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Abstract

We establish theoretical convergence results for an itefgtRegularized Gauss Newton (IRGN) algorithm with
a specific Tikhonov regularization. This Tikhnov regulation, which uses a seminorm generated by a linear
operator, is motivated by mapping of the minimization Vialés to physical space which exposes the different
scales of the parameters and therefore also suggests appeepeighting of the regularization terms with respect
to the parameter spaces. The basic convergence resultrugesasterioristopping rule and a modified source
condition, without any restriction on the nonlinearity betoperator. We illustrate our theoretical results using
simulations for a one dimensional version of the exponéyti&posed optical tomography inverse problem for
which the parameter space depends on diffusion coeffidieand absorption coefficient which are on very
different scales. We conclude that the new method contrthgteater flexibility for implementations of IRGN

solutions of ill-posed inverse problems in which differsaales in physical space hinder standard IRGN inversions.

Keywords: Gauss-Newton method, discrepancy principle, ill-posedblem, regularization, optical tomography.
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1 Introduction

The iteratively Gauss-Newton method (IRGN) for the solutid exponentially ill-posed inverse problems, which
was introduced by Bakushinsky in 1993 [BA93], has been itigated and extended in a number of formulations,
[BKO1, BKO4, BS05, BKA06, KOO]. Here, our goal is to extendttRGN algorithm to nonlinear problems in

which physical considerations suggest replacement otéidlizing term of the IRGN by a more general Tikhonov
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penalty stabilizing term. The particular study was motihby solution of the optical tomography problem in
one dimension, previously investigated in [KS05, BKS0%); Which the mapping of the coefficient space to
physical space highlights the different scales of the difin and absorption coefficients which had prevented their

simultaneous recovery, but for which the new formulatiosuscessful.

1.1 Formulation

Assume that a nonlinear operat®racts on a pair of Hilbert spacéH, H, ), thatisF' : H — H,, and that,F' is
Fréchet differentiable il without such structural assumptions as monotonicity, eeiitibility of F’*(-)F’(-),

etc. Let the following conditions hold:
|F'(q1)|| < M, forany qi €H, (1.1)

[[F'(q1) — F'(qz)|| < M2 |lg1 — qz|| forany qi,q2 € H, (1.2)

andF (M., M>) be the class of operatofssatisfying (1.1) and (1.2).

We consider the general problem of minimizing the functlona

J(a) = [|F(a) — gslffs, (1.3)
wheregs approximates the exact dagavith the accuracy, i.e.,

llg — gsl| <. (1.4)

Of primary interest is the case in which there exists exatza tta which functional (1.3) is identically zero, i.e.,

there is some elemefite H (maybe nonunique) such that

1F (@) = glla, = inf |[F(q) - gllu, = 0. (1.5)
qeH
Supposd (%)} is some sequence of regularization parameters satisfgangdnditions

(k)
7B > 741 5, kS}\lpr # =d < o0, klim k) =0, (1.6)
eNu —00

q'® is the current point of the iterative process we are tryingdastruct and Tikhonov’s functional is of the

following form
1 5 (k) e
Jr (@) = Sl1F (@) = gsll, + —-[1L(a — D)l 1.7

Here L is a linear operator from a Hilbert spakEto a Hilbert spacdl., g € H, which is chosen appropriate
to the underlying physical values ferandq is in general a vector of constraining values &r Replacing the

discrepancy term (1.3) with its approximation

1
Ja®:a) = SIF@") — g5 + F'(@")(a— a")lli,
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provides, instead of .+, a strongly convex quadratic functional

1 7(kK) _
Jow(@®;q) = §|IF(q('“)) — g5+ F' (@) (a—a")|f, + =L@ —d)f,, a€H (1.8)

2
Its unique global minimum, denoted B~ , assuming necessary invertibility conditions is givenligigty by
a" =q® - [F"(@*)F'(a™) + 7" L L] {F" (a™)(F(@®) - g5)
+7M L L™ - q)}.

