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DUALITY OF MATRIX-WEIGHTED BESOV SPACES

SVETLANA ROUDENKO

ABSTRACT. We determine the duals of the homogeneous matrix-weighted Besov
spaces B,Y(W) and by?(W) which were previously defined in [5]. If W is a matrix

A,weight, then the dual of B;“I(W) can be identified with Bp_,aq/(W_pl/p) and,
similarly, [bgq(W)]* ~ I.);,aq/(W_pl/p). Moreover, for certain W which may not be
in the A, class, the duals of Bg‘q(W) and l')qu(W) are determined and expressed

in terms of the Besov spaces B;aq/({Aél}) and l');,aq,({Aél}), which we define
in terms of reducing operators {Ag}qg associated with W. We also develop the
basic theory of these reducing operator Besov spaces. Similar results are shown for
inhomogeneous spaces.
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1. INTRODUCTION

The aim of this paper is to determine the duals of the Besov function spaces B;“I(W)

and the corresponding sequence spaces bgq(W) forae R, 0<g<ocand 1 < p < oo.
Here, W is a matrix weight, namely, an a.e. invertible map from R" to the cone M of
non-negative definite operators on a Hilbert space H of dimension m (e.g. H = C™
or R™), i.e., for a.e. t € R, (W (t)x,x)y > 0 for all z € H.

To understand what properties of W are needed to identify dual spaces, we will
heavily use the technique of reducing operators (for definitions refer to Section 2 or
[5], [10]). Namely, instead of dealing with matrix weights, we consider a sequence of
matrices enumerated by dyadic cubes and establish properties of Besov spaces with
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2 SVETLANA ROUDENKO

such sequences of matrix weights. Then, given a matrix W, its reducing operators
constitute such a sequence.

Denote by D the collection of dyadic cubes in R™ and for each @) € D let Ag be
a positive-definite (thus, self-adjoint) operator on H. Also denote by RSp (reducing
sequences) the collection of all sequences {Ag}gep of positive-definite operators on
H. An admissible kernel ¢ € A is a function ¢ € S(R™)such that supp ¢ C {{ €
R": 2 <[ <2}and [@(§) > c>0if 2 < [¢] <32 Set g, (2) = 27"p(2"x) for
v e

In [5] we introduced the following:

Definition 1.1 (Matriz-weighted Besov space ng(W)). Fora e R, 1 < p < o0,

0<q<o0, peAand W a matrix weight, the Besov space B;”q(W) is the collection

of all vector-valued distributions f = (fi, ..., fn)? with f; € S'/P(R") (the space of
tempered distributions modulo polynomials), 1 < ¢ < m such that
LP(dt)}V

|71

< 00,

2"y * f ”LP(W)}V

— ‘

{5

Byd(W) B H{ la - ’

lg

where @, * f: (00 * f1y s 00 % fi)T.
Suppose W satisfies any of the three conditions:
(A1) We A, with 1 < p < o0,
(A2) W is a doubling matrix of order p with p > /3, where (3 is the doubling exponent

of W,
(A3) W is a diagonal doubling matrix of order p with 1 < p < oo.

(For definitions refer to Section 2.) Then ng(W) is independent of the choice of
v € A ([5, Theorem 1.8]). If a matrix weight W satisfies none of (A1)-(A3), then
there may be a dependence on ¢ (i.e., ng(I/V, ©)), nevertheless, all results will hold
up to a choice of an admissible kernel ¢.

Here, as a main tool and a useful object by itself, we define the space B;“q({AQ})
with a sequence of discrete weights {Ag}o:

Definition 1.2 (Averaging matriz-weighted Besov space Bg‘q({AQ})). For o € R,
1 <p<oo, 0<gq<oo, {Ag}g € RSp and ¢ € A,the Besov space B;Yq({AQ}) is
the collection of all vector-valued distributionsf = (fi, ..., fm)” with f; € &'/P(R™),

1 <4 < m such that
— — 21/Oé A . » s H
Hf >, H Q (e f)| xeo < 00,
(Q)=2—v r

where [(Q) is the side length of Q.

Bp?({Aq})
vilg

This space is well-defined (i.e., independent of ¢ € A), see Corollary 4.9, if {Ag}q is
a doubling matrix sequence defined as follows.

Definition 1.3 (Doubling sequence). We say {Ag}qg € RSp is a (dyadic) doubling
sequence (of order p, 1 < p < oo), if there exists § > n and ¢ > 1 such that for all
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P, Q) dyadic

T L P L) dist (P.Q) "
W e iP=eg (1 kal ><”max<l<P>7z<@>>) |

where |@] is the Lebesgue measure of () and the norm on the left side is the operator
(matrix) norm.

Observe that if (1) holds for some p, then it holds for 1 < g < p, since the right-hand
side is > 1. _

Our main goal is to identify the dual space of By4(W). For W € A, the result can
be expressed in terms of matrix weights. However, even for W ¢ A, but satisfying
(A2) or (A3), we are able to characterize [Baq(W)] in terms of reducing operators.
Set}D+]%:1if1<p<ooandp’:oolfp:1;%+%zlif1<q<ooand
¢ = o00if 0 < ¢ < 1. It is important to emphasize our convention for the duality
pairing. In what follows, we say that a function space Y is a dual of a function space

X, X"~ Y in the Sense that cach y € Y defines an element [, of X* via the pairing
ly(:c = Jan ( ) dt and every element of X* is of the kind [, for some

yey Wlth ||l || ~ ||y||y (For example, [LP(W)]" =~ LF'(W?/P), 1 < p < oo, with
the pairing f q)=/ R < f g(t) > dt; refer to Section 3 for more details.)

Theorem A 1. Let « € R, 1 < p < 00, 0 < q < oo and let {Ag}q be reducing
operators of a matriz weight W .

(2) IfWe A, 1<p<oo, then [BSQ(W)]* ~ B;aq'(W—p’/p)_

(3) If W satisfies any of (A1)-(A3), then [ng(W)]* ~ B;aql({Aél})-

(For the proof refer to Section 5.)
Our next result identifies the dual space of the sequence (discrete) Besov space

bgq(W). The connection between bg‘q(W) and B;“q(W) is that f Bg‘q(W) if and
only if the appropriate wavelet coefficient sequence of f belongs to bg‘q(W) (see [5] for
details). Recall the definitions of bgq(W) and B;‘q({AQ}) from [5]:

Definition 1.4 (Matriz-weighted sequence Besov space bgq(W)). ForaeR, 1<p<

00, 0 < g < oo and W a matrix weight, the space bo‘q(W) consists of all vector-valued

sequences § = {5g }gep, where g = (sg;)), .. S(Qm)) , such that

. Y _1 .
{5aYallizowy =[S 2| D_ 1QI™= (IWP(1)3qllx) xo(t) < 00.
Q=27 Lr(dt)

ville

Definition 1.5 (Averaging matriz-weighted discrete Besov space 6gq({AQ})). For a €
R, 1<p<o0,0<q<o0and{Ag}g € RSp, the space 6;“q({AQ}) consists of all
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vector-valued sequences {5g }gep such that

o va _1 o
I{Saballigragn = {|3 2| 2= 1Q17= (Ia3elln) xo(t)
o= @) Nl
= ’ {AQgQ}Q joa < Q.
P

If {Ag}o is a sequence of reducing operators for a matrix weight W, then the norm
equivalence
(4) 15 Nige oy = 15130 ga0))
holds for any matrix weight W, a € R, 0 < ¢ < oo and 1 < p < oo ([5, Lemma 7.1}).

