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Abstract

This paper considers the issue of parameter estimation for biomedical
applications using nonuniformly sampled data. The generalized linear least
squares (GLLS) algorithm, first introduced by Feng and Ho (1993), is used
in the medical imaging community for removal of bias when the data defin-
ing the model are correlated. GLLS provides an efficient iterative linear
algorithm for the solution of the non linear parameter estimation problem.
This paper presents a theoretical discussion of GLLS and introduces use
of both Gauss Newton and an alternating Gauss Newton for solution of
the parameter estimation problem in nonlinear form. Numerical exam-
ples are presented to contrast the algorithms and emphasize aspects of the
theoretical discussion.
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1 Introduction.

The generalized linear least squares (GLLS) algorithm was briefly introduced
in [5] for the solution of a biomedical inverse problem. A more–detailed presen-
tation of the algorithm followed in [8]. GLLS is an extension of the generalized
least squares (GLS) algorithm to non–uniformly sampled data [8]. A careful
discussion of the motivation for the introduction of GLLS is also provided in [8].

Although GLLS has been successfully applied and adopted in biomedical stud-
ies [5, 8, 3] there is no analytic proof nor theoretical discussion of its convergence.
The algorithm is not well known in the numerical analysis literature, and it
should not be confused with generalized linear least squares problems [1, 11].
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Despite its derivation as an iterative algorithm, GLLS has mostly been used as
a one step iteration [8, 5, 6, 9].

1.1 The forward problem

Consider the general system input/system output (SISO) linear continuous
dynamic system which is described by the nth order differential equation

dny

dtn
−

n∑

j=1

αj
dn−jy

dtn−j
=

n∑

j=1

βj
dn−ju

dtn−j
.(1)

Here y = y(t) is the system output, u = u(t) is the system input, coefficients
α1, . . . , αn, β1, . . . , βn are the system transfer parameters, and dj

dtj indicates the
jth order time derivative operator. In the context of the derivation of the GLLS,
it is convenient to derive y(t) as a function of u(t) using the Laplace transform
approach. Denote the Laplace transform of a function f(t) by

(Lf)(s) = F (s) =
∫ ∞

0

f(t)e−stdt.

Then the inverse Laplace transform is L−1(F (s))(t) = f(t), [16].
Let Y (s) and U(s) be Laplace transforms of y(t) and u(t), respectively, and

introduce the polynomials

A(s) = sn −
n∑

j=1

αjs
n−j ,(2)

B(s) =
n∑

j=1

βjs
n−j and V (s) =

n∑

j=1

vjs
n−j .

Then, taking the Laplace transform of (1) yields in the Laplace domain

A(s)Y (s) = B(s)U(s) + V (s),(3)

where vj , j = 1 . . . n are linear combinations of the initial conditions on the input
and output and their higher order derivatives. Here, without loss of generality,
these conditions are all assumed identically zero so that V (s) = 0 and

A(s)Y (s) = B(s)U(s) implies(4)

Y (s) =
B(s)
A(s)

U(s).(5)

Consider the case in which λj , j = 1 . . . n are distinct, real, nonzero roots of
A(s), and use the notation A′(s) to denote the derivative of A with respect to
s. Then,

L−1

[
sq

A(s)

]
(t) =

n∑

j=1

λq
j

A′(λj)
eλjt,(6)
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and, with the additional notation

hj(t) = eλjt, φj(t) =
(hj ∗ u)(t)

A′(λj)
,(7)

where here ∗ denotes the convolution,

(f ∗ g)(t) =
∫ t

0

f(w)g(t− w)dw,

one also has

L−1

[
sq

A(s)
U(s)

]
(t) = L−1

[
sq

A(s)

]
(t) ∗ u(t)

=
n∑

j=1

λq
j

A′(λj)
(
eλjt ∗ u(t)

)
.

Hence, applying the inverse Laplace transform to (5) yields y(t) analytically as
a nonlinear function of u(t)

y(t) =
n∑

l=1

βl

n∑

j=1

λn−l
j φj(t),(8)

dependent on the system transfer parameters.