This usage of an arbitrary linear operafom the penalty term can be very beneficial for some inversblpros.
As is standard in the optimization literature, [NW99], wengealize the algorithm one step further by use of a line

search procedure, through the introduction of a varialele sizen*) such that
0<a<a® < 1, (2.9)
yielding our following modification of the IRGN algorithm:
a0 =g = aB[F(q) P () + 7L L] @)(F () - g5)

+r® L L(q™ - q)}. (1.10)

Due to the inexact nature gf the iterations are terminated early usingaaposterioristopping rule. Here we
adopt the stopping rule presented in [BS05] and terminaé&ehations at the first indeg = 1C(d), for which the
residual||F(q™*)) — g5 is less than or equal t¢/pd, p > 1:

IF(@™) — gs||> < pd < ||F(q®) —gs|>, 0<k<K, p>1 (1.11)

Regardingg™ in (1.10) as the next element of the iterative process aniddak = I yields the original
stabilizing IRGN method, see [BA93, BK04]. The convergeanalysis of IRGN in [BA93] was done under the

source type condition:
q-—qe eI (a)F(q)s, S:={veH, || <const. (1.12)
In [BA97] and [BKO1] forp(t) = tP, p > 1, itis shown that
g™ — 4| :0(5%), (1.13)
if IC = K(9) is chosen by tha priori stopping rule:
§ ~ (rE)yPts (1.14)
In [BNS97], on the other hand, the following rather restietconditions were imposed drf

F'(q1) = R(q1,92) F'(q2) + Q(qi1,qz)
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[[I — R(ai,q2)|| < Cr (1.15)

1Q(ar, a2)l] < CollF (@) (a1 — 2)ll, a1,z € Bo(d)

whereo, Cgr, Cq are assumed to be sufficiently small. Then the following epgence rates were obtained for
p(t)=t", 0<p< 3,

2p
. o2+ ), if 0<p<i,
la™) — 4| := ( ) P (1.16)
0 (\/S)a pP=3;
provided thatC is chosen by the more generauposterioristopping rule

17(@™)) = gsll < po < [|[F(a™) —gsll, 0<k<K, p>1. (1.17)

Under the same stringent conditions Bf but with the following source function

t NP
p(t) = (-me) W 0<is<n, (1.18)
0 if t=0

in (1.12), wherety > ||[F'(-)||?, p > 0, ande is Euler's constant, logarithmic convergence rates werivetd
under assumption (1.15) in [H97].

An attractive feature of our convergence theorem for atgori(1.10)-(1.11) is that it does not require non-
linearity condition (1.15), which is not satisfied for mansagtically important inverse problems, including the
Diffusion Optical Tomography (DOT) inverse problem [A9€]scussed in Section 3. In particular we impose the

source condition used in [KW93]:
L*L(g—q) € F'*(q)S, S:={veH, || e} (1.19)

which is equivalent to (1.12) fgy = % with ¢(t) = t» whenL = I. Additionally, the use of an arbitrary linear
operatorL in place of the identity operator in the IRGN method makesoggible for the regularization to be
imposed in an alternative space. This proves to be extrelbagficial for the DOT inverse problem in which
regularization is applied directly in physical space ratinan in the B-spline coefficient space, (see Section 4),
and for which the mapping exposes the impact of the diffesensitivities with respect to each parameter.