To make notation short, we will write l}g‘q(W) ~ bgq({AQ}) for the norm equivalence.

Theorem A 2. Let o € R, 0 < g < 00, 1 < p < o0 and let {Ag}o be reducing
operators of a matrixz weight W. Then

(5) i1 w)| = b, (1A',
Moreover, if W € A,, 1 < p < oo, then
(6) [ige(w)] b (W),

~ The paper is organized as follows. In Section 3 we discuss the discrete Besov space
bgq(W). We use a “one at a time reduction” approach meaning we reduce the space

bgq(W) in the following order:

W) — 0{Ag}) — BIR™) — bR,
where the last two spaces are unweighted vector-valued and scalar-valued discrete
Besov spaces, and then identify the duals in the opposite order. A similar approach

is used for ng(W).
The fact that each Ag is constant on each dyadic cube @) allows us establish

(7) 5 AQh)] ~ b, (145"
for any {Ag}tg € RSp, a € R, 0 < ¢ < o0, 1 < p < oo. If the Ap’s are generated by
a matrix weight W, then combining (4) and (7), we get (5) of Theorem A 2.

In order to connect b,*" ({Ag'}) with b, ({Ag}) ~ b, (W=P'/P) (for the defi-
nition of Ag refer to Section 2) the matrix A, condition is needed, though only for
one direction of the embedding; the other direction is automatic. Thus, the following
chain of the equivalences holds for b3?(W):

(8)
N *any w . * o _ Ap‘*OL/ aHyW.ia, )
e TR B Ah)] 0 (AGD R B {AB) TR b ),
This completes the proof of Theorem A 2.

In Section 4 we prove the norm equivalence between B;‘q({AQ}) and Bg‘q({AQ}) for
any doubling sequence {Ag}q. Note that if the Ag’s are generated by a matrix weight
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W, then all that is required from the weight is the doubling condition. (Compare
this with (A1)-(A3) conditions from [5] for the norm equivalence between the original
matrix-weighted Besov spaces.)

- [k: ki +1

For Q = Qu :g i
k) = |Q|"?p,(x — x¢), where x5 = 277k is the lower left corner of Q.

} v € Zand k € Z", denote pg(z) = |Q| ™ *p(2" 2z —

Theorem 1.6. Leta € R, 0 < ¢ <00, 1 <p < oo and {Ag}g be a doubling sequence

—

(of order p). Then for So(f) = <JF7 SOQ>

Plasuna ™ | (2 (7)) |
ng({AQ}) ? Q ng({AQ})

~In Section 5 we establish the correspondence between the continuous Besov spaces
By(W) and By({Agq}).

Lemma 1.7. Leta € R, 0 < g < o0 and 1 < p < co. If W satisfies any of (A1)-(A3)
and {Ag}g is a sequence of reducing operators generated by W, then

B(W) ~ By*({Ag}).

For one direction of the above equivalence it suffices to have W doubling.
In Section 6 it is shown that if {Ag}¢ is a doubling sequence of order p, 1 < p < oo,
then

(9) Bot{AQh)] ~ B, ({AG D).

Using the above duality and equivalence, we get the following chain:
(10)

Sagq * (,L) Hagq x . p—ag -1 ﬁf H—aq # @ 3—aq’ —'/p
[ByW)" = [By'({Aqh)]" = B,™ ({Aq'}) = B, ({45}) = B,™ (W™/7),
where the equivalence (1) holds if W satisfies any of (A1)-(A3) and (4) holds if W ~?"/»
satisfies any of (A1)-(A3) properly adjusted (see section 2). The third equivalence
holds under the A, condition. However, the A, condition is needed only for one
direction of the embedding. This proves Theorem A 1.

In the last section we consider inhomogeneous function spaces and transfer all the
above theory to the inhomogeneous case.

2. DEFINITIONS AND NOTATION

Given a matrix weight W, for each dyadic cube ) in R™ consider a reducing operator
Ag corresponding to the LP average over @ of the norm |[W/P . ||, ie.,

1 1/p
| Ag x|l ~ (@/ WP (L) |2, dt) for all x € H.
Q

Thus, we are dealing with a family of norms p;(z) = |W?(t) z|%. By definiton, the
dual norms are p}(z) = ||[W~Y?(t) z|7 and reducing operators for their L” averages
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over a cube () are

1 - , 1/p
1A ally ~ (@ /Q W 1/p<t>:cn%dt) .

In other words, {Aé}Q is a reducing sequence for the “dual” matrix weight W=7/
(for more details refer to [10], [5]).

Recall that the matrix A, condition is HAZE Agll < ¢ for every cube @) C R™, and
the opposite inequality H(AgE Ag)7Y| < ¢ always holds as a simple consequence of
Holder’s inequality: for any x, y € 'H we have

1/p P 1/p 4 dt)
< (o) (o @) < lagel gl

which implies [|Ag x| > ¢ ||(A§)_ z|| for any x € H and, thus, the above statement
follows.

A condition which is weaker than A, for a matrix weight W is the doubling condi-
tion:

Definition 2.1 (Doubling matriz). A matrix weight W : R" — M is called a doubling
matriz (of order p, 1 < p < 00), if there exists a constant ¢ = ¢, such that for any
x € H,any 6 > 0 and any z € R”

(1) [l [ o,
Bas(2) Bs(2)
i.e., the scalar measure w, (t) = ||[W/?(t) z||%, is uniformly doubling and not identically

zero (a.e.). If ¢ = 29 is the smallest constant for which (11) holds, then § is called
the doubling exponentof W.

Observe that if W is a doubling matrix weight (of order p), then {Ag}o is a
doubling sequence (of order p). The fact that A, implies doubling in the scalar case
is quite straightforward and can be found in [7]. The vector case can be found in [6].
Also note that 8 > n and for the Lebesgue measure § = n.

By saying W"/? satisfies any of (A1)-(A3), we mean either W~7/? € A, with
1 < p’ < oo (which is equivalent to W € A,, 1 < p < o), or WP/ is a doubling
matrix of order p’ with p’ > 3*, where * is the doubling exponent of W /7 or
W=P/? is a diagonal doubling matrix of order p’ with 1 < p’ < co.

