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Math 274 Solutions to Exam 2
1 2 1
1. A.) Are the vectorsvi = | =2 | ,va=| 1 |,and vz = 8 linearly independent or linearly
2 1 —4

dependent? If they are linearly dependent, find a linear relation among them; that is, find numbers
a, b, c, not all zero, such that avy + bvg + cvg = 0. If they are not, what can be said about the
above numbers a, b, and ¢ ?

Solution: We determine whether the system avy 4+ bve + cvs = 0 has a solution other than the
trivial solution a = b = ¢ = 0. So we try to solve

1 2 1 0 a+2b+c=0
al =2 |+b| 1 |+c]| 8 =] 0 |, or, equivalently —2a+b+8c=0 .
2 1 —4 0 2a+b—4c=0

If we multiply the first equation by 2, add it to the second equation, and put the result in place of
the second equation, and also multiply the first equation by -2, add it to the third equation and
put the result in place of the third equation, we get the system

a+2b+c=0
0+5b+10c=0 .
0—-3b—6c=0
The second and third equations are equivalent, and give b + 2¢ = 0, or b = —2¢. Then the
first equation gives a = —2b — ¢ = 4¢ — ¢ = 3c¢. Taking, for example, ¢ = 1, we get a solution
with ¢ = 3,b = —2, and ¢ = 1. So vi,vs, and vg satisfy the non-trivial linear relataionship
3vi — 2va + vg = 0, and hence they are linearly dependent.
1 2 1
B.) Is the matrix A= -2 1 8 invertible?
2 1 —4

(Notice that the columns of A are the vectors vy, va, and vg from the first part of this problem.)

Solution: The fact shown in part A that the columns are linearly dependent implies that the
matrix A is not invertible. Another way to check invertibility is to calculate the determinant,
det = 0, and thus, the matrix is not invertible.

2. A mass weighing 16 [b stretches a spring 4 ft. The mass is attached to a viscous damper with
damping coefficient 2 lb-sec/ft.

A.) Suppose no external force (except for gravity) acts on the spring. In this part find the
differential equation for the position u(t) of the mass at any time ¢, where u = 0 corresponds to
the equilibrium position where the mass and spring do not move.

Solution: Since the weight is 16 Ib, and the acceleration g of gravity is 32 ft/sec?, the mass m
of the weight satisfies 16 = mg = 32m, so m = 16/32 = 1/2 Ib-sec? /ft. At the equilbrium length
L =4 ft, we have 16 = mg = kL = 4k, where k is the spring constant, so k = 4 lbs/ft. The general
equation of motion of the spring is mu” +~u’+ ku = 0, where we are given that v = 21b — sec/ft,
hence here %u” + 2u' + 4u = 0, or equivalently,

uw” 4+ 44 + 8u = 0.
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B.) Find the general solution to the differential equation you found in part A.

Solution: Since u” + 4u’ + 8u = 0 is a linear, constant coefficient, homogeneous equation, so we
solve it by looking at the associated characteristic equation 72 + 4r + 8 = 0. By the quadratic
formula, we get

—44++16—-4-8 —4++/-16 —4+4i
r = = =
2 2 2
Therefore, the general solution is

=—-2£2.

2

u(t) = cre”* cos 2t + coe” 2 sin 2t.

C.) Now suppose the same spring is acted on by an exernal force of 15 e~* Ibs. Find the differential
equation satisfied by wu(t).
Solution: In the presence of an external force F'(t), the general equation of motion of the spring
is mu” + yu’ + ku = F(t), hence, here

1 " ! _ —t

2u + 2u" + 4du = 15e™ 7,
or

uw"” + 4u' + 8u = 30e .

D.) Find the general solution to the differential equation you found in part C.

