, we remark that since ¢ is compactly supported,
the function () = [, TN "1p(t)e"" dz would have certain cancellation properties.
Therefore, it is natural to expect that the operator in (1.7) with this particular function
1o will have better regularity properties than £, with a generic ¢ € .#(R). However,
it turns out that in several important cases the regularity of § that one recovers from
considering (1.7) with arbitrary ¢ € .#(R) is optimal.

2. Notation and Definitions

Let R denote the set of non-negative real numbers, and 9%®(x) is the standard
multi-index notation for the higher-order partial derivatives of ®:

O0%igy...0%yg,’

ool "
P(r) = ——— o] =) ay.
j=1

For reader’s convenience we recall the Newton polyhedron associated to a function
at a particular point (Varchenko [Var76]).

Definition 2.1. Let U be an open neighborhood of p and let ® € C°°(U). The
Newton polyhedron I',(®) that corresponds to ® at the point p is defined as the convex
hull of the union of sets (R;)™ C R™ translated to the points (a1, ...,a,) € R™, where
the points (aq, ..., ay) are such that 09 ®(x) is different from zero at p.

Definition 2.2. The distance d|I'] to the Newton polyhedron I is defined as a positive
rational number d € Q. such that (d, ..., d) is the coordinate of the point of intersection
of the line 1 = ... = x, with the boundary OT" of T".

In order to get sharp estimates we need to distinguish long and short Newton dis-
tances.

Definition 2.3. The long Newton distance D,[®] that corresponds to the function
®(z) is defined as

Dp[®] = supd[I'y(®(2))],  D[®] = sup D,[®],
{z;} pEXXY

where the supremum is taken over all real analytic local coordinates {z;} in an open
neighborhood of the point p € X x Y.
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Definition 2.4. The short Newton distance dp[®] that corresponds to the function
O(z,y) € C®(X xY) is defined as

dp[®] = sup sup d[I'y(P(2,9))],  d[®]= sup d,[P],
{zi} {y;} pEXXY

where the supremum is taken over all real analytic local coordinates {x;} and {y;} in
open neighborhoods of mx(p) € X and 7y (p) € Y, respectively.

Remark 2.5. The difference between Definition 2.4 and Definition 2.3 is that when
taking the supremum we no longer allow changes of local coordinates that mix coordinates
in X and Y (see example 2.7). Clearly, Dp,[®] > d,[®]. The equality D,[®] = d,[®] holds
when I',(®) consists of a single vertex.

Consider the operator
Sapul@) = [ alen) OB ) u)dy, A>T, (2.1)
R

where a € L,,,(R x R), ® € C(R x R), and ¢ € L'(R).
Using the results of Alexander Varchenko [Var76], we immediately obtain the fol-
lowing estimate.

Proposition 2.6. Assume that the phase ® is real analytic and that the distance d
to the Newton polyhedron is greater than 1. Then

_ 1
[ Sxll <CN R P\, 0<p< oo

L2—L?

Furthermore, if the point (d,...,d) is inside some face of the Newton polyhedron, then
p=0.

This follows from the estimate on the decay of oscillatory integrals, i.e., Ip ) =
[ w(x)e*r® dr, where v € C§°(R). Assume that the phase @ is real-analytic, that
R’n

D[®] = sup D[I',(®)] > 1, and that the line x(t) = (¢,...,t) meets I',(P) at the
p €supp a(z)
interior of the face of I'y,(®) at the points where d[I',(®)] = d. Then, according to [Var76],
1

we obtain |Is x| < C A P#1; the result now follows from Hélder’s inequality.