In order to establish the connection between matrix weighted Besov spaces and
averaging Besov spaces, we use an auxiliary LP-space:

Definition 2.2 (Averaging space LP({Ag},v) ). Forv € Z,1 < p < oo and {Ag}g €
RSp, the space LP({Ag}, v) consists of all vector-valued locally integrable functions

f such that

1F loragyey = || Y. Xalt) Agf(t) < 00.

I(Q):Q_V Lp(dt)
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Note that H q‘ . '{2“0‘ I F } )
/ Bp?({Aq}) ouxf Lr({AQ}w) ), llie
To make notation short, define @, ={Q € D : (Q) =27"}.

3. DUALITY OF SEQUENCE BESOV SPACES

An important tool that we need is the duality on [9(X) with X being a Banach
space. By definition 17(X), 0 < g < oo is the set of all sequences { f, },ez with f, € X,

1/q

v € Z such that (Z Hqug() < oo. If 1 < ¢ < oo, then (19(X))" = 19(X*) (see
vEZL

[1, Chapter 8]), and if ¢ is a continuous linear functional on [9(X) identified with

{g,} ez € 17 (X™*), then the duality is represented as
9(f)=(f9) =D (for0)x
VEL

where (f,,0,)x = ¢.(f,) is the pairing between X and X*. We will mainly be
concerned with X = LP, 1 < p < oo, or LP(W), 1 < p < 0o, and, thus, X* = L* or
LY (W=P'/P) respectively, with the pairing (f,g)y = [ (f(x),9(x)); du.

If0<qg<1 and X = L?, 1 < p < oo, then (I%(LP))" = I>°(L”) (see [8, p.177))
and the pairing is defined as above.

Theorem 3.1. Let W be a matriz weight, « € R, 0 < g < o0, 1 <p < o0o. Then
(i) b2 (WP/r) [bng)} always
(i) [i52W)] " S b7 (W) i we 4,
We will prove this theorem, which implies (6) of Theorem A 2, in several steps. The

use of reducing operators is essential and helps to understand why certain conditions
on the weight W are necessary.

Proof of (i) of Theorem 3.1. For each t € Z');,D‘q/(W*p//p) define a functional [z on
bgq(W) by

1:(5) = (5,1) = > _(Sq.lq),, for any §= {3g}q € B3I (W).
Q

The calculations below show that this sum converges and [y € [b]‘;q(W)] *:

(12)

Z (80:10)s,

Using the self-adjointness of W and the Cauchy-Schwarz inequality, we bound (12)

<3 [ S QT ) W ). o), | xelo

VEZ QeQ,

Z |3 (1017 o) WP @)5alln) (101 xola) W7 @il do.

VEZ QeQ,
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Applying Hélder’s inequality several times, we estimate [7(S) by

Z/Rn (Z (101 ixq(@) W7 (@)3 QHH)p)

P

4
Y

~ (Z (101 2 xe (@) [Wo(a )anH)”') o

QeQy
—2_1 o 1 g
(13) <> D o *Xeda > QI 2 xqtq
veZ |1QeQy Le(W) QeQy L (W—7'/p)
< Hg‘|bgq(w) H{”b—,aq/(wfp’/P)’
P

for 1 < ¢ < oo. In case of 0 < ¢ < 1, we bound (13) by ||§'||b$1(W) ||t_’||b7a00(w,pqp).
p

Since 17 is embedded into ! when 0 < ¢ < 1, we estimate the previous product by

15 sga vy 18 Wl =17 O

In terms of reducing operators (or using (4)) the previous lemma states
(14) b ({AG)) € s ({AQ})]

If we follow along the lines of the proof again but instead of W17 (t) WP(t) in (12)
use Aél Ag, then we obtain the following statement.

Lemma 3.2. Leta € R, 0< g <00, 1<p<ooand{Ag}g € RSp. Then
(15) b ({AQ'D) € [ ({AQD)]

In fact, if we have only proven (15), then (14) (and equivalently part (i) of Theorem
3.1) could have been obtained as a consequence of (15) and [5, Corollary 7.4], i.e

(16) (A € 5 (4G € [isrdAeh)]

Observe that (15) holds for any {Ag}o € RSp, not necessarily generated by W.
Now we will study the opposite embeddings. By Lemma 3.3 below, we will get

(17) ir(ah] < b (45"

without any additional assumptions on the sequence {Ag}q. Note that combining
(15) and (17), we obtain (7). Applying [5, Corollary 7.4] again, (17) is continued as

[bgq({AQ})] - b aq’ ({A 1}) C b aq' ({A BES b aq (W~ p/p)

with the second embedding being held under the A, condition. Thus, the embedding
(ii) of Theorem 3.1 holds if W € A,

Lemma 3.3. Let {Ag}o € RSp, a € R, 0 < ¢ <00, 1 <p<oo. Then (17) holds.
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Proof. Let | € l};’;q({AQ})} ", We show that there exists te Z};aq/<{Aé1}) such that
for any § € Baq({A 3

1) = G0 =3 (Sl and et gy < M

Let €§k) denote a vector-valued sequence enumerated by dyadic cubes such that in
the k'™ component (k' row) of this vector the J* entry (corresponding to the dyadic
cube J) is equal to 1 and all other entries are zero:

= (e {0} oo {0 L pinenpry 0. 3 — K" row, ..., {0}, ...) "

Now if § has only finitely many non-zero entries, i.e., § = Z Z So €0 ), then
{Q} finite k=1

- > L

{Q} finite k=1 {Q} finite k=1

By continuity, since finitely non-zero sequences are dense (p,q < o0), we get

= Z ng)tg) = Z <§Q,FQ>H for any 5 € bgq({AQ}).

QED k=1 QeD

by linearity

. T
Now everything is set up to show that ¢ := ({tg)}Q,{tg)}Q,...,{tgn)}Q> €
b;aq/({Aél}). For 5 € bgq(Rm), set 5o = Aélg and define

[(5) = 1({Ag'50}e) = I({5q}o) Z (50.10),,
= (Ag30, A3'T), =Y <§’Q,EQ>H,
Q

Q
where iQ = AélfQ. By above,
@) < el{3a}allisnqagy = ¢ H{Za}ellisr@m

e., | induces a continuous linear functional [ on bg‘q(Rm). By Lemma 3.4 be-
low {tg}q € 6;/0@’ (R™). Since the inside L”-norm of the l.);,aq/ (R™)-norm of # is

;:‘ T 1>
> 1Rl 2 > QI 2llAg Tl > QI Tgxe ,
QeQy Ly’ QeQy r’ QEQy Lp’({Aél})
te B;aq/({Aél}) and the lemma is proved. O

Lemma 3.4. Leta e R, 0 < g< oo, 1 <p<oo. Then
(18) [z&gqmm)} ~ b2 (R™).
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Proof. 1t suffices to show only the scalar case (m = 1) of (18), since § € I};Q(Rm)

means that each component s belongs to i)ﬁq and by making zero all but one of the
components of an arbitrary s we obtain (18).

