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Abstract

We establish theoretical convergence results for an Iteratively Regularized Gauss Newton (IRGN) algorithm with

a specific Tikhonov regularization. This Tikhnov regularization, which uses a seminorm generated by a linear

operator, is motivated by mapping of the minimization variables to physical space which exposes the different

scales of the parameters and therefore also suggests appropriate weighting of the regularization terms with respect

to the parameter spaces. The basic convergence result uses an a posterioristopping rule and a modified source

condition, without any restriction on the nonlinearity of the operator. We illustrate our theoretical results using

simulations for a one dimensional version of the exponentially ill-posed optical tomography inverse problem for

which the parameter space depends on diffusion coefficientD and absorption coefficientµ which are on very

different scales. We conclude that the new method contributes greater flexibility for implementations of IRGN

solutions of ill-posed inverse problems in which differingscales in physical space hinder standard IRGN inversions.
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1 Introduction

The iteratively Gauss-Newton method (IRGN) for the solution of exponentially ill-posed inverse problems, which

was introduced by Bakushinsky in 1993 [BA93], has been investigated and extended in a number of formulations,

[BK01, BK04, BS05, BKA06, K00]. Here, our goal is to extend the IRGN algorithm to nonlinear problems in

which physical considerations suggest replacement of the stabilizing term of the IRGN by a more general Tikhonov
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penalty stabilizing term. The particular study was motivated by solution of the optical tomography problem in

one dimension, previously investigated in [KS05, BKS05], for which the mapping of the coefficient space to

physical space highlights the different scales of the diffusion and absorption coefficients which had prevented their

simultaneous recovery, but for which the new formulation issuccessful.

1.1 Formulation

Assume that a nonlinear operatorF acts on a pair of Hilbert spaces(H,H1), that isF : H → H1, and that,F is

Fréchet differentiable inH without such structural assumptions as monotonicity, or invertibility of F ′∗( · )F ′( · ),
etc. Let the following conditions hold:

||F ′(q1)|| ≤ M1 for any q1 ∈ H, (1.1)

||F ′(q1) − F ′(q2)|| ≤ M2 ||q1 − q2|| for any q1,q2 ∈ H, (1.2)

andF(M1, M2) be the class of operatorsF satisfying (1.1) and (1.2).

We consider the general problem of minimizing the functional

J(q) := ||F (q) − gδ||2H1
, (1.3)

wheregδ approximates the exact datag with the accuracyδ, i.e.,

||g − gδ|| ≤ δ. (1.4)

Of primary interest is the case in which there exists exact data for which functional (1.3) is identically zero, i.e.,

there is some element̂q ∈ H (maybe nonunique) such that

||F (q̂) − g||H1
= inf

q∈H
||F (q) − g||H1

= 0. (1.5)

Suppose{τ (k)} is some sequence of regularization parameters satisfying the conditions

τ (k) ≥ τ (k+1) > 0, sup
k∈N∪0

τ (k)

τ (k+1)
= d < ∞, lim

k→∞
τ (k) = 0, (1.6)

q(k) is the current point of the iterative process we are trying toconstruct and Tikhonov’s functional is of the

following form

Jτ (k)(q) =
1

2
||F (q) − gδ||2H1

+
τ (k)

2
||L(q − q̄)||2H2

. (1.7)

HereL is a linear operator from a Hilbert spaceH to a Hilbert spaceH2, q̄ ∈ H, which is chosen appropriate

to the underlying physical values forq andq̄ is in general a vector of constraining values forq. Replacing the

discrepancy term (1.3) with its approximation

J(q(k);q) =
1

2
||F (q(k)) − gδ + F ′(q(k))(q − q(k))||2H1

,
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provides, instead ofJτ (k) , a strongly convex quadratic functional

Jτ (k)(q(k);q) =
1

2
||F (q(k)) − gδ + F ′(q(k))(q − q(k))||2H1

+
τ (k)

2
||L(q − q̄)||2H2

, q ∈ H. (1.8)

Its unique global minimum, denoted bỹq(k), assuming necessary invertibility conditions is given explicitly by

q̃(k) = q(k) − [F ′∗(q(k))F ′(q(k)) + τ (k)L∗L]−1{F ′∗(q(k))(F (q(k)) − gδ)

+τ (k)L∗L(q(k) − q̄)}.