Example 2.7. Consider the phase function ®(z,y) = z — y, =, y € R. When com-
puting the short Newton distance d[®], we do not mix x and y; one computes that
d[®] = 1/2. On the other hand, when computing D[®], we can choose the local coordi-
nates ¥’ = x —y, ¥’ = y. Then ® = 2’ and the Newton diagram consists of the single
point (1,0); hence, the distance to the Newton polyhedron is D[®] = 1. Next, the level
set integral

I = /Riﬁ()@(%y))a(w,y) dx dy, a(z,y) € Cogpp(R X R)

1

has the bound |I,| < CA™' = C' A Pl with D[®] = 1. For the level set operator

Saulz) = / DD (2, y))uly) dy,
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1

Proposition 2.6 gives the bound [|€[|,, ;. < A 2p#]. On the other hand, if we apply

1
< COAX =0\ el with

the Schur lemma, we obtain the stronger bound ||£,]| 22 =

d[®] = 1/2.

Remark 2.8. Note that we consider the complete Newton polyhedron, as opposed to
the reduced Newton polyhedron (points (m,n) with m = 0 or n = 0 are excluded) that
appeared in [PS97]. The difference is the following: adding terms like % or y® to the
phase function ®(z,y) (that does not affect the reduced Newton polyhedron) only leads
to the unitary factors in oscillatory integral operators, not affecting L? — L? estimates.
On the other hand, the terms like 2% or y® could improve the estimates on operators
associated to the sublevel sets.

3. Non-degenerate case

In this section we prove Theorem 1.1 and study further consequences. We consider
the level set integral operator

Sae) = [ vOS@ ) udy,  seX, yev. (3.1)

where X and Y are small open neighborhoods of the origin in R? and 1 € Ceomp(R),
b ecC®(X xY).

Proof. (of Theorem 1.1) We introduce the localization

L= Y L, (3.2)

a,0,m,n

where m € N? (=N xN), n e N? o€ {-1,1}?, p € {~1,1}2, and
2 2
ertute) = [ T[8e2m @, [] 80270, ) v00@a) i) dy. (33)
i=1 j=1

and the localization function 5 € C§°([1/2,2]) satisfies

> B@Emt)=1  foranyte (0,1/2).

meN

In other words, on the support of the integral kernel of £7.7,, the following inequalities
are satisfied

2—77”—1 S O—z@yl é 2—7774-{-1’ 2—7”—1 S ij)m] S 2—1’7,]'-&-1‘

The proof is based on the following 3 lemmas. First, we get a general estimate on
£0:6, for all m and n, then we show that the case of large m and n can be discarded.

Lemma 3.1. For any o € {—1,1}2, p € {—1,1}? and for any m € N?, n € N?,

€50l o e S C ATE
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L(z,y) the integral
o, , D), we get

Proof. To obtain this estimate, we apply the Schur lemma. Denote by
Y1

kernel of £7:¢ . Changing the variables of integration from (1, x2) to (

= 2 dd,, do
2 M G it} Sl
| @alda< [ T[o@eme T80 ) Gy 6
=1 J=1 d(w1,x2)
CAt2—m
- . O(Dy, ,P)
sulII)lpr ‘ B(zltmz)
Similarly, interchanging 1y, and y9, we get
C}\—12—T)’L2
/ |L(z,y)| d*x S el (3.5)
X inf ‘ b2
supp L 9(z1,22)
Thus,
|L( )|d2 < C)\_l . 92— mi 9—ma2 (3 6)
; T,y r < min ‘6(%1,@’)’ o ‘6(%2,@) .
supp L 9(z1,22) supp L 9(z1,a2)
27 4 27 M2
¢ I( Py, ,P) O(Py,,P) '
. s . o
max (SJSEL ey | |y )