Solution: For a linear, inhomogeneous differential equation, the general solution is u = wup, + up,
2t cos 2t + coe?'sin 2t is the homogeneous solution that we found in part C.),

where u;, = cie
and uy, is a particular solution of u” + 4u’ + 8u = 30e*. To find u,, we try a solution of the

form u, = Ae~'. This is not in common with the terms of up, so this form of u, is sufficient.
Differentiating, we get
up’ = —Ae”? and up” = Aet.

Substituting into the equation u,” + 4u;, + 8u, = 30e™", we get
Ae™t —4Ae7" + 847 = 30e 7,
or 54 = 30. Hence, A = 6 and so u, = 6e~'. Finally,
u(t) = up(t) + up(t) = cre * cos 2t + cae 2 sin 2t + 6e ",

E.) Suppose that initially the object had no initial velocity but was stretched down 6 in. Find the
solution to this initial value problem. (You may use any method here.)

Solution: From this description we obtain the initial conditions:
u(0) =61in = %ft and u/(0) = 0.
Now, we use the solution from the previous part D.)
u(t) = up(t) + uy(t) = cre 2 cos 2t + coe ™ sin 2t + 6e

and find the coeflicients ¢; and c¢g:

cg + 6
—2c¢1 4+ 2c— 6 =
Thus, ¢; = —i! and ¢y = —% and the solution is

2
11 5
u(t) = - e 2 cos 2t + —3 e 2 sin 2t + 6e L.

O M=
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3. (15 points) Find the general solution of the system and draw a sketch of solutions trajectories.

2 0 0
x' = 1 4 -3 |x
1 2 -1
2 0 0 2— A 0 0
Solution: Let A=| 1 4 —3 |. Then A— )\l = 1 4— X -3 . Hence,
1 2 -1 1 2 —1-=A

det(A—A) =2 - N4 =N (-1 =) +6] =2 N[44+ —4\+ )\ +6)

=2-NN=32+2)=2-MNA=-2)A—1)=-(A=2*(\A—1).
Hence A = 2 is an eigenvalue of multiplicity 2 and A = 1 is an eigenvalue of multiplicity 1.

To find the eigenvector corresponding to A = 1, we solve (A —1-1)v =0, or

1 0 0 a 0
1 3 =3 b | =10
1 -2 =2 c 0

The first row gives the equation a = 0. Given this, the second row gives 3b — 3¢ = 0 and the
third row gives the equivalent equation b — ¢ = 0. So b = ¢, and so one choice of eigenvector is

0 0
v=| 1 |. Thus, one solution of X’ = Axisz; =€’ | 1
1 1
00 O a 0
For A\ = 2, we solve (a —2[)v = 0, 0or | 1 2 -3 b | = | 0 |. This gives only one
1 2 -3 & 0
equation a + 2b — 3¢ = 0. Hence, we can take b and ¢ to be arbitrary, as long as a = —2b + 3c.
—2b+ 3¢ -2 3
Sowv= b =b| 1 +c¢| 0 |. So A= 2 has two linearly independent eigenvectors
c 0 1
-2 3 -2 3
1 and | 0 |. Thus, two solutions of x’ = Ax are zo = €2 | 1 and 3 =¢* | 0
0 1 0 1

Finally, the general solution of x’ = Ax is x = ¢1x1 + coxy + 373, OT

0 —2 3
X = clet 1|+ 02€2t 1 + 63€2t 0
1 0 1

Observe that all eigenvalues are positive, therefore, all solutions are unstable and expanding. So
any plot with expanding trajectories from the origin will work here.