This usage of an arbitrary linear operatorL in the penalty term can be very beneficial for some inverse problems.

As is standard in the optimization literature, [NW99], we generalize the algorithm one step further by use of a line

search procedure, through the introduction of a variable step sizeα(k) such that

0 < α ≤ α(k) ≤ 1, (1.9)

yielding our following modification of the IRGN algorithm:

q(k+1) = q(k) − α(k)[F ′∗(q(k))F ′(q(k)) + τ (k)L∗L]−1{F ′∗(q(k))(F (q(k)) − gδ)

+τ (k)L∗L(q(k) − q̄)}. (1.10)

Due to the inexact nature ofgδ the iterations are terminated early using ana posterioristopping rule. Here we

adopt the stopping rule presented in [BS05] and terminate the iterations at the first indexK = K(δ), for which the

residual||F (q(k)) − gδ|| is less than or equal to
√

ρδ, ρ > 1:

||F (q(K)) − gδ||2 ≤ ρδ < ||F (q(k)) − gδ||2, 0 ≤ k ≤ K, ρ > 1. (1.11)

Regarding̃q(k) in (1.10) as the next element of the iterative process and taking L = I yields the original

stabilizing IRGN method, see [BA93, BK04]. The convergenceanalysis of IRGN in [BA93] was done under the

source type condition:

q̂ − q̄ ∈ ϕ(F ′∗(q̂)F ′(q̂))S, S := {v ∈ H, ||v|| ≤ const}. (1.12)

In [BA97] and [BK01] forϕ(t) = tp, p ≥ 1
2 , it is shown that

||q(K) − q̂|| = 0
(

δ
2p

2p+1

)

, (1.13)

if K = K(δ) is chosen by thea priori stopping rule:

δ ∼ (τ (K))p+ 1
2 . (1.14)

In [BNS97], on the other hand, the following rather restictive conditions were imposed onF ′

F ′(q1) = R(q1,q2)F
′(q2) + Q(q1,q2)
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||I − R(q1,q2)|| ≤ CR (1.15)

||Q(q1,q2)|| ≤ CQ||F ′(q̂)(q1 − q2)||, q1,q2 ∈ Bσ(q̂)

whereσ, CR, CQ are assumed to be sufficiently small. Then the following convergence rates were obtained for

ϕ(t) = tp, 0 ≤ p ≤ 1
2 ,

||q(K) − q̂|| :=

{

o
(

δ
2p

2p+1

)

, if 0 ≤ p < 1
2 ,

0 (
√

δ), p = 1
2 ,

(1.16)

provided thatK is chosen by the more generousa posterioristopping rule

||F (q(K)) − gδ|| ≤ ρδ < ||F (q(k)) − gδ||, 0 ≤ k ≤ K, ρ > 1. (1.17)

Under the same stringent conditions onF ′, but with the following source function

ϕ(t) =

{
(

− ln t
e t0

)−p

if 0 < t ≤ t0,

0 if t = 0
(1.18)

in (1.12), wheret0 ≥ ‖F ′( · )‖2, p > 0, ande is Euler’s constant, logarithmic convergence rates were derived

under assumption (1.15) in [H97].