The embedding [Bg‘q] 2 l};aql is a trivial application of Holder’s inequality plus the
embedding ng — b;‘l* for ¢ < 1, so we concentrate only on the opposite embedding.
Suppose | € [l}gq] . Using linearity and continuity, [ can be represented by some

sequence {tg}q as l(s) = Y, sqtq for any s = {sq} € j);zq and
= |2_sate
Q

Case ¢ > 1: For each v € Z let f,(s)(x) = Z |Q|’E755QXQ( ). Define a map
QEQy

I by? — 1(LP) by I(s) = {fu(s)}vez. Observe that [[I(s)l[wre) = [[sjge, in
other words, by the natural construction [ is a linear isometry onto the subspace
I (W) of 19(LP). Then [ induces a continuous linear functional [ on I (Eg‘q) C 9(L»)
(continuous in ?(LP)-norm) by I(I(s)) = I(s). Since I9(LP) is a Banach space, by the
Hahn-Banach Theorem [ extends to a continuous linear functional lezt on all of [9(LP)
with |[leae|] = ||| < |]I]]. Since [19(LP)]" = 19 (L¥"), It is represented by a sequence

9= {9 }ven € 1°(L") with ||g]| = [{go}vlluw () < [l1]] and

S sl = I(s) = l({fuls)) = 3 / J()(@)gu(x) dz,  for any 7€ b1,
Q

VEZL

(19) < [l s llzga-

or

S salo =3 QI Esg / () da.
Q

I/GZ QGQV

Taking sg = 0 for all but one cube, we get tg = ]Q\_%+% < g, >¢. Using Holder’s
inequality, we have

Z <Gy >Q XQ

< G bolliar oy < 111
QEQy !

Lr vilid

[t = H

Case 0 < q < 1: Suppose 1 < p < oco. Fix v € Z and let F, denote a finite

o P’
collection of cubes from Q,. Set 7, = >, p <|Q|5_%+i|tQ|> . Since the sum is
finite, 7, < co. Let sg = |Q|(%7%+i)p/ ltol? “2to, if @ € F, and to # 0; otherwise
let sg = 0. Note that [[{sq}qlljer = 7,/? Observe that >0 5qlq = 7, and by (19)

7o < U [Isllzee = 1l2] /P, Since 7, is finite, we get 7/ < ||I|| and the estimate holds
mdependently of the collection F), taken. Hence, we can pass to the limit from F), to
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Q.. Then,

A VP
a 1 1 p / ;
t|;—ace = sup ( Q| 2|t ) =sup /P < || or te€b .
Il (}j @l g up 7 < i :

QeQy
Now assume p = 1. Fix P € D and set s'©) = {583)}@ by sg) = \Ql%’%sgan if Q =

(P) }
S
vk,

l( ) < ||7]] ||{SQ )}QHbaq = ||l]| for any P € D. Hence,

P and S(QP) = ( otherwise. Then

; g
by

= 1and [P[a72]tp] = > 55t
Q
[tlljzoe = sup [P|572tp| < 1] or te b
PeD

4. EQUIVALENCE OF SEQUENCE AND DISCRETE AVERAGING BESOV SPACES

In this section we discuss norm equivalence between B;‘q({AQ}) and bgq({AQ}).
We suppose o € R, 0 < ¢ < oo and 1 < p < oo for all statements in this section. If
q = 00, then set ¢ = 1.

Definition 4.1. For v € Z let F, = {f f; € 8 with supp f; C {£eR”: |£ <
vy =1, m}.

The following decomposition of an exponential type function is a useful tool in
studying the norm equivalence (for the proof the reader is referred to [3, p.55]):

Lemma 4.2. Suppose g € S'(R"),h € S(R") and supp g, supp h C {|¢] < 2w} for
some v € Z. Then

(20) (g*h)(x) =Y 27"g(2"k) h(z —27"k).
kezn

LetI'={yeS:9=1on{{€R": [¢] <2} and suppy C {€ € R": |{] < 7}}. De-
fine 7, (z) = 2""y(2z) for v € Z. Since 4, = 3(2"€), supp 4, C {¢ € R : [¢] < 27},
Lemma 4.3. Forv € Z let g € E, and fit x € Q,x where k € Z". Then for any
yeR"and yeT
(21) dly) = 27"G2 I+ ) wly — 271+ ).

lezn

Proof. Denote §*(y) = g(y + x). Trivially, §(y) = §*(y — x). Note that (G°) (&) =
”““59(5) and so supp (§%) = supp g. Therefore, by (20) applied to §*

3ly) = 7y — >=§jzwv%TW>%@—x—zwm
lezm
which is (21). O

Lemma 4.4. If {Ag} is a doubling sequence of order p, then for Sg = <f, @Q>

(22) ||{§Q}Q||iﬂq ({Ag}) = <c ||f ||BO“1({AQ})
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Proof. Note that SQ 1Q1Y2(3, * f)( k) for Q = Quk, where p(z) = p(—x). Let
I{5arallipsfany = {7}, ”za’ where

2 =3 [ lau(or PRI

kezn

Since @, * f € F,, Lemma 4.3 implies

(@o* F)27) =D (@ x f)2 "+ a)y(k—1—2"7), 2 € Qu

lezn
for some v € I". Then

J<Z/

keZmn Quk

<cZ/

kezm Quk

(Z 1Aq. (20 % )21+ )| Iy(k — 1~ 2”x)|> dix

lezn

p
|40, (v * [) (271 + )]
v d f M |
(le%1 (1+|k—=1—2vzM T 1or some >B+n

Using the discrete Holder inequality and the fact that M > n, we bring the p** power
inside the sum on ! (for p > 1). Furthermore, since {Ag}¢ is doubling, (1) implies
(24) 1A, T |IP < e (L+[U)7 [ Ag .y @I, for any @ € H.

Thus,

(L + )Pl Ag, ) (B0 * F)271+ )7
< v d
Iy Cz/ 1+ |k—1—2va|)M v

kezmr Quk lezmn
Changing variable (t = x + 2771) and reindexing the sum on [, we get

e [ S -1V Ao, eI

keZn Qul leZn

sc Z/ 1Aq.. (@0 * FYOIP dt = c |Gy * Fllr(agy

lezmn Qui
(the sum on k converges since M — (3 > n). Thus,

||{§Q}Q||bgq({AQ}) <c|f ||B;;q({AQ},¢)-

Now we need the independence of the space B;“q({AQ}) on the choice of ¢ (or ¢). We
apply the same strategy as in [5, Theorem 6.6], namely, we use the proof of Corollary
4.9 below, which will imply that the last expression is equivalent to ¢ || f | B2 ({Ao}e)
and, thus, (22) is proved.