/
T = —2x1 + 22

; and the initial conditions
Ty = Tx1 + 4229

4. Find functions x; and z9 satisfying {
1'1(0) = 5,1‘2(0) = 3.

Solution: In matrix form, the equation is

2]-(7 Dla) - (8112



Math 274, Fall 2006: Exam 2 4

) -2 1 —-2—-A 1
LettlngA—( 7 4>,wehaveA—)\I—< . 4_)\).Hence,det(A—)\I)—(—Q—

NA =X —T=-8—4A+22+ X2 -T7=X-21—-15=(A—=5)(A+3) =0 when A = 5 and
A = —3. So the eigenvalues of A are

)\1 =5 and )\2 = —-3.
To find the eigenvector for \; = 5, we solve (A —5I)v =0, or
-7 1 z| |0
7 1)y |o]

T

Tx

which gives the equation —7x + y = 0. Thus, v; = [ ] One choice of non-zero solution is

. 1 . .
x=1and y =7, so we get the eigenvector v; = [ - ] . This gives one solution

—n

to the system x’ = Ax.

For Ay = —3, we solve (A — (=3)I)v = 0, or ( ; ; ) [ z ] = [ 8 ], which gives the equation
x+y=0,ory=—x Thus, vy = fx . One choice of non-zero solution is z = 1 and x = —1,

. 1 . :
so we get the eigenvector vy = [ 1 } . This gives another solution

1
— -3t

to the system x’ = Ax.

Thus, the general solution to x’ = Ax is

X = Cc121 + coxg = cle5t [ ; } +026_3t { _11 ] .
From the initial condition [ il(o) ] = [ 2 ], we get
5 . . 1 1 . c1+ ¢
HEC R T Faa )

This gives the equations ¢; +cs = 5 and 7c; — co = 3. Adding these equations gives 8c; = 8, hence
c1 = 1. Then from c¢; 4+ cg = 5, we get co = 4. Substituting these in the formula for x, we obtain

1 1
__ 5t -3t
X=e [7]—1—46 {_1},

or 1 = € 4+ 4e 3t and xy = TeP — 4e~ 3t
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5. A.) Find two linearly independent real-valued solutions to the system

x' = 34 x
S\ -2 —1 '

3 4 3—A 4
9 _1 ),WehaveA—)\I_< 9 _1_/\).Hence,det(A—)\I)_

B=AN(=1=X)—=(-2)4) = -3+ A=3X2+A2+8 =72 -2\ +5=0 when

—(-2)+V4—-4-5 2+£-16 2+4i
2 - 2 2

Solution: For A = (

\ = =1+ 2.

Taking one of the eigenvalues, say A = 1 + 2i, we find the corresponding eigenvector by solving
(A—(1+4+2i)l)v =0, or ( 2:221 _24_ 0 > [ Z } = 8 ] The second component gives the
equation —2a — (2 + 2i)b = 0, or equivalently a + (1 + )b = 0 (if you multiply this equation by
2 — 2i you get the equation (2 — 2i)a + 4b = 0 corresponding to the first component). So we can
1+ ]
-1

. Therefore, a solution of x’ = Ax is

choose a solution a =1+ 4,b = —1; that is, v = [

x = 120 [ e ] = clet [ b ] — ¢!(cos 2t + i sin 2t) [ e ]

¢ | cos2t +icos2t+isin2t — sin 2¢ ¢ | cos2t —sin2t . ¢ | cos2t 4 sin2t
=e .. =e + e . .
—cos 2t —1sin 2t —cos 2t —sint

The real and imaginary parts of this solution must also be solutions, so we get the two real-valued
solutions:
' [ cos 2t — sin 2t ]
Ir1 =€

and g — ot | €08 2t + sin 2t
—cost 2= '

—sin 2t
B.) Show that the two solutions you found in part A are indeed linearly independent.

Solution: We compute the Wronskian of x1 and xs:

Wz, 22)(t) = —etcost —elsint

el(cos 2t — sin2t)  e!(cos 2t + sin 2t) ‘

= —e?!(cos 2t sin 2t — sin? 2t) + €%!(cos® 2t + sin 2t cos 2t) = €*!(sin® 2t + cos? 2t) = €*.
Since e?! # 0, the solutions x; and x5 are linearly independent.

6. (TRUE-FALSE)

(1) If the real part of an eigenvalue is negative, then the solutions on the invariant set generated
by the corresponding eigenvector are unstable.