Let us denote the denominator of the above expression by D; then
2

2
) P P P
2D2 > ‘ T1Y1 T 4 ‘ T1Y2 H[ T1Y1 12?;1 :| [ T2 :| 3.7
T2Y1 (I)rz CI)ﬂ?zyz l’lyz 12y2 _(I)m ( )
We use the following inequality:
Lemma 3.2. For any matrix A # 0 and any vector u, we have || Au|| > " 1nf \)\| [l >
det A
||AﬁN—|1”u’ where o(A) is the set of eigenvalues of A.
Since ||[®,,, ®.,]T|| > C(27™ +27"2), we deduce from (3.7) that
D > C |det @gy, | (277 +2772).
Thus, continuing the proof of the previous lemma, (3.6) becomes
C A—l 2—m1 _|_ 2—m2
L d*z < . 3.8
sup [ a0 b (3.8)
supp L :
Applying the same argument to the integration in y, we get
C )\71(27711 + 27n2)
L(z,y)|d*y < 3.9
EEE/Y IL(zy)ldy < il [det B, (27 +2772) (3.9)
supp

The Schur lemma finishes the proof of Lemma 3.1.
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For very large values of m; and n;, we use a different estimate.

Lemma 3.3. For anyo € {-1,1}2, pe {-1,1}?,

25 o g < 27RO H )
mnllpz_p2 = :
Proof. Changing the variables of integration (x1,z2) — (®y,,®,,), similarly to the
derivation of (3.4) in Lemma 3.1, and then using localizations with respect to ®,, and

®,,, we obtain
dd,, do 27 mMiTma
L dPr=[ .. A< .
[t = [ et <o 2R
O(x1,22) )
Similarly,
z, Y Y=C0Ciy -
Y | det q)l'iyj |

Now, applying the Schur lemma, we obtain the desired estimate. O

Lemma 3.3 means that in summation (3.2) the terms with max(m;,n;) > 2In X are
bounded by convergent geometric series that is bounded by ¢' A~!. The rest is bounded
by

> > ILA | < A tin* A (3.10)

a,p 1<m;,n;<2In X

This finishes the proof of Theorem 1.1. [

Remark 3.4. If we track what happens to the estimate when infL |det @, | be-
supp

comes asymptotically small, we get

C

——A7lln* A1
inf|det<I)ziyj|/\ A (3:.11)

€1l <
This asymptotic is not optimal; the rescaling suggests that optimal result could be as
good as

C
inf | det @, [1/2

€]l < AL (3.12)

Indeed, in several important cases we can regain |det ®,,,; |1/2.

Remark 3.5. Applying Stein’s Almost Orthogonality argument, one can try to reduce
the power of In A in (3.11). However, in the general case, this logarithmic factor can not
be completely removed, which we demonstrate in the following example.

Example 3.6. In the case ®(z,y) = z -y, where x, y € R?, we can show that the
sharp estimate is
[&xll2—r2 < CA T In A (3.13)

To obtain (3.13), one considers the partition

1= ) A@Iw)B(2 ),

JjENkeN
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splitting £, into £y = Z £1,i,j- One can show that [|£5, ;|| < CA™!, then the
jEN, keN
almost orthogonality considerations lead to the bound (3.13).

The bound (3.13) is sharp, i.e.,

[€xll2—z> > C A InA. (3.14)
To show that, consider
Q’ r> )\—17
uk(r){ 0, r< ATl

1/2

where ¢y = In"/“ X is chosen so that ||uy||rz = 1. Then

[eS) 2w
Thuyx(z) = / x(Az - y)u(y) dy > / / X(A|z|r cos @) rdr db.
R2 A=t Jo

Now by shifting 6 — 6 + 7/2 we can replace cosf by sin 6, and it suffices to consider 6
such that sin 6 =~ #. Thus, consider

o] 27 00 27
/ / XO\alr0) 2 dr do = cA/ / x(Nz|r8) dr d.
A-1Jo r A-1Jo

When integrating in 6, we consider two cases

1. Aalr > 1, s0 that [; x(Az|r8)df ~ 1/(Az|r).
2. Alz|r < 1, so that fol X(A|z|rf) df ~ 1.

As it turns out, it suffices to consider the first case; this case alone yields

cy ! dr N ! _axIn(Mz])

T
vl e

> A =
Mzl Sy v Al /(M)

The bound from below on the L? — L? norm of T} is given by

1
2 In?(\|x
T = [ ITn@P de > 2 [ S gy
RQ

22|z
1/A
om? | 2mc3 In® A
- 7TC)\ 2 o 7TC)\ n
= I3 [ w0lal) dln(al)) = TR
1/A
where ¢3 = 1/In \. It follows that
In A

||T>\||L2—>L2 >C T

We conclude that we can not get rid of the logarithmic factor in the two-dimensional
case.