An attractive feature of our convergence theorem for algorithm (1.10)-(1.11) is that it does not require non-

linearity condition (1.15), which is not satisfied for many practically important inverse problems, including the

Diffusion Optical Tomography (DOT) inverse problem [A99],discussed in Section 3. In particular we impose the

source condition used in [KW93]:

L∗L(q̂ − q̄) ∈ F ′∗(q̂)S, S := {v ∈ H, ||v|| ≤ ε}. (1.19)

which is equivalent to (1.12) forp = 1
2 with ϕ(t) = tp whenL = I. Additionally, the use of an arbitrary linear

operatorL in place of the identity operator in the IRGN method makes it possible for the regularization to be

imposed in an alternative space. This proves to be extremelybeneficial for the DOT inverse problem in which

regularization is applied directly in physical space rather than in the B-spline coefficient space, (see Section 4),

and for which the mapping exposes the impact of the differentsensitivities with respect to each parameter.

The remainder of the paper is as follows. In Section 2 we present and prove our main theorem for the con-

vergence of (1.10). In Section 3 we briefly present the numerical experiments designed to evaluate the theory of

Section 2, greater detail already having been provided in other references, [KS05, BKS05]. Numerical results are

presented in Section 4 and final conclusions given in Section5.

2 Convergence Theorem

We now formulate our basic convergence result for iteratively regularized algorithm (1.10) combined with stopping

rule (1.11).
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Theorem I

Assume that

1. F is in the classF(M1, M2); conditions (1.4) and (1.5) hold.

2. The regularization sequence{τ (k)} and the step size sequence{α(k)} are chosen according to (1.6) and

(1.9) respectively.

3. The source condition (1.19) is satisfied.

4. The linear operatorL∗L is surjective and there is a constantm > 0 such that

(L∗Lh,h) ≥ m||h||2. (2.1)

5. Constants definingF and the iteration are constrained by

M2ε

m
+

d − 1

dα
+

√

ε

m

{

M2

2
+

M2
1

(
√

ρ − 1)2

}

≤ 1, (2.2)

||q(0) − q̂||√
τ (0)

≤ ε√
m

{

1 − M2ε
m − d−1

dα

} := l. (2.3)

Then

1. For iterations (1.10)

||q(k) − q̂||√
τ (k)

≤ l, k = 0, 1, ...,K(δ), (2.4)

whereK = K(δ) is calculated bya posteriorirule (1.11).

2. The sequence{K(δ)} is admissible, i.e.

lim
δ→0

||q(K(δ)) − z|| = 0, (2.5)

z is arginfq∈H||F (q) − g||H1
.

Proof of Theorem I SinceL∗L is surjective and

(

[F ′∗(q)F ′(q) + τL∗L]h,h
)

≥ τ m||h||2

for arbitraryτ > 0, q,h ∈ H, the operator[F ′∗(q)F ′(q) + τL∗L]−1 exists,

∥

∥[F ′∗(q)F ′(q) + τL∗L]−1
∥

∥ ≤ 1

τ m
,

and iterations (1.10) are well-defined.

Suppose for anyj, 0 ≤ j ≤ k < K(δ), the induction assumption is fulfilled:

σj :=
||q(j) − q̂||√

τ (j)
≤ l. (2.6)
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Then by (1.5)

F (q(k)) − gδ = F ′(q(k))(q(k) − q̂) − B(q(k), q̂)(q(k) − q̂)(q(k) − q̂) + g − gδ,

||B(q(k), q̂)|| ≤ M2

2
. (2.7)

Inequality (2.7) and condition (1.19) imply

q(k+1) − q̂ = q(k) − q̂− α(k)[F ′∗(q(k))F ′(q(k)) + τ (k)L∗L]−1[F ′∗(q(k))F ′(q(k)) + τ (k)L∗L](q(k) − q̂)

−α(k)[F ′∗(q(k))F ′(q(k)) + τ (k)L∗L]−1F ′∗(q(k)){−B(q(k), q̂)(q(k) − q̂)(q(k) − q̂) + g − gδ + τ (k)v}

−α(k)τ (k)[F ′∗(q(k))F ′(q(k)) + τ (k)L∗L]−1{F ′(q(k)) − F ′(q̂)}∗v. (2.8)

To estimate||[F ′∗(q(k))F ′(q(k)) + τ (k)L∗L]−1F ′∗(q(k))||, we note that for any bounded linear operator in a

Hilbert space a polar decomposition holds. Hence

F ′(q(k)) = U |F ′(q(k))|,

where|F ′(q(k))| := (F ′∗(q(k))F ′(q(k)))1/2 andU is a partial isometry:

||Uq1|| = ||q1|| ∀q1 ∈ N (U)⊥, N (U) := {q1 : Uq1 = 0}.