1.2 Nonlinear inverse problem

The problem of interest in this paper is the inverse problem in which both
u(t) and y(t) are sampled at some time points ti, i = 1 . . . m, and from which
estimates of the system parameters should be obtained. As given in (8) this
defines the system parameters as the solution of the nonlinear minimization

θnls = argminθ∈R2n‖snls‖2,(9)

where snls is the vector with entries

snls(ti) = y(ti)−
n∑

l=1

βl

n∑

j=1

λn−l
j φj(ti), i = 1 . . .m,(10)

and
θ = [α1, . . . , αn, β1, . . . , βn]T ∈ R2n.(11)

Notice that while the dependency on βl is linear, the dependency on αl is nonlin-
ear through λj and φj(t), and thus repeated solution of this nonlinear minimiza-
tion, as required in certain biomedical applications [13], may be computationally
prohibitive.
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1.3 A linear inverse problem

Dividing (4) through by sn and rearranging yields

Y (s) =




n∑

j=1

αjs
−j


 Y (s) +




n∑

j=1

βjs
−j


 U(s).(12)

Now, again assuming that all initial conditions are zero, inverse Laplace trans-
form gives

y(t) =
n∑

j=1

αjIj(y) + βjIj(u),(13)

where for any integrable function g(t) the notation used is

I1(g) =
∫ t

0

g(τ)dτ, Ij(g) =
∫ t

0

∫ τ1

0

. . .

∫ τj−1

0

g(τ)dτdτj−1 . . . dτ1, j ≥ 2.

Sampling (13) in time at m points, m > 2n, provides the overdetermined linear
system

Xθ = y(14)

where y = [y1, y2, . . . , ym]T ∈ Rm, with yi = y(ti), and coefficient matrix X ∈
Rm×2n has entries which are integrals of the input and output functions

Xij =
{

Ij(y(ti)), 1 ≤ j ≤ n,
Ij−n(u(ti)), n + 1 ≤ j ≤ 2n.

(15)

Assuming that X is of full column rank,

θls = (XT X)−1XT y(16)

is the unique least squares (LS) solution for

minθ∈R2n‖Xθ − y‖22 = minθ∈R2n

m∑

i=1

(Xθ − y)2i .(17)

Consider the general system (14) in which y is contaminated by white noise ε

y = Xθ + ε.(18)

Then, by the Gauss–Markoff theorem [1], θls is the best unbiased estimator. In
the specific form for (14) considered here, however, assuming that u(t) is known
exactly but accounting for measurement noise in y, the first n columns of X
which are integrals of y(t) are also contaminated by noise. The vector ε contains
contributions from both sources of error

ε = εy + εX(19)
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where εy is white noise in y and εX = εXα is a vector of correlated noise. Here
matrix εX ∈ Rm×n has entries (εX)ij = Ij(εy(ti)), 1 ≤ j ≤ n, 1 ≤ i ≤ m.
Thus, for this application, the correlation matrix is not the identity and θls is
not unbiased. The GLLS algorithm is designed to remove the bias for systems
of this form derived from (1).

Remark 1.1. Another approach that can be used when matrix X is in error is
the total least squares (TLS) solution [1, 11]. For TLS, however, it is assumed
that all rows of the error in X are independently and identically distributed with
zero mean and equal variance, which does not apply for this application.

1.4 Derivation of GLLS

Including the measurement noise in y(t), as in (18), yields the equation in the
Laplace domain

A(s)Y (s) = B(s)U(s) + A(s)Υ(s),(20)

where Υ(s) is the Laplace transform of the white noise. The fundamental idea
of the GLLS is to suppose that A(s) can be improved iteratively such that in
the limit the ratio A(k) to A(k−1) tends to the identity, where use of superscript
k for any variable indicates the estimate of that variable at the kth iteration.
Then, (20) becomes

A(k)(s)
A(k−1)(s)

Y (s) ≈ B(k)(s)
A(k−1)(s)

U(s) + Υ(s)(21)

and the noise is whitened. Specifically, GLLS is an iterative approach to update
A(s) using (21) to define the update equation given the initial estimate of A(0)(s)
from θls.

The ratio A(k)(s)Y (s)/A(k−1)(s) may be rewritten as

A(k)(s)
A(k−1)(s)

Y (s) =
A(k−1)(s)− [

A(k−1)(s)−A(k)(s)
]

A(k−1)(s)
Y (s)

= Y (s)− sn −∑n
j=1 α

(k−1)
j sn−j − sn +

∑n
j=1 α

(k)
j sn−j

A(k−1)(s)
Y (s)

= Y (s) +
n∑

j=1

α
(k−1)
j

sn−j

A(k−1)(s)
Y (s)−

n∑

j=1

α
(k)
j

sn−j

A(k−1)(s)
Y (s).(22)

Hence, substituting in (21) and ignoring the noise term, yields

Y (s) +
n∑

j=1

α
(k−1)
j

sn−j

A(k−1)(s)
Y (s)

=
n∑

j=1

α
(k)
j

sn−j

A(k−1)(s)
Y (s) +

n∑

j=1

β
(k)
j

sn−j

A(k−1)(s)
U(s).(23)
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Then, using the same notation as for derivation of (8), with the λj the roots of
A(k−1), and introducing additionally

ψj(t) =
(hj ∗ y)(t)