This example can be generalized for higher dimensions (n > 2): if ¢ € Cromp and is
non-negative, then for any a(x,y) € L, (R™ x R™) the operator

comp

Sule) = [ ale.) b0 ) ulw) dy
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with ®(x,y) = z -y, is continuous in L? with the bound A=!In A, and there can be no
improvement. However, assuming that ¢ has at least M > n/2+ 1 vanishing moments so
that z[)(k) (0) vanishes for 0 < k < M — 1 allows to push estimates to match those of non-
degenerate oscillatory integral operators. We prove this assuming that a(x,y) is smooth
(see Lemma 6.1). For higher dimensions n > 2 we expect that in the non-degenerate
case (8?85 ® # 0) the following estimate holds

1
[ES5Y < C A 2 nP ) 0<p< o,

[FPER

where d[®] = max(max «;, max ;) is the short Newton distance that corresponds to ®.
i J

4. Asymptotically degenerate case
We start with a “pure phase” result.
Lemma 4.1. Assume that ® € C°(X xY), dim X =dimY =2,
(z,y) = P1(21,y1) + Pa(2,92),

and Oy, 0y, P2 # 0 on the support of a(z,y). Then

<C A" Int A\,

||£)\||L24>L2 =

This lemma resembles the situation with the oscillatory integral operators; the proof
is rather straightforward and we leave it as an exercise for the reader.

Remark 4.2. The same estimate holds for a slightly more degenerate phase function
®(z,y) that satisfies 0,,0,, P(z,y) = 0 for some ¢ € {1,2} and j € {1, 2}.

Now we consider the asymptotic case. Let s > 0 be asymptotically small.

Proposition 4.3. Assume that

|det @y, | > 22, (4.1)
1
|(I):E1y2q)$2y1| < i‘q)mqu)myz" (4'2)
Then
Aoy,
Hﬂ)\,,{H <C i/ In™ A.

The condition (4.2) is quite standard (see e.g. [Com97]); it represents our next best
approximation to the “pure phase” case.

Proof. First, observe that (4.1) and (4.2) imply that

3
|(I)m1y1q)m2yz‘ 2 I (43)

As before, we use the decomposition of £ into

=3 e, (4.4)

a,p,m,n
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where m € N2, n € N?, o € {—1,1}2, p € {—1,1}2. Denote the integral kernel of Lo,
by K(£7:5,)(x,y). The rest of the proof is based on the following auxiliary lemmas.

Lemma 4.4. Consider the set of points Uy C X x Y, where

. 1
either |(I)w2 (I)rl?ﬂl > 2|(I)I1(I)902y1| or ‘(I)Ez (I)fbly1| < §|(I)I1(I>$2y1| (4'5)
and
. 1
elthGT‘ |<Dy1 (I)Izyz| Z 2‘(1)?& (I)EQ?J1| or |(I)y1 CI)I2.7J2‘ S §|<I)yz (I)I2y1 | (46)

The operator £y, with the integral kernel Ki(x,y) = xuv, (z,y)K(£5:5,)(z,y) satisfies

)\71
||£U1 HL2—>L2 S C e

N

Proof. We indicate the changes of variables in order to estimate the integrals and then
apply the Schur lemma.