The remainder of the paper is as follows. In Section 2 we ptemed prove our main theorem for the con-
vergence of (1.10). In Section 3 we briefly present the nurakexperiments designed to evaluate the theory of
Section 2, greater detail already having been providedhieraeferences, [KS05, BKS05]. Numerical results are

presented in Section 4 and final conclusions given in Seétion

2 Convergence Theorem

We now formulate our basic convergence result for itergtikegularized algorithm (1.10) combined with stopping
rule (1.11).
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Theorem |

Assume that

1. Fisin the classF (M, Ms); conditions (1.4) and (1.5) hold.

2. The regularization sequen¢e(® } and the step size sequenge(®)} are chosen according to (1.6) and
(1.9) respectively.

3. The source condition (1.19) is satisfied.

4. The linear operatol.* L is surjective and there is a constamt> 0 such that
(L*Lh,h) > m||h|?. (2.1)

5. Constants defining’ and the iteration are constrained by

MQE d—1 £ M2 M12
ML i I B e R 22
m T da +\/m{2 +(\/ﬁ—1)2 - (2.2)

la® —al] _ e
Vo S V(- oL

= 1. (2.3)

Then
1. For iterations (1.10)

llg® —

q|
(k)
where/C = K(9) is calculated by posteriorirule (1.11).

<l, k=0,1,..,K(), (2.4)

2. The sequencflC(d)} is admissible, i.e.
lim ||q**) — g]| = 0, (2.5)
6—0
zis arginf, || F(q) — g[m, -
Proof of Theorem | Since L*L is surjective and
(IF*(@F(a) + 7L L]b,h) = 7 m]h]
for arbitraryr > 0, q,h € H, the operatolF"*(q)F'(q) + 7L*L]~! exists,
[1F" (@ (@) + 7L < =
— Tm’

and iterations (1.10) are well-defined.

Suppose forany, 0 < j < k < K(§), the induction assumption is fulfilled:

() — g
oj = M <l. (2.6)
’ 7‘(.7)
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Then by (1.5)
F(@®) - g5 = F'(@®)(@" - &) - B(a™,a)(@” - a)(@" - &) + g — g,
EECREE 2.7)

Inequality (2.7) and condition (1.19) imply
Q" —q=q" —g— aW[F*(@")F' (") + P L L) [F* (@) F(q®) + 7P L7 L)(aW - )

—a®F (@) F (@®) + 7@ L LT E (@) {-B(a™, @)@V — @) @® —a) + g - g5 + 7" v}
—a®r W™ (M) F' (™) + 7P L7 L]7HF (™) - F'(@)} v (2.8)

To estimate||[F"*(q*))F'(q®)) + 7® L*L] - F"*(q®)]||, we note that for any bounded linear operator in a

Hilbert space a polar decomposition holds. Hence
F'(@™) = U[F' (@),
where|F' (q"))| := (F"*(q®)F'(q'®))*/? andU is a partial isometry:
Uail| =llal| Yai e N(U), N(U):={aqi: Uaq =0}
Now, denoting
AR = (") F' (q®), B=L*L. and C® .= (A®)1/2p=1/2
condition (2.1) yields

H[F/*(q(k))F/(q(k)) + T(k)L*L]le/*(q(k))H _ H[A(k) + T(k)B]fl(A(k))l/QU*

< |14 470 B a0y

_ H [31/2(3—1/2A(k)B—1/2 4 T(k)I)B1/2}_1 (A(k))l/Q

= HB_l/Q((C(’f))*O(k) + T(k)I)—l (O(k))*

< —1/2H H (k) \* (k) (k) 7\ —1 (¢ (k) \* (k) 1/2H<_ _
< B2 o®ye® w2 On(e®y e < omax iy < o 29)
Combining (2.8) and (2.9) one derives
(k) M.
a4~ < (= a®)lia® - al + e {220~ a4 54 Vv
2vrm | 2
a®) M )
+———{la™ —a||Iv]- (2.10)

Also, fork < K(0), according to (1.11)
pd < |[F(a™) — gs|[*.
Thus, by (1.1)
Voo < IF(@™) = gl + [lg = g5l < Milla™® — @l +36, (2.11)
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and
Vpd =8 < Millq® - g]]. (2.12)
Without loss of generality one can assuine 1, yielding

