
extra storage for the precomputation is needed. This

drawback limits the size of problem we can solve. The

trend, however, is for hypercubes with more power-

ful processors and larger local memories which should

cope with these storage requirements. Thus, in gen-

eral, we consider algorithms in which the powers of w

are precomputed.

3.2. The unordered FFT algorithm

Many parallel FFT algorithms have been developed

by using binary divide-and-conquer strategies. Cham-

berlain [2] showed that a P02FFT requires d interpro-

cessor communications with packets of length N/P.

Swarztrauber [8] presented an unordered P02FFT for

which d+ 1 interprocessor communicant ions with pack-

ets of length iV/(2P) are required. Obviously, for

Swarztrauber’s parallel FFT (PFFT) algorithm, we

pay the cost of one more interprocessor communica-

tion at the gain of halving the packet size. It is hard

to decide which algorithm should be better since the

efficiency depends on the number of processors used,

the start-up time per interprocessor communicant ion,

and the per-byte transmission cost.

WOO [11], however, has developed a more efficient

unordered P02FFT on the Intel iPSCl which uses

only d interprocessor communications with packets of

length N/2P. This algorithm is clearly an improve-

ment on both of these algorithms in that it mini-

mizes the packet size and the number of transmis-

sions, Numerical and theoretical comparisons were

shown by Renaut and Woo [5]. The algorithm differs

from Swarztraubers’s and Chamberlain’s algorithms in

the way that the data points are distributed to the

processors: the interleaved pattern is used instead of

the natural order distribution. As opposed to Swarz-

trauber’s [8] map any element in the address can be

used to be the pivot. In this way, r – d different un-

ordered FFT algorithms which have different sets of

output data point sequences in each processor are ob-

t ained. In fact, Swarzt rauber could also use any ele-

ment in the address of the processor for the pivot.

Furthermore, the FFT algorithms defined with re-

spect to the partial-exchange i-cycle have different sets

of output data points in each processor compared with

those obtained from the i-cycle. Thus, in total we

have 2(r – d) different FFT algorithms, all of which re-

quire only d interprocessor communications and data

lengths N/2P per transmission.

The question naturally arises as to which algorithm

we should choose from this set of 2(r – d) algorithms.

We require not only an efficient algorithm but also one

that is portable for a cube of any dimension. With

this requirement it is simplest to choose the pivot to

be either the leftmost or the rightmost digit in the

address. In this way no ambiguity will occur as to

which pivot to choose for r >> d. Thus, four choices

for the P02FFT are left.

Examples of the four P02FFT algorithms for d = 6

and r = 2 are illustrated in Tables 1 to 4. Since

the interprocessor communication occurs only when

there is a change in the processor id, each of these

four FFTs requires the same number of communica-

tions. In the above example each one performs two in-

terprocessor communications per FFT. However, the

partial-exchange i-cycle will be preferred since the i-

cycle requires reordering of the indices in the address.

It is not important whether we use the leftmost or

right most digit of the address to be the pivot.

Thus an unordered P02FFT of length 2’ can be

obtained wit h d nearest-neighbor communications of

length 2’/2d+1 = 2r-d-l. What is the best we can

achieve with an ordered P02FFT?

Table 1. Unordered FFT for 64 data points,

4 processors and pivot element i using the i-cycle

$(i&iais ] ioil) = X(0)(izisi& I ioil)

X(l)(k&i& I i&)

X(2)(k&k& I LJi,)

x(3yk3k4k5i2 I ioi~)

X(4)( k#Ak5~3 I ~0~1)

x(5)( k~k4k5k3 I ~o~2)

x@)(hok4k5k3 [ h~2)

bit reversed

Z(k5klk3k2 I k4k3)

Table 2. Unordered FFT for 64 data points,

4 processors and pivot element iz using the

partial exchange i-cycle

~(izi&is I ioil) = X(0)(izi&iG I i&)

X(l)(izi&k~ [ i&)

X(2)( i&k,@s I i&)

X(3)(izksk~ks I &Ji~)

x(4)( k2k3k4~5 [ ~0~1)

x(5)( klk3k4k5 I iok2)

x@ykok3k4k5 I h~2)

bit reversed

Z(A?5A?2kIk0 I k4k3)
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Table 3. Unordered FFT for 64 data points,

4 processors and pivot element i5

using the i-cycle

~(izisi& I i&) = X(0)(izi&is I i&)

x(l)(izisiqk~ I il)i~)