6(%1 .%'2) )‘_1|(I) |
Ki(z,y d2x—>/K T,y ‘ d(®,®,,) - ——4 4.7
[ Katew) Kaloe )l |Gt 3 @ 20) = gL @)
I(y1,92) Ay,
Ki(z,y)|d? —>/K x, " a(®,®,,) - —— 2, 4.8
J ey = [ )| G e e, - Bl @)
Therefore,
AL AL
2 — < < T
€0, lL2—p2 < Cmf|(I)Ilqu)m2|l/2 <C
by (4.3). O
Analogously to Lemma 4.4, we obtain the following result.
Lemma 4.5. Consider the set of points Uy C X x Y, where
. 1
either |q)w1(bw2y2| > 2|q)$2q)$1y2| or ‘q>$1¢1292| < §|q)w2q>w1y2| (4'9)
and
. 1
either |q)y2q)w1y1‘ 2 2|(I)y1q)w1y2| or ‘q)yzq)il?lyl| < §|q)y1q)w1y2" (4'10)

The operator £y, with the integral kernel Ko(x,y) = xuv, (v, y)K(£5;%,)(x,y) satisfies

)\—1
||£U2HL2*>L2 < Cﬁ.

The reason we need the above two lemmas is

Lemma 4.6. The set of points (x,y) where neither (4.5) nor (4.9) is satisfied is empty.
Similarly, the set of points where neither (4.6) nor (4.10) is satisfied, is empty.
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Proof. If the first statement of the lemma was not true, we would have
|(DI2 ¢$1y1| ~ |(I)$1<I)w2y1 |7 |(b11¢)12y2‘ ~ |¢3’72 ¢I1y2 |7

where ~ means that both sides differ at most by a factor of 2. Multiplying both these
equalities and cancelling ®,, and ®,, (these are nonzero due to localization (3.3)), we
obtain

|(I)x1y1 (1)902y2| ~ |<I):c2y1 q):myz ‘7

where &~ means that both sides differ at most by a factor of 4. This contradicts (4.2).

Similar reasoning proves the second statement of the lemma. O
Thus, we are left to consider the following two sets of points:

e The set Us C X x Y where (4.5) and (4.10) are satisfied, while (4.6) and (4.9)
are not.

e Theset Uy C X xY (4.6) and (4.9) are satisfied, while (4.5) and (4.10) are not.
By the symmetry, it suffices to consider the first of these sets:

Lemma 4.7. Consider the set of points U3 C X x Y where
1

either |(I)w2q)w1y1‘ 2 2|(I)w1q)$2y1| or ‘CI)M (I)Ily1| < ilq)mq)wzlh ‘7 (4'11)
|(I>y1 CI)I292| ~ |(I)yzq)z2y1 ‘7 (412)
|®m1(1):r2y2| ~ |(I)zaq)w1y2 ‘7 (413)

where ~ means that both sides differ at most by a factor of 2, and where
. 1
either |q)y2 q)11y1 ‘ > 2|(I)y1 q)-myz | or ‘(I)y2 (I)mlyl | < 5 |q)y1 (I)zwz ‘ (414)

The operator £y, with the integral kernel K3(z,y) = xv, (v, y)K(£7:5,)(x, y) satisfies

N3

Proof. Similarly to previous proofs we only indicate the change of variables in order to

get the estimates.
/d2x_>/d(q> ) )ﬁw (4.15)
o ‘(1)372 (I)xlyl | ’

—Ho D, P P
/dzyﬁ/d(q),‘bzl)ﬁ A | 981‘ N)‘ | z2 11y2‘/| Izyz‘. (416)
|(I)y1(I)z1yz| |(I)y1q)r1yz|

Bounds (4.15) and (4.16) give the desired estimate

||£U3 HL2~>L2 <C

)\71 -1
<(C——.
inf |q)I1y1(I’I2y2|1/2 N C \/;

>

||£U3 HLz_,Lz <C

This finishes the proof of Proposition 4.3. O
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5. Level set version of the Melrose-Taylor transform

We start this section by describing the Melrose-Taylor transform. Let K C R"™ be
a compact domain with a smooth boundary B = K. Melrose and Taylor showed in
[MT85] that the operator

Ryru(t,r) = / S(t—s—r-whu(s,w)dsdw, r € B, dw € S"!, s, t € R, (5.1)
RxSn—1

is a Fourier integral operator associated to the degenerate canonical relation
CCT*(R x B)\0 x T*(R x $?)\0.