(A(k−1))′(λj)
,(24)

inverse Laplace transform of (23) yields

y(t) +
n∑

l=1

α
(k−1)
l

n∑

j=1

λn−l
j ψj(t)

=
n∑

l=1


α

(k)
l

n∑

j=1

λn−l
j ψj(t) + β

(k)
l

n∑

j=1

λn−l
j φj(t)


 .(25)

Sampling in time provides the update equation

Z(k−1)θ(k) = r(k−1),(26)

for θ where Z(k−1) and r(k−1) have row components, subscript i, in which all
relevant variables are evaluated at iteration level k − 1

zi =




n∑

j=1

λn−1
j ψj(ti), . . . ,

n∑

j=1

ψj(ti),
n∑

j=1

λn−1
j φj(ti), . . . ,

n∑

j=1

φj(ti)


(27)

ri =


yi +

n∑

l=1

α
(k−1)
l

n∑

j=1

λn−l
j ψj(ti)


 , i = 1, . . . ,m.(28)

Algorithm 1. GLLS
Given θ(0) = θls, form A(s) = sn −∑n

j=1 α
(0)
j sn−j. Iterate to convergence.

1. For k = 1, 2, . . . Do

(a) Find λj = λ
(k−1)
j , the roots of A(s), j = 1, . . . , n.

(b) If there is any repeated root Break.
(c) Calculate A′(λj).

(d) For i = 1, . . . , m calculate z(k−1)
i and r

(k−1)
i using (27,28) End

(e) Solve Z(k−1)θ(k) = r(k−1) for θ(k).

(f) If termination criterion satisfied Break.

(g) Let A(s) = sn −∑n
j=1 α

(k)
j sn−j .

2. End

In the original algorithm [8] the termination criterion used was ||θ(k)−θ(k−1)||2 <
tol for some given tolerance tol.

Remark 1.2. Note, if the initial conditions on input and output and their
higher derivatives are unknown the algorithm is modified so that these condi-
tions are parameters to be determined [8]. Additionally, if roots of the polyno-
mial A(k−1)(s) at any step are no longer distinct the algorithm is ammended
appropriately [15].
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1.5 Outline.

In Section 2 of the paper consistency conditions for the GLLS algorithm are
obtained. In Section 3 these are extended to consider the impact for the non-
linear formulation of the problem. Numerical results, including a discussion of
convergence conditions, are presented in Section 4. Conclusions follow in Sec-
tion 5.

2 Theoretical Analysis.

Let

• Ψ ∈ Rm×n be the matrix defined by (24) with entries Ψij = ψj(ti), de-
pendent on the output function y.

• Φ ∈ Rm×n be the matrix defined by (7) with entries Φij = φj(ti), depen-
dent on the input function u.

• λ = [λ1, λ2, · · · , λn]T ∈ Rn be the vector of nonzero, distinct, real roots
of the polynomial A(s), and V the Vandermonde matrix of powers of λ,
V = [λn−1, λn−2, . . . , λ0] ∈ Rn×n, where λq denotes the vector where each
component is raised to power q.

With this notation, (28) and (27) are resp.

r(k−1) = y + [Ψλn−1,Ψλn−2, . . . , Ψλ0]α(29)
Z(k−1) = [Ψ, Φ]V,(30)

where all appropriate elements are evaluated at iteration level k−1. Hence, (26)
is rewritten as

[Ψ(k−1),Φ(k−1)]V (k−1)

[
α(k)

β(k)

]
= y + [Ψ(k−1), 0]V (k−1)

[
α(k−1)

β(k−1)

]
,

where specifically Ψ(k) = Ψ(α(k)), Φ(k) = Φ(α(k)) and V (k) = V (α(k)), and note
that the right hand side of this equation is only dependent on the first n entries
of the solution vector θ at step (k − 1).

Introducing the notation

C = ΨV, D = ΦV,(31)

yields the normal equations
[

CT C CT D
DT C DT D

] [
α(k)

β(k)

]
=

[
CT

DT

] (
y + Cα(k−1)

)
.(32)

Equivalently

CT Cα(k) + CT Dβ(k) = CT y + CT Cα(k−1),

DT Cα(k) + DT Dβ(k) = DT y + DT Cα(k−1),(33)
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where CT C = V T ΨT ΨV and DT D = V T ΦT ΦV . Because the matrix V is Van-
dermonde the invertibility of these matrix products depends on the invertibility
of ΨT Ψ and ΦT Φ, resp.

Lemma 2.1. Assume

(i) A(s) and hj are defined by (2) and (7), and A has distinct, real, nonzero
roots λj.

(ii) u(t) > 0 for any t > 0, u(0) = 0.