X(2)(izisk&j [ i&)

#3)(izk.@& [ il)il)

X(4)(kskqkskz I ioil)

x~5@3k4k5kl I io~z)

x@(k3k4k5ko I ~1~2)

bit reversed

Z(/C2kIrkOk5 I lt41C3)

Table 4. Unordered FFT for 64 data points,

4 processors and pivot element is

using the partial-exchange i-cycle

~(izi&is I i&) = X(0)(izi&is [ ioil)

X(l)(izisi& I iIJi~)

X(2)( i@*ks I ioi~)

x(37i#3k4k5 I ioi~)

x(4)( k2k3k4k5 [ ioi~)

x(5)( k2k3k4kl I ‘0k5)

x(6)( k#3k4ko / ‘1k5)

bit reversed

~(ksk#lks I k4k13)

3.3 The Distance-1 Ordered P02FFT algo-

rit hm

The distance-1 ordered P02FFT we present here

is also based on the interleaved sequence-to-processor

map. For this algorithm, d interprocessor communica-

tions are required for ~ > d and 2d- [~j interprocessor

communications are required for $ < d. All the trans-

missions involve only neighboring nodes.

In all cases, we apply the partial-exchange i-cycle

during the first r – d butterflies which introduces no

interprocessor communications. For t he following d

butterflies of the FFT, the algorithm depends on the

number of processors and the number of data points.

The algorithm for generating the distance- 1 ordered

P02FFT with the interleaved sequence-to-processor

map is shown in Table 5. As with the unordered

P02FFT, it is not important whether we choose the

leftmost or rightmost digit as the pivot. The rightmost

digit is used here. In Table 5, processing the (r–idz)th

butterfly by the i-cycle means that the pivot element is

Table 5. ‘l%e Distance-1 ordered P02FIT algerithrn with the
interleaved sequence-to-processorrnsp

* Assume there sre # pmeesserssnd 2’ dsta points
*Casel rf2>=d
*

IFrt2>=d THEN

FOR k%= r-1 ,-1,0
IFkfx>=d THEN

Process the (r-idx)th butterfly by psrtisl-
exchsrrgei-cycle (idx)

ELSE
Exchsnge b pivot element with ,4ra_l (dx a)

Fmeessthe (r-i&)th butterfly by i-cycle (idx)
ENDIF

ENDFOR
Reorder the sequeneek, in the address into the descending
order ( No trsnsndssim’needed here )

ENDIF
* Cese2(r+l)t2 = d
*

IF (r+l)/2. d THEN

FOR idx. r-1, -1,0
IFkfx>=d THEN

Preeess the (r–kix)th butterfly by psrtisl-
exchengei-cycle

ELSEIF idx = d–1 THEN
Exchsnge kr_l with i.

Process the (r-kfx)th butterfly by i-cycle
ELSEIF idx >0 THEN

Excbsrtge ihe pivot element with kr4_1

Proesss the (r-idx)th butterfly by i-cycle
ELSE

Exchange the pivot ekrnerrt with k. ,
“—.

I%xess the rth butterfly by i-cycle
ENDFOR

(dx d)

(idx)

(L&i b)

(idx)

(i& a)

(i&)

(idx a)
(i&)

Reorder the sequencek{ in the address into the descending

order ( No trsnsnrissim’needed here ) (i& d)
ENDIP

* Case3 (r+l)i2 < d
*

IF (r+l)/2 c d THEN

-m.l~l+r.d
.-!

IF iiix >: ri’&N
Prccessthe (r–idx)th butterfly by psrtisl-

exchangei-cycle (idx)
ELSEIP idr >= CRPOINT THEN

Exchengethe pivot element with kp where p is
the largest index in the sddresspmitim (i& a)

Exchsnge the pivot element with ir4~m (idr b)

Prmcss the (r-idx)th butterfly by i-cycle (ialx)
ELSE

Exchsnge the pivot cl-t with krJJr_, (i& a)

Processthe (r-idx)th butterfly by ~-c~cl; (idx)
ENDFOR
Reorder the sequencek; in the address into the descending
order ( No trsnsrnissim’necdd here ) (i& d)