Now, denoting

A(k) := F ′∗(q(k))F ′(q(k)), B = L∗L. and C(k) := (A(k))1/2B−1/2,

condition (2.1) yields

∥

∥

∥
[F ′∗(q(k))F ′(q(k)) + τ (k)L∗L]−1F ′∗(q(k))

∥

∥

∥
=

∥

∥

∥
[A(k) + τ (k)B]−1(A(k))1/2U∗

∥

∥

∥
≤

∥

∥

∥
[A(k) + τ (k)B]−1(A(k))1/2

∥

∥

∥

=

∥

∥

∥

∥

[

B1/2(B−1/2A(k)B−1/2 + τ (k)I)B1/2
]−1

(A(k))1/2

∥

∥

∥

∥

=
∥

∥

∥
B−1/2((C(k))∗C(k) + τ (k)I)−1(C(k))∗

∥

∥

∥

≤
∥

∥

∥
B−1/2

∥

∥

∥

∥

∥

∥
((C(k))∗C(k) + τ (k)I)−1((C(k))∗C(k))1/2

∥

∥

∥
≤ 1√

m
max
t≥0

√
t

t + τ (k)
≤ 1

2
√

τ (k)m
. (2.9)

Combining (2.8) and (2.9) one derives

||q(k+1) − q̂|| ≤ (1 − α(k))||q(k) − q̂|| + α(k)

2
√

τ (k)m

{

M2

2
||q(k) − q̂||2 + δ + τ (k)||v||

}

+
α(k)M2

m
||q(k) − q̂|| ||v||. (2.10)

Also, for k < K(δ), according to (1.11)

ρδ ≤ ||F (q(k)) − gδ||2.

Thus, by (1.1)
√

ρδ ≤ ||F (q(k)) − g|| + ||g − gδ|| ≤ M1||q(k) − q̂|| + δ, (2.11)
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and
√

ρδ − δ ≤ M1||q(k) − q̂||. (2.12)

Without loss of generality one can assumeδ < 1, yielding

δ ≤ M2
1 ||q(k) − q̂||2
(
√

ρ − 1)2
. (2.13)

Hence

||q(k+1) − q̂|| ≤
(

1 − α(k) +
α(k)M2ε

m

)

||q(k) − q̂||

+
α(k)

2
√

τ (k)m

{

M2

2
+

M2
1

(
√

ρ − 1)2

}

||q(k) − q̂||2 +
α(k)

√
τ (k)ε

2
√

m
. (2.14)

Conditions (1.6) and (1.19) together with induction assumption (2.6) yield

σk+1 ≤
(

1 − α(k) +
α(k)M2ε

m

)

d l +
α(k)l2d

2
√

m

{

M2

2
+

M2
1

(
√

ρ − 1)2

}

+
α(k)dε

2
√

m
. (2.15)

From (1.9), (2.15), (2.2) and (2.3) it follows thatσk+1 ≤ l.

The sequenceK = K(δ) is nondecreasing asδ → 0. Two cases are possible:

1. K(δ) = K0 for anyδ ≤ δ0. Then by (1.4) and (1.11)limδ→0 q(K0)(gδ) is arginfq∈H||F (q) − g||2H1
.

2. K(δ) → ∞ asδ → 0. Then

||q(K(δ)) − q̂|| ≤ l
√

τ (K(δ)) → 0 as δ → 0.