This means that the projections from C onto T*(R x B)\0 and T*(R x S$?)\0 become
singular. Melrose and Taylor proved that when B is strictly convex (Gaussian curvature
is nonzero), Ryr loses 1/6 of a derivative compared to properties of non-degenerate
Fourier integral operators (when both projections from the associated canonical relation
are locally diffeomorphisms).

Using the diffeomorphism

1w

1:(Rx B) x (RxS?) = C,

we lift projections 77, and 7z onto (R x B) x (R x S?), keeping the same notations 7,
and g for the lifted projections:

7, (RxB)x (RxS*) - T*(RxB), 7p:([RxB)x(RxS? — TR xS?).
The singular components of these projections are given by the projections
Tolews :SP = TrK,  TRltsw: K — T5S™

We use the Euclidean metric to identify tangent and cotangent planes; then the singular
components of these projections are given by the orthogonal projections

. Q2 . 2
7TL|t,'r,s 187 - T K, 77R|t,s,w K — 1,587

The first projection, being a projection from a sphere onto a plane, is always a Whitney
fold. The second projection is a Whitney fold at all points if and only if B is strictly
convex, with non-vanishing Gaussian curvature.

Let us consider an equivalent problem for oscillatory integral operators. Let f be
a smooth function that locally represents the boundary B = 0K of a “scatterer” K, so
that
{r eR: 23 = f(x1,22)} C B,

and let g be a smooth function that locally represents the boundary of the unit sphere

9(y1,y2) =1 — /1 -y} — 3.

Instead of the phase function ®(z,y) = r(z) - w(y) from (5.1) we will consider the phase
function

O(z,y) = (r(z) —r(0) - (w(y) —w(0)) = 219(y1,y2) — y1.f(T1,72) + 2292,  (5.2)
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with z € X,y € Y and X = Y = R2. (The phase function (5.1) with 7(0) # 0 and
w(0) # 0 satisfies d,;® # 0 and d,® # 0, and the Schur lemma immediately leads to the
estimate ||£]| < C A1)

We would like to know the A-decay of the L*(Y) — L?(X) norm of the oscillatory
integral operator

Thu(x) :/R . e E@EY (s, w) dy.
X 2

The associated canonical relation is parameterized by = and y as
(z,y) — (2, P,,y,®,) € CCT*X\0 x T*Y\0 (5.3)

The projections 7, : C — T*X and ng : C — T*Y become singular on the common

2P

variety where the mixed Hessian Pr:00, becomes degenerate. We denote
1YY

0?0
h = det 1<4,5<2
(,y) = de iy <i,j<2,
and define the critical set of ® by
p=A{(z,y) € X xY : h(z,y) = 0}. (5.4)

Remark 5.1. The simplest singular case is when both projections

TL - (I,y) = (J,‘,dg;q)(l‘,y)), TR : (ac,y) = (yvdyq)(x,y))

have Whitney fold singularities. The corresponding result for oscillatory integral opera-
tors was proved by Pan and Sogge [PS90]. They proved that if the projections 7y and
mr are Whitney folds, then the operator Ty has the A-decay of its L? — L? norm that is
less by 1/6 than in the case when 7z, mr are non-degenerate (local diffeomorphisms).