ENDIF

exchanged with the digit ~;da and then Lam is replaced

by kid= which is exactly the (r – idx)th butterfly in

the FFT. Processing the (r – idx)th butterfly by the

partial-exchange i-cycle means iidz is replaced by kidz

and neither interprocessor communication nor index-

ing reordering is needed. The notation (idx) indicates

that the idzth butterfly is processing which is exactly

the superscript of the step X(id’). Further, the no-

tation X(id’a) indicates that one butterfly is process-
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ing, index rearrangement occurs and no interprocessor

communication is needed. X(idZ~l means one interpro-

cessor communication but neither i-cycle nor partial

exchange i-cycle and X(idzc) is a dist ante two com-

munication while one butterfly is processing. X(id”d)

indicates index rearrangement, no interprocessor com-

munication and no butterfly computation. The * after

X(i&J indicates an interprocessor communication oc-

curs. Examples for d = 3,4, 5,6 and r = 7 are given

in Tables 6 to 9.

Table 6. Distance-1 ordered P02FFT for 128 data

points (r= 7), and 8 processors (d= 3)

z(isiqi5iIj I ioiliz) = X(o)(isiqibitj I ioiliz)

X(1)( isiqiSk6 [ iOili2)

X(2)(i3i4k5~6 [ ~Oili2)

X(3)( i3k4k5k6 I i0il~2)

x(4)( k3k4k5k6 [ iOili2)

x(5”) (k3k6k5k4 I iI)ili2)

x(5)( /i?3k6k?5k2 I iOil~4)*

x(6”) (k3k6k5 I ~0~1k4)

x(6)( k3k6k2kl I iOk5k4)*

X(7a)(k3kIk2k6 I iOk5~4)

X(7)( k3/Clk?Zk?0 I k6~5~4)*

X(7d)(/C3k2kIk0 I k6~5~4)

bit reversed

~(k&kskIj I k&kz)

Table 7. Distance-1 ordered P02FFT for 128 data

points (r= 7), and 16 processors (d= 4)

Z(iAiSiG I ioilizis) = X(0)( iqi5i6 [ ioilizis)

X(1)( iqi5k6 I iOili2i3)

x(2)( i4k5h6 ] iOili2i3)

x(3)( k4k5k6 I ~Oili2i3)

x(4b)(k4k5~0 I k6ili2i3)*

x(4)( k4k?5k3 I k6ili2iO)*

x(5=) (k3k5k4 I k6ili2iO)

x(5)( k3k5k2 ] k6ilk4iO)*

x(60) (k3k2k5 I ~6~l~4iO)

x(6)( k3k2kl I k6k5k4io)*

X(7a)(kIk2k3 I k6k5k4iO)

x(7)( klk2ko I k6k5~4~3)*

X(7d)(k2kIk0 I k6~5~4~3)

bit reversed

~(k&kG I koklk2k3)

Table 8. Distance-1 ordered P02FFT for 128 data

points (r = 7), and 32 processors (d= 5)

2(&jkj [ iOil&i3i4) = x(0)(i5i6 I iOili2i3i4)

X(1)(i5k6 I ~Oili2i3i4)

x(2)(k5k6 I iOili2i3i4)

x(3b)(k5i0 [ k6ili2i3i4)*

x(3)(k5k4 I k6ili2i3iO)*

x(4”)(k4k5 I k6ili2i3iO)

x(4b)(k4i~ I k6k5i2i3iIJ)*

x(4)(k4k3 I ~6h5i2~liO)

x(5a)(k3k4 [ k?6~5i2iliO)

X(5)(k3k2 I k6k5k4iliO)*

x(6a)(k2k3 [ k6k5k4ilio)

x(6)(k2kl I k6k5k4k3iO)*

X(7a)(kIk2 I k6k5k4k3iO)

X(7)(kIk0 [ k6k5k4k3~2)*

bit reversed

z(k5k6 I koklk2k3k4)

Table 9. Distance-1 ordered P02FFT for 128 data

points (r = 7), and 64 processors (d= 6)

Z(i6 I ioilizisiqis) = X(o)(ifj I ioiliziL?iqi5)

X(1)(k6 I iOili2i3i4i5)

x(lb)(io I kfjili2i3i4i5)*

x(2)(k5 I k6ili2i3i4iO)*

x(3b)(i~ I h6h5i2i3i4iO)*

x(3)(k4 [ k6k5i2i3iliO)*

x(4b)(i2 [ k6k5k4i3iliO)*

x(4)(k?3 [ hjk5kqi2iliO)*

X(5)(kZ [ k6k5~4k3iliO)*

X(6)(& I k6k5k&k2iO)*

X(7)(k0 I k6k5k4~3~2~l)*

bit reversed

~(kG I kl)klkzkakqks)