Corollary 4.5. If {Ag} is a doubling sequence of order p, then for 5o = <f, <pQ>
(25) ||{§Q}Q||b§q({Ag)1}) <cl|f ||B;;Q({Ag21})

and

(26) ||{§Q}Q||b;aq {A }) —C||f|| Oéq ({A })
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Proof. For (25) repeat the previous proof with each Ag replaced by Aél and instead
of the estimate (24) use

(27) 1AL @IP < c(L+ )7 4G, @I, for any @ € M,

Qu(k+1)

which follows from the doubling property (1) and duality ||A, Y || = sup Il(Z’ vﬁ)|l.
w0 || AU

For (26) use the obvious replacements for a, p, ¢ and Ag. If 1 < p < oo, choose
M > p'/p+ n and replace (24) by

(28) 1AG @I < e (L4 IN*/P || Ag) . @l”, for any @ € H,

Qu(k+1)
which is obtained from (27) by raising to the power p’/p. If p = 1 (p’ = o0), then
replace (23) with the L>-norm:
T, =sup > AL (@0 27K xqu. (x)
2ER™ yezn
and use (27) instead of (24) to get

J, <c sup E 1AGL (@0 # F) () xu (t) = cll@, = f 2o (ragtym-
lezn
OJ

Recall that for each admissible ¢ € A there exists ¢ € A (see [3, Lemma 6.9]) such
that

(29) > 6(27€) (2€) = 1, i £ £ 0.

VEZ
A pair (p, ) with ¢,1 € A and the property (29) is referred to as a pair of mutually
admissible kernels.

Lemma 4.6. Suppose {Ag}q is a doubling sequence of order p. Then

(30) 1 ggeagn < ¢ [{5aD} |
Qllpga({a0})
Proof. Using Z wQ, we get
Q
> Fo(Fvg
Q BSI({Ag})
D 1/p
< / G
MEZ
v l(‘;
V+1 b 1/10
_ / sl s v |

,uul
v

_Q
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= H {‘]l}/p}qug ’

since ¢, * g = 0 if | — v| > 1. Using the convolution estimates (16) and (17) from
[5], we get (for any M > 0)
(B31)  lpw* Q) (@) < en|QIT(1+2"w —w)™ ifp=v-1yrv+1L

If 1 < p < oo, choose M = M+ M, with My > 3/p+n/pand My > n/p';if p =1,
let M = My > 3+ n. Then applying the above estimate and Hoélder’s inequality, we
obtain

v+1

Jo<e 3T ST | Apsgl IPHQIA (14 2¢|ep — wgl) M.

p=v—11(P)=2-" |(Q)=2"F
Shifting Ap to Ag by doubling, we get

v+1

To<e > Y 1R IAg5alP Q1 Y e (1+2"|wp — xg) PP

p=r—11(Q)=2"+ I(P)=2-v
Applying [5, Lemma 5.4] (Summation Lemma) to the sum on P, we have

v+1 v+1

L<e S S QP Agslr Rl =c S | S 101 2 s0xg

p=r—11(Q)=2—# p=r—111(Q)=2—+ Lr({Ag},p)

Combining the estimates for all J, and reindexing when necessary, we get

|7

BO9({A })SBC 2ve Z Q17?55 xq ZC\V{gQ}"bﬁ"({AQ})'
) Q (Q)=2—v Lr({Aq}v) ) Lllja

O

Remark 4.7. Theorem 1.6 is obtained by combining Lemmas 4.4 and 4.6.
Corollary 4.8. If {Ag}q is doubling (of order p), then

(32) 1 lsgagagy < ¢ {gQ(f)} ;
Qlligegagty

and

33 Fllpeot acryy < € ||{5 q}‘ |

(33) IIfHBp, (45" alf) @l (faghy)

Proof. For (32) use the previous proof with the following shifting of Ap to A (similar
to (27)):

(34) IAR' 50 IIP < enpp (1+2"|zp — 20l)” |45 S0 IIP,

where [(P) = 27" and [(Q) = 27* with p = v — 1,v or v + 1; for (33) use the above
proof with the indices —a, ¢/, p'; if 1 < p < oo, take M > [p’/p + n and apply (34)
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raised to the power p'/p; if p’ = oo, then

v+1

J,<sp 3 Z S 14750l (6 * ) (@) xp (@),

n
TR =1 (=2 (Q)=2n

Using the convolution estimate (31) (with M = M; > [+ n) and (34) for shifting
Az to Aél, we get

v+1
p<e S S lagsel va|
p=r=1111(Q)=2"H Lo
which gives (33). O]

Corollary 4.9. The spaces B;‘q({AQ}), B;‘q({Aél}) and B;aql({Aél}) are indepen-
dent of the choice of the admissible kernel, if {Ag}q is doubling (of order p).

Proof. Repeat the proof of [5, Theorem 1.8] with W replaced by Ag and use Lemmas
4.4 and 4.6 for the space BJ?({Ag}); for the space By?({A,'}) apply (25) and (32),

and for the space B;aql({Aél}) use (26) and (33). O

5. PROPERTIES OF AVERAGING LP SPACES

In this section we study the connection between LP({Ag},v) and LP(WW), the dual
of LP({Aq},v) and several convolution estimates on LP({Ag},v).

Lemma 5.1. Let W be a doubling matrix weight of order p, 1 < p < oo. Then for
feE, vel

(35) 1F ewy < e lLf Ievaoymns

where {Ag}q is a sequence of reducing operators generated by W and c is independent
of v.

Proof. Using the notation W, () = W (27t) and f,(t) = f(277t), we write
Wy = Z/ W@ fe)Pde =7 2 ””/ WP () f ()P dt.
kezn kezn

Since f; € L, there exists v € I' such that fl, = f,, x v. Using the decay of v and

Holder’s inequality, we get
Wl/P L p
/! ORI 4
om

r P < 2—Vn

kezn on mezZ"

for some M > (3 +n. Observe that ||Ag, f,(y)|P ~ Jou WP (t) £, (y)||? dt. Using
the doubling property of W to shift Ag,, to Ag,,, (see (24)) we obtain

Pl <e 303 2 / (1+ Jm — k)9 Ag.. Fo ()P dy

meZ™ keZn
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<} / |Agu. Fow) 1 dy.

mezn
where the sum on k converges, since M > ( + n. Changing variables z = 27"y, we
get the desired inequality (35). O

Corollary 5.2. Let « € R, 0 < g < o0 and 1 < p < oo. If W is doubling (of order
p) and {Ag}o is a sequence of reducing operators generated by W, then

BoU({Ag}) € BLO(WD).

Proof. Since ¢, * f € I, the previous lemma implies

; f
et 3
Lr({Aq}wv)
0

Lemma 5.3. Let 1 < p < oo and W satisfies any of (A1)-(A3). Suppose f € E,,,
v € Z. Then
<c

36 |7 <
(36) Lr({Aq}.v)
where {Ag}q is a sequence of reducing operators produced by W and c is independent
of v.