Let us remind the definition of the type of a smooth map introduced in [Com99].
Let M and N be two C*°-manifolds of the same dimension. Consider a smooth map
m: M — N that drops rank simply by 1: the co-rank of dm is at most 1, and at its
critical variety the differential d(det dr) does not vanish. The type of 7 at a critical point
is defined as the highest order of vanishing of the determinant of its Jacobian in the
directions of the kernel of its differential. Let V € C*° (I'(T'M)) be a kernel vector field

Vlaet dn=0 # 0, V|det dr=0 € kerdm.

If dim ker dm|,, > 0, then we define the type of 7 at p, as the smallest k € N such that
V¥ (det dr)|,, # 0. Thus, for the level-set version of Melrose-Taylor transform in Theorem
1.2 the degenerate phase function is of the type (1, k).

Now we prove Theorem 1.2 which follows from the following two lemmas. In the
first lemma, we derive a bound on the operator truncated away from the critical set. In
the second lemma, we get the estimate on the part of the operator supported in a small
neighborhood of the critical set.

Lemma 5.2. Consider the level set version of the Melrose-Taylor transform restricted
to the set of points where | det ®,,,,| > 5 for some small » > 0

() = / (1= B det @, ) (A, 1)) uly) dy.



Level Set Integral Operators 15

This operator satisfies

—1
1€xscllL2(vy—r2(x) £ C 2 In* \.

Proof. First, let us compute det ®,,,,, we obtain det ®,,,, = g1(y) — f1(z) + f2(x)g2(y).
For brevity, we used the notations f;(x) = 0, f(z), g;(y) = 9y, 9(y)-

Let K (z,y) denote the integral kernel of £ ,.. We employ the following integration

/ny x</ny Dy,) <C )\—1|<I>y2| (5.5)
6(@ ‘by2) |(I)m1(I)m2y2 - (I)Izq)fl?n |7 .

O(z1,x2)

which we supplement with

yh‘I’) )\71\2/1|
K( < | K(z < . 5.6
/ (z,y)d*y < / a(qu))) _C|¢)y2| (5.6)
(y1,Y2

The denominator in (5.5) is the following expression

(I)$1 (I)Izyz - (I)EQ(I)Izyl = (g(y) - ylfl(x)) - (—y1f2(x) + y2)g2(y)
= (9() = 1191(y) — y292(y)) + y1 det Dy,
If |9(y)—y191(y)—y292(y)| differs from [y; det ®,,, | at least by a factor of 2 at each point

(z,y), then (5.5) is bounded from above by C'A™![®,,[/(|y1]| det @, [), and applying
the Schur lemma, we get the estimate

) X! ox!
€35l T2v)—r2(x) < inf | det ®,,,, |1/ = N

Next we consider the case when these two terms differ less than by a factor of two,
ie.,
19(y) = 1191(y) — y292(y)| ~ |y det Bg |-

Due to the strict convexity of the unit sphere,

l9(y) — v191(y) — y292(y)| = clyl?,

for some ¢ > 0, so that we have
¢
191" < lnl det @y, | < Jyl] det @y .
This results in the bound on |y|,
2
ly| < E| det (I):cz‘yj .

Since we also know that |g2(y)| < C |y| for small values of |y|, we have the bound

‘¢Ily2 12y1| |f2( ) (y)|§0|f2(‘r)||det®l’1yg|7

which is smaller than |det ®,,,,|, if [f2(z)| is sufficiently small (this is easily provided
by restricting the z-support). Proposition 4.3 becomes applicable, and it finishes the
proof. [
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Lemma 5.3. The level set version of the Melrose-Taylor transform, truncated to the

set | det @4, | < ,

29 ulx) = / Bo(o det By, ) H(AB(, ) uly) dy,

satisfies

[Casellzzyy—r2cx) S CATV2x 2R In A,

where k is the highest order of contact of the tangent lines with the boundary of K.

Proof. This time we only need the dyadic localization in ®,,. Denote the integral kernel
of £, by K°(x,y). Using the same notations as in Lemma 5.2, we estimate

d.’L‘1 d@yz

/K0($7y) d2$ S /KO({I}’y) /80(%_1 det (Pmlyj) W S C |(Py2|%1/k.