FALSE. The solutions are stable, since all trajectories are directed towards the origin (A < 0).

(2) A steady-state solution is the homogeneous solution for the second order differential equation
with the force.

FALSE. It is a particular solution.

(3) If eigenvalues are complex, then it is possible to have closed ellipses as trajectories of solutions.
TRUE. This can be the case when Re\ = 0.

(4) The Laplace transform is an integral transform with the kernel e*.

FALSE. The kernel is e,
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7. Using the Laplace Transform, solve

y"+8y +20y =sin2t, y(0)=0, y'(0)=5

Solution: Using the table we transform the equation into the form

¥ ()~ 59(0) ~ 1/ (0) + 8 (Y () — y(0)) + 20Y () = 5.
or 2
s°Y(s) —5+8sY(s) +20Y(s) = peEwE
(s*+8s+20)Y(s) = 8214 + 5,
and thus, 5 5
Y(s) = (s24+4)(s% + 8s + 20) + 524+ 8s5+20°

Observe that s? + 8s + 20 is “irreducible” i.e. we can not factor and will need to complete square:
52+ 85+ 20 = (s +4)? + 4. Use partial fraction decomposition to split the first fraction into

As+ B Cs+ D
_— nd —_
s24+4 52 4+ 8s + 20

After obtaining common denominator, we get the following expression in the numerator (As +
B)(s%+8s+20) + (Cs+ D)(s?+4). Expanding it out and collecting similar coefficients we obtain

s3: A+C =0
s’ 8A+B+D =0
s: 20A+8B+4C =0
c: 20B+4D =2

First equation gives C = —A, the fourth equation gives D = % — 5B, substituting this into the
second equation and solving for B, we obtain 84 — % = 4B, or B = 2A + %. Substituting all
previous expressions into the third equation, we obtain 204 4+ 164 + 1 — 4A = 0, solving it, we
get A= —L1. Also we obtain B =%, C = 3% and D = 2. Thus, the solution Y (s) splits as

32 167
1 s-=2 %erl% )
Y(S):_ﬁ's2+4+(s+4)2+4+(s+4)2+4
1 s+2 1 s+4+42 5
T304 314214 (srdFi4d
1] s 2 1 s+4 81 2
:32L2+4+52+4] 325142 +4 32 (+42+4

Taking the inverse Laplace transform, we obtain

1
y(t) = 3—2(005 2t 4 sin 2t + e Y cos 2t + 81 e Y sin 2t).
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8. (BONUS) Transform the equation u”” 4+ 2u” + Tu” — 3w’ — 10u = 0 with initial condition
u(0) = —4,4/(0) = 9,u”(0) = —5,4"(0) = 12 into an equivalent system of first order differ-
ential equations. If this system is written in the form x’ = Ax, what is the matrix A, is it

invertible, what is the determinant and what is x(0)?

Solution: Let 1 = u, 22 = v/, 23 = v”, and 24 = v

and z3’ = v = x4, whereas
zy =u"" =10u+ 30 — T — 20" = 1021 + 3z9 — Tasz — 224,

using the equation v + 2u"" + Tu” — 3u’ — 10u = 0. So we have the system

!/

. Then z1’ = u’ = 29, while 22’ = u” = 3,

T I = xT9 T 0 1 0 0
/
T2 = T3 2 . 0 0 1 O
23! = 24 orx= "1 =00 0 1 Ax,
24’ = 1021 + 329 — Txs — 214 Ty 10 3 -7 =2
01 0 O
00 1 0 ,
where A = o0 o 1 | Also we have z1(0) = u(0) = —4,22(0) = v/(0) = 9,23(0) =
10 3 -7 -2
—4
u”(0) = =5, and x4(0) = v (0) = 12, hence x(0) = _95 . The determinant of this matrix is
12

-10. Therefore, the matrix is invertible.