Proof. Using the definition of reducing operators, we write

1Flleagrn ~ 3 /

kezmn Quk ‘Ql/k' Quk

=3 [ [ wronw P,
Qok v Quik

keZn

Pv

(W)}y

=c , .
4 B({Ag))

ng(W) lq

wu*f‘

—

Y

Lr(W)

WP (0) fla) |IP dt da

by changing variables x = 27"y and denoting f,,(y) = f(2_”y). Note that f,; € Ey.
Applying the decomposition of an exponential type function (Lemma 4.2) to f, =
fu x for v € T" and Holder’s inequality (choose M > (34 n), the last expression is

bounded by
1/p p
s [ [ ¥ i,
keZn QOk Quk mezn 1+|y m|)
1
<< XN iy o WO mr s

meZ™ keZ™
by applying the doubling property of W (any of (A1)-(A3) imply that W is doubling).
Integrating on y and summing on k (M > 3+ n), we bound the previous line by

e X [ i =cen 3 [ wiso o)
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again by changing variables. Now applying [5, Lemma 6.3] and [5, Lemma 6.5] (this
is where (A1)-(A3) come into play), we bound the above by ¢27"||f,, HLP W)

c ||f||§p(w), which gives (36). O

Corollary 5.4. Let « € R, 0 < ¢ < o0 and 1 < p < oco. If W satisfies any of
(A1)-(A3) and {Ag}o is a sequence of reducing operators generated by W, then

Boa(W) € Be({Ag}).
Proof. As in the proof of Corollary 5.2, use the fact that ¢, * f € F, and Lemma
5.3. OJ

Remark 5.5. Combining Corollaries 5.2 and 5.4, we have Lemma 1.7.
In order to establish the dual of LP({Ag},v), 1 < p < 0o, we consider the following

idea:
p
= 3 | Idef@lde= | (Z 4o (@) hxalz >> da
Pl geq, Qcq.
p
= z) f(z d:v::/ UYP(x ﬁx F
| ol Ner@ia|) a= £ .
ie., LP({Ag},v) = LP(U,), where U,( Z A Xq(z) is a matrix weight. Since
QeQy
the dual [LP(U,)]" can be identified with Lp/(Uj) with UYP(z) = (U2)"Y7(z) (e.g.
see [4] or [10]), i.e., U ( Z AQP Xo(z), we obtain
QeQy
P’ v
Hf / Z AQ Xq(z ) dx
LY (Ug)
QeQu H
= ¥ [zl a=|;
dr —
Oco, LY ({Ag'}, v’
or
(37) [LP({Ag}. )" = L ({Ag'},v).

If p = 1, then the standard duality argument gives [L'({Ag},v)]* = LOO({AC_QI}, V).
The details are left to the reader.

The boundedness of the convolution operator with a decaying kernel on L?({Ag}, v)
will be helpful in the next section. We establish it here.

Lemma 5.6. Let |9(t)] < W for some M > B/p+mn and for v € Z define

D, (t) =2""®(2t). Let {Ag}g be a doubling matriz sequence of order p, 1 < p < o0.
Fix A\, p,v € Z. Then

) N1Pw* f llr(rag)n < co (Cl)A_”(Cz)“_”llflle({AQ},u),

(i) ([, * f ||Lp({A(51},A) <o (e) ()" IS ||Lp({A51},V)>
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where ¢1 = 2x o0y + 27 Px0cys 2 = 2% sy + 27 M Xqugey, € = 2077
X{>v) T+ 2’"/]”)({,\9,}, and cy is independent of A\, i and v.
2V7l

Proof. Using the decay of ®, namely, |®,(x — y)| < Ck’g(l o I where
14 xr — y

kj2 = Q(Mill)nx{ﬂ>l/} + 2(V7H)(M7n)x{p,<l/}7 we have
10,5 F U gaopny = / |4q(®, + F)(@)IP do

QEQA
< 5 [ (L e i) i
e 3 [ ( [ kfiv;ﬂécgﬂl; || dy) i

- P
vl A
~c Z/ Z/ ko 27| me(y)HM | dr.
keZzmn Qxk mez" Qum (1+2V|x_$Qum|)

Since {Ag}¢ is doubling, we “shift” Ag,, to Ag,..:

(38) AW Il < chi(1+ 2]z = 2q,, )" | Aq,..f(y) | for = € Qui,

where ky = Q(A*”)”/px{b,,} + 2(”4‘)“*”)/7’)({,\9}. Substituting (38) into the convolu-
tion estimate, we get

[ @y f Hi?({AQM) = ¢ / (

Using the discrete Holder inequality on the sum inside and then Jensen’s inequality
to bring p* power inside of the integral (1f p > 1), the last line is bounded above by

1 2| A, f (W)
D 1.p vm
Ck?l k2 /n (Z (1+|2V$_l|)M—ﬁ/p) <Z / 1+|2Vl»_m|)M_ﬁ/p dy dx

lezn mezm

<l i Y [ iy [, Man P dyas

mezn
since M — [3/p > n, the sum on [ converges (independently of z). Changing variables
(t = 2"x) and observing that the integral on ¢ converges (independently of m), again
since M — 3/p > n, we obtain

10 FBotagrn <R Y [ Mo F)17dy

mez™
Put ¢, = k:i/(’\_y) and ¢y = k;/(“_y . Then part (i) is proved.

For the second part observe that (1) (“shift” Ag,,, to Ag,,) together with || A5'7|| =
o 00
a20 [ AU |
(39) 1AG, FW) || < chs(1 + 2]z — 2q,, )*IAGL, FW) I, € Qui,

kiks2" | Ag,. f )|
o d d .
Z/ 1+ 27z —m|)M-8p Y]

mezZn

imply
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where kg = 20-E-/py (1 4 20=0n/Py 1 Note that (39) is similar to (38), so

previous estimates with each Ag replaced by AQ prove (ii) with ¢z = kl/ A=), 0

Remark 5.7. Recall that ||Aj'd| < cHAQu || for any @ € H (since ||(AgAQ)_1H <

¢). Suppose that W~ P'/P is a doubling matrix of order p/, 1 < p' < oo, with the
doubling exponent 3* (instead of the assumption that W is doubling of order p).
Then

14, FW) || < el A, Fp) | < eki(1+ 22 — 2, )" 714G, Fw) |l

(where k¥ = 20—vn/v' Xy + 2(”—/\)(5*—")/1")({/\9}, i.e., ky with g replaced by 3* and
p by p’) holds instead of (38). Choosing M > (3*/p’ + n in the previous lemma, we
get

(1) 195 £ Loty ) < 0 (DN () 1F goiagy e 1< < 00

Remark 5.8. A similar convolution estimate can be proved for LP(W) spaces, 1 <
p < o

(40) 1 Fllrowy < ellf llerow

Recall that if ® were to be a Calderon—Zygmund smgular kernel K, then [K x
fllzeawy < |l flleury if W€ A, (see [4], [9], [10]). Conversely, if (40) holds for
every ® € S, then W € A, is necessary (see [6]).