In either caseq(K(δ)) converges in the norm ofH to arginfq∈H||F (q) − g||H1
asδ → 0, hence completing the

proof.2

3 Numerical Application

Optical tomography is a way to probe highly scattering mediausing low-energy visible or near infra-red light so as

to reconstruct images of these media. Light in the near-infrared range (wavelength from 700 to 1200 nm) penetrates

and interacts with tissue, with predominant effects being absorption and scattering [DC97, HAD97, CA93]. The

widely accepted photon transport model is the radiative transfer equation (RTE), which is an integro-differential

equation for the radiance and has spatially dependent diffusion and absorption parameters as coefficients which

area priori unknown. Hence the inverse problem is to infer from the measurements of the photon density on the

boundary, the coefficients of absorption and diffusion within the tissue. A low order Diffusion Approximation

(DA) to the RTE, which yields a parabolic differential equation in the time dependent case and an elliptic equation

for steady state, has been derived and studied in the last several years, [A99]. This DA has been widely used to

calculate photon migration in biological tissues [HAB98],and the existing computational methods for the inverse

problem of photon migration in biological tissues are almost exclusively based on the DA [CA95].
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It is well known that the DOT inverse problem is exponentially ill-posed or unstable [NW01, A99]. In fact,

the one dimensional version of the DOT ill-posed inverse problem was studied recently using the IRGN method

[KS05, BKS05], and it was limitations in these studies whichmotivated our presented modification of the IRGN

(1.10). We therefore illustrate the performance of (1.10) for yielding improved solutions of the DOT inverse

problem.

3.1 Problem Formulation

The inverse problem of optical tomography, using the diffusion approximation to the radiative transfer model,

requires the estimation of the underlying model parametersq, the coefficient of diffusionD and the coefficient of

absorptionµ i.e. q = (D, µ)T , given measured values of the densityu on the boundary.

The photon densityu solves the steady state parameter dependent equation

−∇ · D(x)∇u(x) + µ(x)u(x) = s(x), (3.1)

with boundary conditions

u(x;q) + 2D(x)
∂u(x)

∂ν
= 0, x ∈ ∂Ω. (3.2)

Herex is the spatial variable on the domainΩ, ν is the normal direction from the boundary ands represents the

forcing function, or source. A finite element Galerkin method using B-spline expansions for each ofu(x), D(x)

andµ(x) for the solution of the forward problem is described in detail in [BKS05, KS05]. Given the B-spline

expansions forD andµ, with coefficients(qD)l, l = 1 . . .ND and(qµ)l, l = 1 . . .Nµ, the expansion coefficients

(qu)l, l = 1 . . .Nu for u are obtained as the solution of the linear system of equations which is obtained through

the variational formulation applied to (3.1, 3.2). Solvingsubject to multiple sourcessj , j = 1 . . . ns, yields a set of

observablesfor u on the boundary, denoted by valuesgij , i = 1 . . . nm, wherenm is the number of measurements.

The coefficients ofu, and hence the boundary valuesgij , are explicitly dependent on the parameter vector of

B-spline coefficients forD andµ, qT = (qD
T ,qµ

T ).

In simulating the solution of the inverse problem for optical tomography, with unknownD andµ, we solve

the forward problem (3.1, 3.2) to high accuracy to yield measurement valuesgδ. Then the same forward problem

is solved using an alternative discretization yielding observablesCij which approximategδij
. TheCij depend

(nonlinearly) on the unknown model parametersq ∈ RN , whereN = Nµ + ND. This inverse problem can be

cast as a finite dimensional minimization problem

1

2
arg min

q∈RN
J(q) =

1

2
argmin

q

nm
∑

j=1

ns
∑

i=1

(Cij(u(q)) − gij)
2.