Mz[|q™ — g

5 < (2.13)
(V512
Hence
(®) M.
o+ all < (1-a® 4 2B ) g - g
m
(k) M. M2 (k) /7 (F)
+0‘7{_2+712}||q(k)_q||2+u_ (2.14)
2Wrm | 2 (/- 1) 2v/m
Conditions (1.6) and (1.19) together with induction asstiomy(2.6) yield
(F) pr. *)2d ( M- M? k) q
opr < (1—a® £ 228 gy & 2 1 a @ (2.15)
m 2vm L 2 (Vp—1)2 2y/m

From (1.9), (2.15), (2.2) and (2.3) it follows that 1 < I.
The sequenck = K(§) is nondecreasing as— 0. Two cases are possible:
1. K(8) = Ko for any§ < 6. Then by (1.4) and (1.11ms_o q*0) (g5) is arginf,c || F(q) — gll3y, -
2.K(0) — oo asdé — 0. Then

||q('C(6)) 4§ <IVrKO) -0 as §—0.

In either casey*(%)) converges in the norm dfl to arginf,cy|[F(a) — gllm, asé — 0, hence completing the

proof.O

3 Numerical Application

Optical tomography is a way to probe highly scattering mediag low-energy visible or near infra-red light so as
to reconstructimages of these media. Light in the neagigfi range (wavelength from 700 to 1200 nm) penetrates
and interacts with tissue, with predominant effects beingpaption and scattering [DC97, HAD97, CA93]. The
widely accepted photon transport model is the radiativesfier equation (RTE), which is an integro-differential
equation for the radiance and has spatially dependentsibfitand absorption parameters as coefficients which
area priori unknown. Hence the inverse problem is to infer from the mesamants of the photon density on the
boundary, the coefficients of absorption and diffusion imitthe tissue. A low order Diffusion Approximation
(DA) to the RTE, which yields a parabolic differential egoatin the time dependent case and an elliptic equation
for steady state, has been derived and studied in the lastaderears, [A99]. This DA has been widely used to
calculate photon migration in biological tissues [HAB98hd the existing computational methods for the inverse

problem of photon migration in biological tissues are alto&lusively based on the DA [CA95].
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It is well known that the DOT inverse problem is exponenyidliposed or unstable [NWO01, A99]. In fact,
the one dimensional version of the DOT ill-posed inversébfam was studied recently using the IRGN method
[KS05, BKS05], and it was limitations in these studies whigbtivated our presented modification of the IRGN
(1.10). We therefore illustrate the performance of (1.1d)yfielding improved solutions of the DOT inverse

problem.

3.1 Problem Formulation

The inverse problem of optical tomography, using the diffasapproximation to the radiative transfer model,
requires the estimation of the underlying model paramejgtise coefficient of diffusiorD and the coefficient of
absorptionu i.e. q = (D, )T, given measured values of the densitgn the boundary.

The photon density solves the steady state parameter dependent equation

-V - D(x)Vu(x) + p(x)u(x) = s(x), (3.1)
with boundary conditions
u(x;q) + 2D(x) 5)1(;(;) =0, xe€oN. (3.2)

Herex is the spatial variable on the domd v is the normal direction from the boundary andepresents the
forcing function, or source. A finite element Galerkin methesing B-spline expansions for eachudf), D(x)
and u(x) for the solution of the forward problem is described in deta[BKS05, KS05]. Given the B-spline
expansions foD andyu, with coefficients(¢p);, [ = 1... Np and(g,):;, I = 1...N,, the expansion coefficients
(gu)1, 1 =1...N, for u are obtained as the solution of the linear system of equatidrich is obtained through
the variational formulation applied to (3.1, 3.2). Solvsupject to multiple sources, j = 1...n,, yields a set of
observablesor « on the boundary, denoted by valugs,i = 1...n,,, wheren,, is the number of measurements.
The coefficients oz, and hence the boundary valugs, are explicitly dependent on the parameter vector of
B-spline coefficients foD andu, q* = (ap”, q,T).