6. DUALITY OF CONTINUOUS BESOV SPACES

Now we shift our attention to continuous Besov spaces and our task is to construct

[B]‘j‘q({AQ})r and eventually [B;‘q(W)r.

Lemma 6.1. Let {Ag}q be a doubling matriz sequence of order p, 1 < p < oco. Let
a€R and 0 < qg<oo. Then

(41) By ({Ag') € [Bo{aeh)]

Proof. Take ¢, € A with the mutual property (29). Let Y (x) = ¢(—x). Note that
(&) = w(f) Let f € B"‘q({AQ}) and g € B od ({Ag'}). First consider Sy = {f €

S:0 ¢ supp f} a dense subspace of ng({AQ}) (see [6]) and take f with (f); € So,
i=1,...,m (and g with (¢); € §’). Then

G= 5% (puxty), since Y (i, #1,)(§) =1, by (29),
vEZ VEZ

and

G =G+ (e 0. ) =3 (@00, (Fx )

VEZL VEZ

= Z/ AQAQ (G * ¢u)(2), (f*¢u)(m)>H dx

Z/EZ QEQV
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<ZZ/ 143" (3 % ) @)l 1 Ag(F* ) (@)l () da

VEZ QEQL
by the self-adjointness of each Ag and the Cauchy-Schwarz inequality. Using Holder’s
inequality several times, we obtain

(42) <> 27 |(f =)

VEZL

< H{zmw*wnuwcg},u)}
and if 0 < ¢ < 1, we bound (42) b

{217 s wlwsarn |, [{21a el cagrnt | .

< H{Tall(f x wl/)HLp({AQ}aV)}V . H{T”O‘H(?* %)Hm’(mg},u)}y

Combining cases and using the independence of B;‘q({AQ}) and Bl;aq,({Aél}) on the
choice of the admissible kernel if {Ag}q is doubling (Corollary 4.9), we get

.9Tva — . , 3
Lo({Ag}w) 1(g = 2 )l o {45' )

@ eolaging |, i1 <a< o

[

5N < W ligcaqn 19 s aty

Since Sy is dense in B;‘q({AQ}), we get the above inequality for any f € Baq({AQ}).

Thus, § € 8,77 ({A5'}) belongs to [ng({AQ}ﬂ and G loper < 17115 o gazryy O

Lemma 6.2. Leta € R, 1 <p<oo,0<¢g<oo and {Ag}g be a doublmg sequence
of order p. Then

(43) Bo"({Aah)] € B, ({AG D).
Proof. Let | € [ o ({AQ})] " We show that there exists Jge B;aq/({Aél}) such that

UF)=g(f)=(f,g) forany [€BY({Aq}).
Case 1 < q < co. Take f € B}?q({AQ}), and for any v € Z denote f, = f * ¢,

Set T by T({f,},) = I(f), so T is defined on a subspace of I7(LP({Aq},v)). Since [
isbounded, so is T"

TS = O < ellfllsgaagy = ¢l dvlligaeqagym-
Extend 7', denote the extension 7', onto all of 19(LP({Aq},v)) (note: ¢ > 1). Since
[19(X)]* =~ 19(X*) (cf. Section 3 or [1, Chapter 8]), we have [lf;(Lp({AQ},y))]* ~
12 ([LP({Ag),v)]") ~ l;a(le/({Aél}, v)) by (37). Thus, there exists a vector-valued
sequence {g, }rez € I,%(LP ({Ag'}, v)) such that ||{g’l,}l,ez||l;a(Lp/({Aé1}7V)) < ||I]] and
for any f € B4({Ag})

) =TURY) =TULY = @Y EH =3 / Fow).gu(a)), da

VEZL
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=3 [ red ey o= [ ()G a@), do
Define g(z) = Z(ﬁy * @, )(x). Then I( ﬁ) = (f, G). Moreover, for any ¢ € A (by

Corollary 4.9)

D G @y

VEZL

1150 iy

1 ({ag' v ) |
%,

{Z Gy * By * w#HLP’({AE?I},M)}
m

VEZL

ptl
{ Z ||§V * @V * ¢M||LP’({AQ1},M)} ’

v=p-1 pll=e
ql
since supp &M C{&: 271 < J¢] < 2#F1} and so Oy *1p, = 01if |p—v| > 1. Reindexing
the inner sum, we get

1
||g||q aq (A5 })_ 22 nag Z ||gu+j*@u*¢u+j”Lp({A Do

j=—1
Since {Ag}¢ is doubling and the sum on j is finite, we apply Lemma 5.6(ii) to get

/

[P

AT }H < -
{2l ||, <10

Case 0 < g < 1. Take fwith (f)l € Sy. Since p € Sy, for v € Z by definition of
convolution and then boundedness of [, we have

(44) | 0) () = 1 @)1 S M ILF * Bl saggagy-

Note that each component of I % ¢, is a C*°-function and also ||f * Gull paa(ragy <
v+1
e Z |lf = g?;,,HLp({AQ},H) < 2" f HLP({AQ}’I,) by Lemma 5.6(i). Substituting this
p=r—1
estimate into (44), we get |(I x 0,)(F)| < 2" ||f||Lp({AQ},V). By duality,

—rvo —rvo l * SOV f
2k gyl aty g = 2 sup 1 Iy
Qb -
7eso If [lzr(agym

i.e., the functional [ % ¢, can be associated with a function g, € Lp/({Aél}, v) such
that 2. ||§V||Lp,({A51}7V) <c|l|l. Let §=>,c7Gv * 6, where § is as in the atomic
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decomposition theorem [3, Lemma 5.12] or [2, p.783], which implies ¢ = Y ez 15,0, =
[-1andso §=1. Observe that § € BI;O‘OO({A;}):

71| P —va gty o < .
HQHBP/ ({45 ?}222 HQ*SOVHLp({AQI},u)_C”l”

Thus, the functional [ € [Bﬁq({AQ})} " can be associated with ge BI;‘XOO({AJ}) and
I(f) = (f,). This completes the proof. O

Summarizing the results of this and the previous section we get the following em-
beddings of B-spaces:

Corollary 6.3. Let W be a matriz weight and {Ag}q its reducing operators. Let
aeR, 0<g<ooand 1 <p<oo. Then

(45)
. F ) r. e R R W .
[ng(W)} - [B;"q({AQ})} C B, q ({AQI}) C By q ({Ag}) C B ! (W p/p)’
where

(1) holds if W is doubling of order p,
(2) holds if W is doubling of order p,
(3) holds if W € Ay, 1 < p < o0,
(4) holds if W=7 is doubling of order p', 1 < p < co.
Also,
(46)
. f ) @) @) . @
Borm)| 2 [Br{Aeh] 2 B HAGY) 2 B (A 2 B (),
where

(1*) holds if W satisfies any of (A1)-(A3),
(2*) holds if W is doubling of order p,
(3*) holds for any matriz weight W,

(4*) holds if WP'/? satisfies any of (A1)-(A3), 1 < p < oo,

In terms of a matrix weight W only, (45) and (46) are
[BgQ(W)} TCBMW) HW e A, 1< p< oo,
and
{B,?Q(W)]* D B (W) if W, WPP satisfy any of (A1)-(A3), 1< p < oo.
In particular, if W € A, (and so W™/P € A,), then [ng(W)] x B;aql(W’p//p),

otherwise, (W still satisfies any of (A1)-(A3), otherwise there may be a dependence
on ) [BSQ(W)] ~ B};aq/({Aél}), which completes the proof of Theorem A 1.
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7. DUALITY OF INHOMOGENEOUS BESOV SPACES b7(W) AND Bp4(W)

Recall that the main difference between homogeneous and inhomogeneous spaces
is that instead of considering all dyadic cubes, we consider only the ones with side
length [(Q)) < 1 and the properties of functions corresponding to [(()) = 1 are slightly
changed. We start with the sequence spaces. Recall the definition of the space b5?(W).