=
1

2
argmin

q
‖R(q)‖2. (3.3)

Here the residual vectorR ∈ Rn, n = ns × nm, comprises all termsCij − gδij
.
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The discrete sensititivity relations presented in [BKS05,KS05] lead to an explicit expression forK(q) which

is the Jacobian matrix forR, yielding∇J = K∗(q)R(q), and Hessian which is approximated by the first order

term only,∇2J(q) ≈ K∗(q)K(q).

3.2 Algorithms

Given the JacobianK, the standard iteratively regularized Gauss Newton method(IRGN) in the presence of noise

in the measured values, [BA93, BKS05, KS05], is given by

q(k+1) = q(k) + α(k)p(k). (3.4)

where search directionp(k) solves

(K∗(q(k))K(q(k)) + τ (k)I)p(k) = −(K∗(q(k))R(q(k)) + τ (k)(q(k) − q̄)), (3.5)

Hereτ (k) is a regularizing sequence satisfying (1.6), andq̄ is a given reference value forq.

In [BKS05] and [KS05] this IRGN was used to obtain estimates for D(x) under the assumption thatµ(x) was

given. In our current experiments, bothµ andD are unknown and are to be reconstructed in the process of solving

the inverse problem. To that end, in the following we illustrate two modifications of the IRGN in the context of

determining the absorption and diffusion distributions in(3.1), both of which are based on physical considerations,

and which are subject to the convergence theory presented inTheorem I.

On the one hand, the regularizing term‖q − q̄‖2
2 regularizes the solution in the B-spline coefficient space,

whereas information on appropriate values for the absorption and diffusion are known directly in physical space.

This suggests that the regularization be imposed directly in physical space and that the regularizing term in (3.5) be

replaced by the more general Tikhonov regularizing term‖L(q− q̄)‖2
2, whereL maps the coefficients to physical

space. On the other hand, typical values ofD andµ for non-cancerous tissue areD = .55 andµ = .006, with

D = .275 andµ = .012 for tumor; D is between one and two orders of magnitude larger thanµ. Moreover,

the analytic solution of the forward problem (3.1) with constant values ofD andµ depends explicitly on the ratio

w = D/µ. Specificially, the variations ofu with respect toD andµ, respectively, are proportional with weight

w, and consequently the sensitivities ofJ with respect to each variable are also on different scales. Therefore, the

penalty term onµ should be appropriately weighted byw in order to have an impact on regularizing the iterations.

In order to clarify these modifications, we rewrite (3.5) so as to emphasize the dependence onqD andqµ indi-

vidually, and to put the IRGN into the format appropriate forthe Tikhonov functional given in (1.10). Specifically,

decomposingK as

K = ∇R = [∇qD
R,∇qµ

R] = [KD, Kµ],

with

∇2J(q) ≈
(

K∗
DKD K∗

DKµ

K∗
µKD K∗

µKµ

)

,
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yields the block system forp(k),

[(

K∗
DKD K∗

DKµ

K∗
µKD K∗

µKµ

)

+ τ (k)W

] (

pD

pµ

)

= −
(

K∗
D(q(k))R(q(k))

K∗
µ(q(k))R(q(k))

)

− τ (k)W

(

(qD − q̄D)
(qµ − q̄µ)

)

, (3.6)

where

W =

[

LT
DLD 0
0 w2LT

µLµ

]

.

We refer to the case in whichLD = I, Lµ = I, regularizing in the B-spline space, as theweighted IRGN,

(WIRGN), and in whichLD = BD, Lµ = Bµ, where in each caseB is the relevant mapping matrix to physical

space from spline coefficient space, asTikhonov weighted IRGN (TWIRGN), both of which are of the form

suggested by (1.10), and assume thatL is block separable.

3.3 Numerical Experiments

A representative selection of experiments, with set up similar to those presented in [BKS05, KS05], which validate

the performance of (1.10) for the optical tomography inverse problem in one dimension are presented. In each case

the forward problem was solved using153 linear basis functions foru, D andµ on the domain[0, 43]. There are a

total of two detectors,nm = 2, at the boundaries and10 sources,ns = 10, 5 of which are equally spaced between

.5 and5.0 and the other5 symmetrically placed at the other boundary.