3.4 The distance-2 Ordered P02FFT algorithm

The interleaved sequence-to-processor map is also

used to implement a distance-2 ordered P02FFT. For

this FFT d – L!j] communications are over a distance
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Tsble 10. The DIstartce-2ordered P02FFT algorithm with the intdesved
Sequence-to-prwessrx rnsp

* Assomethere s?e# p,~S~ snd 2r dsta points
*Cssel rf2>=d
*

IF r/2>. dTHEN

FOR iak=r-1 ,-1,0
IFidx>=dTHEN

processthe (r–ia?x)thbutterfly by psutisl-
exchsngei-cycle

ELSE
Exchsnge the pivot element with kr4_1

Process the (r-idr)th butterfly by i-cycle
ENDIF

ENDFOR
Reorder the sequencekj in the addressinto the descending

order ( No transmission neededhere)
ENDIF

*Csse2(r+l)f2=d
*

IF (r+l)/2. dTHEN
FOR & = r-l, -1,0

lFdx>=dTHEN
Processthe (r–idr)th butterfly by psrtisi-
exchsngei-cycle

ELSEIP idx =d–1 THEN
Replsce k,_l by i. snd then replace i. by i&

within 1 stepin order to processthe (r%!x)th
butterfly (distsnce-2 mmmnimtioo neededhere)

ELsEIFidr>o THEN
Exchangethe pivot element with krW_l

Process the (A&)th butterfly by i-cycle
ELSE

Exchangethe pivot element with k&l

process the rth butterfly by i-cycle
ENDFOR
Reorder the sequencekj in the address ittto the descending

order ( No transmission neededhere )
ENDIP

* Case3 (r+l)/2 c d
*

IF (r+l)~ e dTHEN

H
CRPOINT. ~ +r-d

IFidx>=dTHEN
Processthe (r-ti)th butterfly by psrtisl-
exchsngei-cycle

ELSEIF idx > CRPOINT m
Exchangethe pivot element with k~ wherep is

the lsrgest index in the sddressposition
Replacethe pivot element by ira.omT snd

then rephce irA_m by iti within 1
stepto prmess the (r-dr)th butterfly
(distsnce-2 .-unicatien)

ELSE
Exchangethe pivot element with kr+_l

Processthe (r–dx)th butterfly by i-cycle
ENDFOR
Reorder ,tie sequencekj in & sddress into the descending

order ( No transmission neededhere )
ENDIF

(idx)

(idx a)

(i&)

(lax d)

(id,)

(kiz c)

(I& a)

(iak)

(idx a)
(idx)

(i& a)

(idx)

(i& a)

(i& c)

(ia!za)

(i&)

(l& d)

shown, however, that the distance two cost is less than

twice the distance one cost for some parallel machines

such as the Intel iPSC2 and iPSC/860. Furthermore,

the packet length is again N/2P. This algorithm,

therefore, is optimal in achieving the minimal number

of transmissions at the cost of losing the nearest-

neighbor transmission property.

The distance-2 P02FFT algorithm is shown in Ta-

ble 10. Again, the partial-exchange i-cycle is applied

during the first r – d butterflies and no interprocessor

communication is involved. For ~ > d the algorithm

is exactly the same as the distance-1 P02FFT. The

distance-2 transmission occurs when idz > CRPOINT

and the idxth butterfly is being processed, where

CRPOINT = l~j + r – d.

Examples of the Distance-2 algorithm ford= 4,5,6

and r = 7 are given in Tables 11 to 13. For the d = 3

and r = 7 case the algorithm is exactly the same as

Table 6. In all cases, a total of d interprocessor commu-

nications of lengt h N/2P are required. The number of

distance-2 butterflies equals 1 for the case of d = 4 and

r=7,2for thecaseofd=5 and r=7, and3 for the

case of d = 6 and r = 8. This agrees with the conclu-

sion that only d– [f] transmission involving distance 2

are required. Notice that exactly half of the nodes need

to send messages twice to different processors (one is

distance 2, the other is distance 1) at the same butter-

fly step. A signal flow graph of the distance-2 P02FFT

and also the algorithm for the case of r = 4, d = 3 is

shown in Appendix A. This clarifies how the inter-

leaved sequence-t~processor map, partial-exchange i-

cycle and i-cycle relate to the P02FFT algorithm.