Definition 7.1 (Inhomogeneous matriz-weighted sequence Besov space by?(W)). For
a€R,0<g<o00,1<p<ooand W amatrix weight, the space by?(W) consists of
all vector-valued sequences 5= {5¢}ig)<1 such that

S va 1l
HSHbgq(W) = 2 Z ‘Q’ 250XQ < Q.

Q=2 Lr(W) v>01lq

Let RS be the collection of all sequences {Ag}i@)<1 of positive-definite operators
on H. Similar to the homogeneous case, we introduce the averaging space b5?({Aq}).

Definition 7.2. (Inhomogeneous averaging matriz-weighted sequence Besov space
b9({Aq})). Fora € R, 0 < ¢<o00,1<p<ooand {Ag}yg<1 € RS let

b2 ({Ag}) = {5= {50 up<

— va -1
Flgoagy = [ 2| Do 1@ *5oxe < 00
I

@=2 Lr({Aq}v) v>01l1q

Let 5'€ b5?(W). Define § = {50} oep byfetting S0 = 50 if 1(Q) <1and 5o =0 if
I[(Q) > 1. Note that §'is the restriction of 5 on b3?(W). Applying (4), we get

-
~
~

byt (W)

15 g (wy = HS e

b7 ({Aq}
which proves the following proposition.

Proposition 7.3. Leta e R, 1 <p < oo, 0 < q < o0 and let W be a matrix weight
with reducing operators {Ag}tqo. Then

b (W) =~ by ({Ag}),
in the sense of the norm equivalence.

Note that it’s enough to consider reducing operators A generated by a matrix
weight W only for dyadic cubes of side length I[(Q) < 1, i.e., {Ag}ig)<i-
Now we establish the duality.

Theorem A 3. Leta e R, 1 < p < oo, 0 < q < oo and let W be a matriz weight
with reducing operators {Aq}iqgy<i- Then

oo (W] ~ b," ({AG' D)
Moreover, if W € Ay, 1 <p < o0, then
(B W] A b (W),
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To prove this theorem one can simply repeat the arguments from Section 3 with
proper adjustments (for example, consider sums on v taken only over v > 0). How-
ever, we would like to give a simple proof for the embedding

[ ({Aa})]" € b, ({AG'D)
Proof. Let I € [b37({Ag})]". Let P be the projection from b;‘q({AQ}) to b29({Aq})

- ¢ p
defined by restricting a sequence {5 }gep to {50}i@)<1- Set | by (§) = I(P5) for

each § € Bz‘q({AQ}). Then [ € [ijq({AQ})] , since

1@ = [UPF) < NP lsgacagy < NUF lsgagagy-
Then by Lemma 3.3 (or, equivalently, by (17)) I is represented by ie E;Qq/({Aél})
such that I(5) = (5,7) and Hmz;;,aq’({Ag;}) < ||lI| < |l1]|. Let £ = Pt. For 5 e b3i({Ag})
define § € b39({Aq}) as above (thus, Ps = ). Then

l(§’):l~(§):(§,£): Z §Q£Q+ Z EQEQ: Z gQEQZ(E’,F),

H(Q)<1 H)>1 HQ)<t

since $o = 0 for [(Q) > 1. Moreover, |]f||b_,aq/( ) S Hthb_,aq/( ) S |- O
p P

{A5"} {A5"}

Consider a class of functions A" with properties similar to the ones of an admissible
kernel: ® € AD if & € S(R™), supp & C {¢€ € R : [¢] < 2} and [®(&)] > ¢ >

5
0if ¢] < 3 Recall the inhomogeneous space B4(W) from [5].

Definition 7.4 (Inhomogeneous matriz-weighted Besov space By4(W)). For a € R,
1 <p<oo,0<q< oo, Wamatrix weight, o € Aand ® € AY), we define the Besov
space B)(W) to be the collection of all vector-valued distributions f = (f1, s fi)T
with f; € S'(R"),1 < i < m such that
t |
Lr(W) 21|,

< 0Q.

T oy % f

LP(W)

|41

Analogously, we introduce the averaging space By?({Ag}).

o7

Bpt(W)

Definition 7.5 (Averaging matriz-weighted Besov space By?({Aq})). For a € R,
0<g<oo,1<p<oo,ped ®&c AP and {Ag}ig<1 € RSD . let

B({Ag}) = {f: (i, oes fo) ¥ with fi € S'(R"),1 < < m -

|7 {2 bl <o
Lr({Aq}v) v>1 14

Now the remaining results of Sections 4, 5, 6 transfer easily to the inhomogeneous
Besov spaces by using the properties established in Section 12 of [5], such as replacing
a family {¢,} ez with {¢,},en U @; observing that & f € Ey and summing over
v >0 (or [(Q) <1) in all sums. In particular, we get

oo F

P 1S S
By?({AqQ}) Lr({Aq},0)
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Theorem 7.6. Let a € R, 0 < g < o0, 1 <p < oo and let {Ag}iqg)<i be a doubling
sequence (of order p). Then for 5o(f) = <J?7 <PQ>

i ~ {5 (1)} -
Bg'({Ag}) H{ © HQ)I=1lpaa (14}

Corollary 7.7. The spaces By?({Aq}), By'({Ay'}) and B;aq/({Aél}) are indepen-
dent of the choice of the pair of admissible kernels (o, ®), if {Aq}io)<1 is doubling
(of orderp), 1 <p < oo, a € R, 0 < q < o0.

Lemma 7.8. Leta € R, 0 < ¢< o0 and1 < p < oo. If W satisfies any of (A1)-(A3)
and {Ag}igy<1 s a sequence of reducing operators generated by W, then

Byt(W) = By ({Aq}).

Theorem A 4. Leta € R, 0 < ¢ <00, 1 < p < oo and let {Ag}ig)<1 be reducing
operators of a matriz weight W. If W satisfies any of (A1)-(A3), then

[B(W)]" = B, ({A5'}).
IfWeA, 1<p<oo, then
B3V ~ By ),
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