In solving for the search direction in (3.5) at each step we use the equivalent least squares formulation, [NW99].

The line search parameterα(k) is chosen through a backtracking strategy,1, 1/2, . . . , until the strong Wolfe con-

ditions are satisfied, [NW99], or a maximum number of backtracking steps have been taken. Specifically, for cost

functionalJ , α(k) minimizes the scalar objective function

φ(α) = J(q(k) + αp(k)), (3.7)

under the constraints

J(q(k) + αp(k)) ≤ J(q(k)) + σ1α∇J(q(k))Tp(k) (3.8)

|∇J(q(k) + αp(k))Tp(k)| ≤ −σ2∇J(q(k))Tp(k). (3.9)

Consistent with the experiments presented in [BKS05, KS05]using the IRGN to find solutions for (3.3), we use

typical valuesσ1 = .0001 andσ2 = .9, [K99, BKS05]. Condition (2.2) in Theorem I imposes a necessary

condition,α > (d − 1)/d, on the backtracking strategy relative to the chosen regularizing sequence forτ . If

the regularizing sequence decreases too quickly, no backtracking is possible. In the experiments with the IRGN

we therefore compromise so as to permit at least2 backtracking steps,α(k) = 1, 0.5, 0.25 with τ (k) chosen

appropriately,τ (k) = τ (1)c/(c + k − 1), τ (1) = .025, c = 4, d = 1.25. The initial choiceτ (1) is also effective in

some cases for a Levenberg-Marquardt type implementation in whichL is chosen as for the IRGN methods, but

the regularizing sequence onτ is held constant,τ (k) = τ (1). Because condition (2.2) does not apply in this case,
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the number of backtracking steps is not limited and we therefore limit the total number to6. A further discussion

of the choice of regularizing sequence for IRGN applied to this problem, in the case of knownµ was provided in

[BKS05, KS05].

Simulation with known parameters forD and µ leads to a calculable residual ofδ ≈ 10−3 in (1.4), and

therefore we use a stopping rule (1.11) withρ = 5. Although the number of iterations to reduce the residual

further is recorded, the total number of search direction steps is restricted to9.

Inverse results using101 basis functions foru, and30 for each ofD andµ are given, although the algorithm

also succeeds usingND 6= Nµ. Condition (2.1) imposes a bound on the finite dimensional operatorL in terms

of calculable parameterm = min σ2
i , which in turn enters in (2.2) through its inverse, whereσi are the singular

values ofL ordered from largest to smallest. For the B-spline coefficient matrices1/m decreases with the number

of basis functions forD andµ, from roughly91 for 10 basis functions to near9 for 30 basis functions, and is larger

when using the cubic bases as compared to linear, roughly3343 and319, respectively. It is also constant for weight

parameterw ≥ 1. Therefore the increase of1/m from linear to cubic bases imposes far more severe restrictions

on the other parameters within (2.2, 2.3) which depend not onthe algorithm but on the underlying functionF . For

each inverse problem we thus solve using both linear and cubic spline bases forD andµ, and with regularization

applied both in physical and coefficient space. Each formulation is also solved by the LM type method in order to

show the effect of the regularizing sequence on the solution.

We present results for two different physical conditions for a tumor located between1 and6 on the domain

x ∈ [0, 43], with tumor valuesD = .275, µ = .018 andD = .275, µ = .012, and background valuesD = .55,

µ = .006. Weightw = D/µ for cancer values was chosen, but an arbitrary choice, say,w = 25 yields comparable

results, whilew = 1 yields no converged results in any case tested.

4 Experimental Results

The results are detailed in Table 1 and Figures 1-2.