O(z1,22)

Let us mention that the integration in xq, / Bo(3¢~ 1 det 4.y, ) dry, yields a factor of
R

2!/ due to our finite type assumption on the singularity:
(O, |o,, )® det .y # 0.

We also estimate

_ dyy d® A-1
/ K%z, y) d%y = / Bo(se et B,y ) (AD) i < x,
‘ 9(y,.®) @,
O(y1,y2) ’

since 0y, det ®,,,. # 0 (because of the Whitney fold, or k = 1). The application of the
Schur lemma finishes the proof.

Note that since we only used the localization in ®,,, we end up with the first power
of In A in the estimate. O

Now we choose 3 > 0 such that the estimates from Lemmas 5.2 and 5.3 would
match. This produces the estimate (1.9) and finishes the proof of Theorem 1.2.

6. Smooth Kernels

Estimates on the level set operators with smooth kernels, a(z,y) € Cg5,,,,,(R" x R™),
could be deduced from the estimates on oscillatory integral operators, as we state in the

following observation.

Lemma 6.1. Let a € C2, (R" x R"), & € C®°(R"™ x R"), and assume that the

comp
oscillatory integral operator

Tule) = [ ae.g) X0 uly) dy (6.1)

is bounded by ||Tx||,,_,, < C(1+|X)7".
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Next, assume that ¢ € C(R) has M > 0 zero moments, so that »*=1(0) = 0
for 1 <k < M (M = 0 means there are no zero moments; M = 1 means that ¢(0) =
Jg (2)dz =0, etc.) Then the level set operator

Lru(z) = / a(z,y)BAD(x,y))u(y)dy, (6.2)

where ¢ € C*°(R), is bounded by

CA™7,  0<v<M+1,
H£A||L2*}L2 < C)\i(M+1) 111)\7 v=DM-+ 17
CA~MHED s M

Proof. One can rewrite (6.2) as

saue) = [ 50) | [ D ate)uds| do= [ G Tpu@d (03
Using an “old device” (e.g. see p.3 [CCW99)),

20@ls e < [ 1] Il do < 0l [ T2 do (6a)

hence,

Pl
1+ \pz\l)

If 8 has at least M vanishing moments, so that w(k)(O) =0,0<k< M —1, then there
exists € > 0 so that [¢)(p)| < C'|p|M as long as |p| < e.

Ny / el (6.5)

The integral in (6.4) is bounded as follows

150 < clpM e
1930 < [ R 7S ) s g P | WOl 69

Since ¢ € S(R), the second term in the right-hand side of (6.6) is bounded by ¢’ A~".
Our main concern is the first term. If v < M + 1, we change the variable of integration
in the first integral in the right-hand side of (6.6) to z = Ap

< Clp/M /GCIPIM _
e —dp < dp < CA™".
/0 (1+ [Apl)” o Aol”

If v > M + 1, the first term can be bounded as follows

€ M €A M
/ _Clel™ dp < )F(M*l)/ L (6.7)
o (L+[Apl)r 7~ o (+2)”

If v > M +1, the integral in the right-hand side is bounded uniformly in A; if v = M +1,
the integral is bounded by C'ln A. O

In conclusion we would like to point out that in some cases the estimates on level
set integral operators enjoy better decay than the oscillatory integral operators.
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Example 6.2. Consider the following example. Let

d(z,y) =2 +y>  =z,yeR™

Then Thu(z) = [n @Yz, y)u(y) dy has no decay on A (since Ty can be represented

as m(e“‘IQ) oTo m(e”“"”2), with m(e”g) being multiplications by a unitary factor, and 7'

does not depend on \). However, using the Schur lemma, one immediately proves that the

L? — L2 operator norm on the level set operator £xu(z) = [, YA ®(z, y))a(z, y)uly) dy
R

decays like A~
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