Table 11. Distance-2 ordered P02FFT for 128 data

points (r = 7), and 16 processors (d= 4)

xt6a)(k3k2k5 I h6il~4iO)*x(0)( i4i5i6 I ioili2i3)

x(1)( i4i5k6 I i(Jili2i3) x(6)( k3k2kl I k6k5k4iO)*

“ “ ) X(7a)(kIkZk3 I ~6~5~4iO)x(2)( i4k5k6 [ ioi12223

x(7)(klk2k0 I k6k5~4~3)*x(3)( k4k5k6 I iOili2i3)

#7d)(k2kIk0 I ~6~5~4~3)x(4h)(k4k5k3 I k6ili2iO) * *

“ ) bit reversed~(5al(k3k5k4 I ~6~l~2z0

x(5)( k3k5k2 I ~6il~4iO) * $(k4k5k6 I koklk2k3)

two and L;j are over a distance one. The total number

of transmissions is thus again only d. Of course, if the

cost for communication over dist ante two is twice that

for distance one, this algorithm would not represent

a saving since the total bandwidth would then be

2(d – [~j) + [~j = 2d – [$]. In section 4.2 it is
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Table 12. Distance-2 ordered P02FFT for 128 data

points (r= 7), and 32 processors (d= 5)

“ ) x(s)(k~kz I k6k,k4ilio)*X(0J(i5i6 I i&izi#q

x(6a)(kzk3 I k6~5~4iliII)x(1)(i5k6 I ~0~1~2~3~4)

“ ) Xqk,k, [ 1%’k5k4k3io)*x(2)(k5h6 I iOili2i3?4

x(3)(k5k4 I k6ili2i3i0 ) * * x(7a)(k~k2 I k~k5k4k3io)

x(4a)(k4k5 \ k6i~i~i3io) X(7)(kIk0 I k6k5k4k3k2)*

X(4) (k4k3 I k6k5i2il io) * * bit reversed

x(5a)(k3k4 I /t6&ji2iliO) ~(~5~6 [ ~0~1~2~3~4)

Table 13. Distance-2 ordered P02FFT for 128 data

points (r= 7), and 64 processors (d= 6)

X(o)(i(j I ioiIi2i3i4i5)

x(1)(k6 I ioili2i3i4i5)

x(2c)(h5 I k6iIi2i3i4iO) * *

x(3c)(k4 I k6Jt5i2i3iliO) * *

#4C)(/C3 I k6k5k4i2iliO) * *

x(5)(/t2 I k6k5k4k3iliO)*

X@)(kl I k6k5k4k3~2~O)

x(7)(k0 [ k6k5k4k3k2h)*

bit reversed

2!(ktj I k&kzksk&)

4. Comparisons and Conclusions

4.1 Theoretical Analysis of Both Unordered

and Ordered FFTs

The precomputation of the powers of w is assumed

for all the P02 FFT. N = 2’ trigonometric function

evaluations are required for this computation in all

cases. Thus, the complexity of the precomput ation is

the same for all the P02PFFTs and is not included

in our calculation of the computational complexity. A

complex multiplication and two complex additions are

needed at each stage of the P02FFT, i.e., ten compu-

tational cycles are needed. In total 5N log N/P in-

terprocessor communications are required per FFT.

The computational complexity is the same for all the

P02PFFT algorithms we present here. They differ in

the communication costs. Thus the relative efficiency

of these algorithms is determined by the communica-

t ion costs,

Communication costs on the hypercube can be

modelled by an expression of the form a + bl, where a is

the startup cost (in flops), b is the per-byte transmis-

sion cost (in flops), and 1 is the packet length in bytes.

As discussed in Section 3.2, the unordered P02FFT

requires d interprocessor communications with pack-

ets of size N/2P. The data is stored in complex form

and thus eight bytes are needed per data point. There-

fore, the total execution time for the unordered FFT

without preprocessing is given by

(5Nlog2N+d ~1 bl*N*8
TU(N, P) = p

2P )

where bl is per-byte transmission cost for the neighbor-

ing-node communication.