It is immediate from the results presented in Table 1 that theregularizing matrix used in the physical domain

immediately impacts the convergence rate, and in particular that iteration using regularization in coefficient space

for cubic splines is much less likely to converge, because ofthe lack of direct scaling relationship betweenB andI

in this case. In any case where the Wolfe conditions were not satisfied within the limit of the backtracking steps, a

steepest descent was taken and the line search initiated again. This accounts for the reported cases with more than a

total of the maximum function evaluations expected for the given number of backtracking steps allowed,27 and63

for IRGN and LM, methods resp. It also accounts for case B withIRGN usingL = I in which quick convergence

of the residual to below.005 occurs in two steps, but attempting to reduce the residual below .0001 is unsuccesful

with just 2 backtracking steps and the steepest descent actually increases the residual. On the other hand, in this

case if one permits5 backtracking steps, violating condition (2.2) the residual is reduced to.00093 in 9 steps with
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Problem Method Regularizing Spline Steps FE Residual Steps FE Residual
Matrix 5 × 10−3 ×10−5 10−4 ×10−5

A IR B Linear 3 6 20 9 50 16
A IR B Cubic 3 6 24 9 54 12
A IR I Linear 5 26 490 9 54 352
A IR I Cubic ∗ ∗ ∗ 9 54 2964

A LM B Linear 3 6 41 9 48 37
A LM B Cubic 3 6 40 9 29 34
A LM I Linear ∗ ∗ ∗ 9 90 799
A LM I Cubic ∗ ∗ ∗ 9 102 6396

B IR B Linear 2 4 223 9 54 19
B IR B Cubic 2 4 168 8 16 9
B IR I Linear 2 4 358 9 54 398
B IR I Cubic ∗ ∗ ∗ 9 54 2662

B LM B Linear 2 4 284 9 102 47
B LM B Cubic 2 4 188 9 18 34
B LM I Linear 2 4 474 9 102 914
B LM I Cubic ∗ ∗ ∗ 9 102 4888

Table 1: Here problem A hasD = .275, µ = .018 and problem B hasD = .275, µ = .012. The number of steps
to converge to5 × 10−3 is given and∗ indicates not converged to this tolerance in9 steps. The total number of
function evaluations (FE) is given in each case and also given are the equivalent results for convergence to10−4 or
the total number of function evaluations when convergence has not occured.

a total of48 function evaluations. This suggests that condition (2.2) is indeed more severe than necessary, and in

particular all the IRGN results are improved by allowing5 backtracking steps. By considering only the tabulated

results, one might conclude that there is no advantage to theuse of IRGN methods as compared to LM, when

regularization is applied in physical space, but it is clearfrom both Figures 1 and 2, thatD can be severely damped

in the case with cubic splines, even ifµ reaches an appropriate peak value. Moreover, in considering the number of

steps to achieve a smaller residual, IRGN methods yield a smaller residual in fewer steps than with LM. In general

the linear splines yield smoother results than cubic splines.

5 Conclusions

In this paper, we have established theoretical convergenceresults for an IRGN method in which stabilization is

provided by a modified Tikhonov regularization term. Our theoretical results have been validated using simulations

for a one dimensional version of the optical tomography inverse problem. We conclude from our simulations that

the modified algorithm permits greater flexibility in regularizing GN iterations for solutions of ill-posed problems

which naturally exhibit properties with different spatialscales, or for which known reference values are available in

physical space. Moreover, mapping to physical space offersthe advantage of determining a relevant constraining

range for the B-spline coefficients.
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Figure 1: Problem A solved in (a,b,e,f) with linear splines and (c,d,g,h) with cubic splines. Results are shown
at convergence to.5 × 10−4 on the left and10−4 on the right, or at the9th iteration where convergence has not
converged.
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Figure 2: Problem B solved in (a,b,e,f) with linear splines and (c,d,g,h) with cubicsplines. Results are shown at
convergence to.5 × 10−4 on the left and10−4 below on the right, or at the9th iteration where convergence has
not converged.
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