In simulating the solution of the inverse problem for opttimanography, with unknowrD and ., we solve
the forward problem (3.1, 3.2) to high accuracy to yield nuieasient valuegs. Then the same forward problem
is solved using an alternative discretization yieldingesiablesC;; which approximateys,,. The C;; depend
(nonlinearly) on the unknown model parameteyss R, whereN = N, + Np. This inverse problem can be

cast as a finite dimensional minimization problem

1 . 1 . Ny Mg
a0 min J(@) = argmin ; ;(Cij (u(@)) — gi)*.
1 .
= argmin | R(q)|. (3.3)
q

Here the residual vectdt € R™, n = ny x n,,, comprises all termé€;; — g5

ij "
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The discrete sensititivity relations presented in [BKSRS05] lead to an explicit expression féf(q) which
is the Jacobian matrix foR, yieldingVJ = K*(q)R(q), and Hessian which is approximated by the first order
term only,V2J(q) ~ K*(q)K(q).

3.2 Algorithms

Given the Jacobiaf’, the standard iteratively regularized Gauss Newton meftiR@N) in the presence of noise
in the measured values, [BA93, BKS05, KS05], is given by

QD = g 4 B ), (3.4)
where search directiop(*) solves
(K* (@)K (q®) + 7™ 1np® = —(K*(a*)R(@™) + 7" (a™ - a)), (3.5)

Herer(®) is a regularizing sequence satisfying (1.6), arid a given reference value fof.

In [BKS05] and [KS05] this IRGN was used to obtain estimatesd¥(x) under the assumption thafx) was
given. In our current experiments, bgtland D are unknown and are to be reconstructed in the process ahgolv
the inverse problem. To that end, in the following we illastr two modifications of the IRGN in the context of
determining the absorption and diffusion distribution§3ri), both of which are based on physical considerations,
and which are subject to the convergence theory presentueiorem I.

On the one hand, the regularizing teffg — q||3 regularizes the solution in the B-spline coefficient space,
whereas information on appropriate values for the absmm@nd diffusion are known directly in physical space.
This suggests that the regularization be imposed diretiyisical space and that the regularizing term in (3.5) be
replaced by the more general Tikhonov regularizing téiniq — q)||3, whereL maps the coefficients to physical
space. On the other hand, typical valuegbfndu for non-cancerous tissue afe = .55 andu = .006, with
D = 275 andp = .012 for tumor; D is between one and two orders of magnitude larger flhaiMoreover,
the analytic solution of the forward problem (3.1) with ctamg values ofD andy. depends explicitly on the ratio
w = D/u. Specificially, the variations of with respect toD and ., respectively, are proportional with weight
w, and consequently the sensitivities.bivith respect to each variable are also on different scalkeréffore, the
penalty term on: should be appropriately weighted hyin order to have an impact on regularizing the iterations.

In order to clarify these modifications, we rewrite (3.5) sa@emphasize the dependencegnandq,, indi-
vidually, and to put the IRGN into the format appropriatetfog Tikhonov functional given in (1.10). Specifically,
decomposing< as

K =VR=[Vq,R,Vq,R] =[Kp, K,
with

) _( KpKp KpK,
Vj(q)”( K/Kp KK, )
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yields the block system fqs(*),

KpKp KpK, ) (k) ] ( PD ) ( Kp(a®)R(q™®) ) (k) ( (ap —ap) >
. - + W = — s —T\W s , (3.6
{< KMKD K;LK# Pu Kp,(q(k))R(q(k)) (Au — au) (3.6)

where

W_[LigLD 0 ]

0 w L] L,

We refer to the case in whichp, = I, L, = I, regularizing in the B-spline space, as theighted IRGN,
(WIRGN), and in whichLp = Bp, L, = B,,, where in each casB is the relevant mapping matrix to physical
space from spline coefficient space, Ekhonov weighted IRGN (TWIRGN), both of which are of the form
suggested by (1.10), and assume tha block separable.