For the ordered P02FFT, the communication costs

can again be modeled by the form a + bl, but for

distance-2 transmission the form a + b21 is used where

b2 is the per-byte transmission cost for the distance-2

transmission. The communication cost of the node for

distance 2 transmission can be evaluated as follows:

max{a+~*8, a+6+~ *8}, where 6 is the

time delay before the distance one isend or csend is

initiated due to starting the distance two transmission

first. Since the transmission times, bl, b2 and the value

ii depend on the hardware, it is hard to decide which

factors dominate. Also, when some nodes are exe-

cuting the distance-2 transmission, sending the hop-

2 transmission first followed by a hop-1 transmission,

the remaining nodes are performing a hop-1 transmis-

sion at the same time. Thus, the execution times for

bcith ordered FFTs are given by

Tdl(N,p)

=

[

~ 5N logz N)P(

+(2d–l$J )(a+%#*8)t<d

%(~,P)

{ ( )= ~(5Nlog2N)+d* a+~*8 ~Zd

{
;(

(

bl*N
5Nlog2N)+[~J* a+ =*8

)

{

bl*N
+(d–[~J)*max a+y *8,

{

b2*N bl*N*8

‘ax a + 2P
*8, a+6+—

2P
}}

‘<d
‘5

Let TS1 be the total transmission time for 1 hop

per interprocessor transmission and TS2 be the worst
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transmission time for the node which sends two mes-

sages at the same time, a message in 2 hops followed

by a message in 1 hop. The difference of the time

complexity is then given by

- (~-$]) *{2*~sl-~s2}~d,(N,P) – ~d,(N,P) –

where

bl*N
Tsl=a+T *8,

{

b2*N bl*N
TS2=max a+ F*8, a+6+T*8 1

and the condition TS1 ~ TS2 is assumed. Let F =

2 * TSI – TS2. When F = O, it implies those

two algorithms have the same execution time which

happens when TS1 = 2 * TS2. If F > 0, then the

distance-1 algorithm is slower, otherwise the distance-

2 algorithm is slower. F is evaluated for the iPSC/860

in the next section.

4.2 Comparisons on Intel iPSCl, iPSC2 and

iPSC2/860

In order to compare these two P02FFT algorithms,

it is necessary to see how close the communic at ion time

for 1 hop is to the time for multiple hops. The Intel

technical report [13] shows the communication times

over 1 hop and 5 hops, recv not pending, on the iPSCl

Release 3.2 and iPSC2 Release 1.0. To examine F,

however, the time for 2 hops is needed. But in this case

it is sufficient to assume that the time for 2 hops is not

slower than that for 5 hops as this will give a worst case

evaluation of F. Note of course that the evaluation of

F from this data, which assumes no contention and

6 = O, may be optimistic but at least allows some

means for comparison with the newer architecture of

the iPSC/860. Thus, in order to compare similar

data, communication times for 1 hop and 2 hops on

the iPSC/860 were found for cubes of dimension 3,

4, 5 and 6. These results are presented in [12] and

were obtained by averaging results over several runs

of the same program. Examination of these results

shows that the iPSC/860 is indeed much faster than

the iPSC2 and that, for a given message length, the

time is virtually independent of cube dimension. In

Figure 1 graphs of F calculated from the data in [12]

and [13] are given. The distance-2 algorithm should

be most efficient when F > 0 which is true for the

iPSC/860 and iPSC2 and also for the iPSCl except

when the message length is less than 41<-.

For a more realistic determination of F, values of

TS 1 and TS2 are needed. The timing tests for TS 1 and

TS2 were arranged so that the communication pat-

terns of the distance-1 and distance-2 FFT’s, respec-

tively, were simulated. As for the results in Figure 1

the data wss obtained by averaging results over many

runs of the same program. These tests were performed

on the iPSC/860 with the latest release, Release 3.3.

In each case the transmission of messages was achieved

using csend and crecv. Although csend and crecv are

used for transmission with blocking until completion

we have found that this pair is faster than the isend

and irecv pair (transmission without waiting for com-

pletion) for small sized messages [11]. In initial tests

we evaluated TS2 by simulating one node alone per-

forming a distance-two followed by distance-one trans-

mission. Evaluation of F from these results indicated

that F > 0 for the iPSC/860. The results with the

complete simulation of the FFT, however, give F <0.

Thus contention causes the distance-two FFT to be

less efficient than the distance-one FFT for the cur-

rent iPSC architecture.

Figure 1

— iPSCl
. .— ipsc2
H O- ipsc/860 with 8 “odes
A-- ipsc/860 with 16 “odes
. + -M ipsc/G60 with 32 n~d~~
HHM ipsc2/860 with 64 n~d~~

/

/

&
) 6.00 8.00 10.00 12.00 1 30

Message Length (bytes) log base 2.