3.3 Numerical Experiments

A representative selection of experiments, with set uplaind those presented in [BKS05, KS05], which validate
the performance of (1.10) for the optical tomography inggnoblem in one dimension are presented. In each case
the forward problem was solved usitg3 linear basis functions fat, D andy on the domaino, 43]. There are a
total of two detectorsy,,, = 2, at the boundaries ard) sourcesp, = 10, 5 of which are equally spaced between
.5 and5.0 and the otheb symmetrically placed at the other boundary.

In solving for the search direction in (3.5) at each step veeths equivalent least squares formulation, [NW99].
The line search parametef”*) is chosen through a backtracking strategy,/2, . . ., until the strong Wolfe con-
ditions are satisfied, [NW99], or a maximum number of baakirag steps have been taken. Specifically, for cost

functional.J, o(*) minimizes the scalar objective function

d(a) = J(q® + ap™), (3.7)

under the constraints
J(@® +ap®) < J(@®)+01aVI(q*) p* (3.8)
IVJ(@® +ap®™)Tp®| < —5,VJ(q®)Tp*). (3.9

Consistent with the experiments presented in [BKS05, K$@%jg the IRGN to find solutions for (3.3), we use
typical valuess; = .0001 andos = .9, [K99, BKSO05]. Condition (2.2) in Theorem | imposes a neeegs
condition,a > (d — 1)/d, on the backtracking strategy relative to the chosen regiig sequence for. If
the regularizing sequence decreases too quickly, no ey is possible. In the experiments with the IRGN
we therefore compromise so as to permit at leasacktracking stepse®) = 1,0.5,0.25 with 7(*) chosen
appropriatelys®) = 7(M¢/(c + k — 1), 70V = .025, ¢ = 4, d = 1.25. The initial choicer(") is also effective in
some cases for a Levenberg-Marquardt type implementatiavhich L is chosen as for the IRGN methods, but

the regularizing sequence eris held constant;(*) = +(1), Because condition (2.2) does not apply in this case,
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the number of backtracking steps is not limited and we tloeedimit the total number t6. A further discussion
of the choice of regularizing sequence for IRGN applied te ginoblem, in the case of knownwas provided in
[BKSO05, KS05].

Simulation with known parameters fd» and i leads to a calculable residual 6f~ 10=3 in (1.4), and
therefore we use a stopping rule (1.11) with= 5. Although the number of iterations to reduce the residual
further is recorded, the total number of search directiepsts restricted t6.

Inverse results using01 basis functions fot,, and30 for each ofD andy are given, although the algorithm
also succeeds usilyp # N,. Condition (2.1) imposes a bound on the finite dimensionakajorL in terms
of calculable parameten = min o2, which in turn enters in (2.2) through its inverse, whereare the singular
values ofL ordered from largest to smallest. For the B-spline coefiiieatricesl /m decreases with the number
of basis functions foD andy, from roughly91 for 10 basis functions to ned@rfor 30 basis functions, and is larger
when using the cubic bases as compared to linear, rodgHB/and319, respectively. Itis also constant for weight
parametew > 1. Therefore the increase ofm from linear to cubic bases imposes far more severe resimigti
on the other parameters within (2.2, 2.3) which depend ndhemlgorithm but on the underlying functién For
each inverse problem we thus solve using both linear ana gine bases fob andy:, and with regularization
applied both in physical and coefficient space. Each fortiurlas also solved by the LM type method in order to
show the effect of the regularizing sequence on the solution

We present results for two different physical conditionsdaumor located betweenhand6 on the domain
x € [0,43], with tumor valuesD = .275, u = .018 andD = .275, u = .012, and background valug® = .55,
= .006. Weightw = D/ for cancer values was chosen, but an arbitrary choiceusay?25 yields comparable

results, whilew = 1 yields no converged results in any case tested.

4 Experimental Results

The results are detailed in Table 1 and Figures 1-2.