4.3 Conclusions and Future Work

Our numerical and theoretical results indicate that

a parallel P02FFT algorithm for a hypercube archi-

tecture can be designed with just d communciations

on a cube of size d for any messages of any length

provided that the restriction that all messages occur

over distance 1 is removed. In particular, an algorithm

which allows some distance 2 transmission is described

here. If the contention problem of multiple hop trans-

mission can be solved by hardware, parallel P02FFT

algorithms using larger transmission distances may be

useful. For example, the ordered P02FFT can be ob-
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tained by using d – 1 neighboring communications and

1 communication over distance d. In [7] the communi-

cation performance of the CM2 using the NEWS com-

munication facility is evaluated. These results are en-

couraging since they suggest that F >0 for the CM2.

Note that here F is not calculated from simulation

of the distance-one and distance-two FFTs and so we

cannot be sure that F is accurately predicted. We

consider, however, that the new algorithm does have

potential for SIMD architectures.

In future work we will evaluate the relative ef-

ficiencies of the dist ante-2 P02FFT, the distance-1

P02FFT, and the distance 2 P02FFT described by

Chamberlain [2] using messages of size N/P for a

SIMD architecture such as the Connection Machine

(CM).

For SIMD or MIMD architectures, it is also worth

considering whether in the case r/2 < d itmight be

more efficient to do the FFT on a cube of smaller

dimension ~, for which r/2 ~ ~. In this way the

FFT can be implemented as dist ante 1, but note

that in most practical situations for which data are

stored on the cube of dimension d this would introduce

communication to put the data on the smaller cube.

Acknowledgments. We are grateful for the com-

ments of an unknown referee which caused us to reeval-

uate the numerical results of Section 4.2. This work

waa supported by an NSF grant ASC 8812147. The

experimental results were obtained by remote access

to the iPSC/860 at NASA Ames Research Center.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

L.I. Bluestein, IEEE Trans. Audio Electroacoust.,

AU-18 (1970) 451-455.

R. M.Chamberlain, Parallel Computing, 6 (1988)

225-233.

J .W. Cooley and J .W. Tukey, Math. Comput. 19

(1965), 297-301.

R.A. Renaut and M.L. Woo, SIAM Frontiers in

Applied Mathematics, accepted (1990).

R.A. Renaut and M.L. Woo, Parallel FFT Pairs

on a Hypercube, ASU Technical Report, (1991).

Y. Saad and M.H. Schultz, Data communication

on hypercubes, Fksearch report, Yale University,

YALE U/DCS/PR-428, (1985).

R. Stevens and P. McDonough, Instruction Tun--.
ings and Message Passing Performance of the

[8]

[9]

[10]

[11]

[12]

[13]

P.N. Swarztrauber, Parallel Computing, 5 (1987),

197-210.

P.N. Swarztrauber, R.A. Sweet, W.L. Briggs, V.E.

Henson, and J. Otto, Bluestein’s FFT for Arbi-

trary N on the Hypercube, National Center for

Atmospheric Research, Colorado, (1990).

C. Tong and P.N. Swarztrauber, Ordered Fast

Fourier Transforms on a Massively Parallel Hy-

percube Multiprocessor, (December 1989).

M.L. Woo, Parallel Pseudospectral Methods on

Hypercubes, Master’s Thesis, Arizona State Uni-

versity, (1989).

M. Woo, R.A. Renaut and R. Casey, A Note on

Programming the Intel iPSC/860, ASU Technical

Report, 1991.

Performance Comparison, iPSC/2 Release 1.0 ver-

sus iPSC/1 Release 3.2, Intel Scientific Report

(1988).

Appendix The Distance-2 P02FFT algorithm for r = 4 snd d = 3

X(o) (i3 Ii. il i?)

X(l) (k3 I i. il Q

X(2) (k2 I k3 il io)**

X(3) (kl I k3 k2 iO)*

fi4) (k. I k3 ~ kl)*

X(o)x(l) x(z) X(3)

oooo~oooo~oorjo~o”

100 100

E

001

000 000 100
100 100 101

001 010 010
101 110 011

001 010 110
101 llo~lll

010 ool~ooo
110 101

%

001

010 001 100
110 101 101

011 011 010
111 111 011

011 011 110
1111~1111~1 111~1

in bit reversed

000
001

000
001

100
101

100
101

010
011

010
011

110
111

110
111

t
order

CM2. Argonne National Laboratory (1989).
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