It is immediate from the results presented in Table 1 thatéelarizing matrix used in the physical domain
immediately impacts the convergence rate, and in partithéd iteration using regularization in coefficient space
for cubic splines is much less likely to converge, becauskefack of direct scaling relationship betweBrand
in this case. In any case where the Wolfe conditions wereatwfed within the limit of the backtracking steps, a
steepest descent was taken and the line search initiated aéés accounts for the reported cases with more than a
total of the maximum function evaluations expected for tiveignumber of backtracking steps allowed,and63
for IRGN and LM, methods resp. It also accounts for case B VRBN using = I in which quick convergence
of the residual to below)05 occurs in two steps, but attempting to reduce the residuahb@®001 is unsuccesful
with just 2 backtracking steps and the steepest descent actuallyasesé¢he residual. On the other hand, in this

case if one permits backtracking steps, violating condition (2.2) the resldsiseduced ta00093 in 9 steps with
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Problem| Method | Regularizing| Spline Steps | FE | Residual|| Steps| FE | Residual
Matrix 5x 1073 x107° || 10~* x107?
A IR B Linear 3 6 20 9 50 16
A IR B Cubic 3 6 24 9 54 12
A IR I Linear 5 26 490 9 54 352
A IR I Cubic * * * 9 54 2964
A LM B Linear 3 6 41 9 48 37
A LM B Cubic 3 6 40 9 29 34
A LM I Linear * * * 9 90 799
A LM I Cubic * * * 9 102 6396
B IR B Linear 2 4 223 9 54 19
B IR B Cubic 2 4 168 8 16 9
B IR I Linear 2 4 358 9 54 398
B IR I Cubic * * * 9 54 2662
B LM B Linear 2 4 284 9 102 47
B LM B Cubic 2 4 188 9 18 34
B LM I Linear 2 4 474 9 102 914
B LM I Cubic * * * 9 102 4888

Table 1: Here problem A haB = .275, ;1 = .018 and problem B ha® = .275, ;, = .012. The number of steps
to converge t x 1072 is given and« indicates not converged to this tolerancedisteps. The total number of
function evaluations (FE) is given in each case and alsangive the equivalent results for convergenceito®* or
the total number of function evaluations when convergeasatot occured.

a total of48 function evaluations. This suggests that condition (Z2)deed more severe than necessary, and in
particular all the IRGN results are improved by allowimgacktracking steps. By considering only the tabulated
results, one might conclude that there is no advantage tagbeof IRGN methods as compared to LM, when
regularization is applied in physical space, but it is cfeam both Figures 1 and 2, that can be severely damped
in the case with cubic splines, eveniifeaches an appropriate peak value. Moreover, in consgligrégnumber of
steps to achieve a smaller residual, IRGN methods yield desmnasidual in fewer steps than with LM. In general

the linear splines yield smoother results than cubic spline

5 Conclusions

In this paper, we have established theoretical convergessedts for an IRGN method in which stabilization is
provided by a modified Tikhonov regularization term. Ourmttetical results have been validated using simulations
for a one dimensional version of the optical tomographyiiseg@roblem. We conclude from our simulations that
the modified algorithm permits greater flexibility in regui#dng GN iterations for solutions of ill-posed problems
which naturally exhibit properties with different spatsalles, or for which known reference values are available in
physical space. Moreover, mapping to physical space dffieradvantage of determining a relevant constraining

range for the B-spline coefficients.
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1 values Linear Spline.

W values Linear Spline

0.02 0.02
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@ (b)
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Figure 1: Problem A solved in (a,b,e,f) with linear spline&lgc,d,g,h) with cubic splines. Results are shown
at convergence td x 10~* on the left andl0~* on the right, or at th@*" iteration where convergence has not
converged.
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15 20 25 30 35 40 45

Figure 2: Problem B solved in (a,b,e,f) with linear splines &c,d,g,h) with cubicsplines. Results are shown at
convergence tad5 x 10~* on the left andl0—* below on the right, or at the*" iteration where convergence has

not converged.
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