(iii) y(t) satisfies (1).

Then matrices Φ and Ψ are of full column rank and ΦT Φ, ΨT Ψ are invertible.
Proof. Consider first matrix Φ. If matrix Φ is of full column rank then its

columns are linearly independent and ΦT Φ is invertible. It thus suffices to show
that

∑n
j=1 γjφj = 0 if and only if γj = 0 for all j = 1, . . . , n, where φj denotes

the jth column of Φ. Equivalently,
∑n

j=1 γj(hj ∗ u)(t) = 0 if and only if γj = 0
for each t. By linearity,

∑n
j=1(γjhj ∗ u)(t) = ((

∑n
j=1 γjhj) ∗ u)(t) = 0. Hence

H(s)U(s) = 0 in the Laplace domain, where H(s) is the Laplace transform of the
function

∑n
j=1 γjhj(t), and U(s) is nonzero by assumption (ii). Note, each hj is

an independent exponential function and thus H(s) = 0 if and only if γj = 0 for
each j. The result thus follows. The proof for Ψ follows similarly.

Corollary 2.2. Assuming the conditions of Lemma 2.1, the iteration (33)
can be written as

α(k) = α(k−1) − C†(Dβ(k) − y),(34)
β(k) = D†y −D†C(α(k) − α(k−1)),(35)

where C†, D† are the pseudo-inverse matrices of C, respectively D, ie C† =
(CT C)−1CT .

Let R(Φ) denote the range of Φ, N(ΦT ) the null space of ΦT , and PΦ =
Φ(ΦT Φ)−1ΦT the orthogonal projector onto the range of Φ.

Theorem 2.3. Suppose the GLLS iteration converges to α∗ = limk→∞ α(k),
β∗ = limk→∞ β(k). Then, by consistency

1.
β∗ = V −1Φ†y,(36)

and

2.
(PΦ − Im)y ∈ N(ΦT ) ∩N(ΨT ),(37)

where Φ, V depend on the converged α∗.
Proof. At convergence

CT Dβ = CT y, and(38)
DT Dβ = DT y,(39)
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where each of C and D depend on the converged α∗. By Lemma 2.1,

β∗ = V −1(ΦT Φ)−1ΦT y,(40)

and the residual Dβ∗ − y = (PΦ − Im)y ∈ N(ΦT ). Now, using the expression
for β∗ in (38) yields ΨT (Im − PΦ)y = 0, as required.

Remark 2.1. If y is sampled exactly and D is calculated analytically, then
by (8) y = Dβ, so that y ∈ R(Φ) and (PΦ − Im)y = 0. Practically, y is only
known approximately, and (PΦ − Im)y is never zero.

2.1 Nonlinear Formulation

Consider the nonlinear formulation obtained from (8),

θnls = argminθS(θ)(41)

= argmin[α,β]

1
2
‖Dβ − y‖22(42)

= argminθ

1
2
s(θ)T s(θ)(43)

where D(α) = Φ(α)V (α) depends only on α, and s(θ) is appropriately defined
by (10). Now

∂

∂αj
Φ = [H − Φdiag(f1, . . . , fn)] diag

(
∂λ1

∂αj
, . . . ,

∂λn

∂αj

)

= [H − ΦF ] Λ′j(44)

where the matrix H has entries

Hij =
([t hj(t)] ∗ u(t))|ti

A′(λj)
,

now the prime in Λ′j denotes differentiation with respect to αj , and

fj =
A′′(λj)
A′(λj)

=
n(n− 1)λn−2

j +
∑n−2

l=1 (n− l)(n− l − 1)αlλ
n−l−2
j

nλn−1
j +

∑n−1
l=1 (n− l)αlλ

n−l−1
j

.(45)

Theorem 2.4. Suppose that the GLLS algorithm converges, then at conver-
gence

1.
∂S

∂βj
= 0, and

2.
∂S

∂αj
= (β∗)T V T Λ′jH

T (PΦ − Im)y.
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Hence θ∗ = (α∗, β∗) is a critical point for S only if in addition to (36,37)
yT Φ(ΦT Φ)−1λ′HT (PΦ − Im)y = 0.

Proof. By (41)

∂S

∂αj
= βT

(
∂

∂αj
DT

)
s(θ), and(46)

∂S

∂βj
= dT

j s(θ),(47)

where dj is the jth column of D. The first statement is thus immediate. Suppose
now that β∗ solves (47) for the converged α∗. Then, using the prime to denote
differentiation with respect α, and substituting for β∗ in (46), yields

∂S

∂αj
= β∗T

(
∂

∂αj
DT

)
s(θ∗)

= β∗T [
(V ′)T ΦT + V T (Φ′)T

] [
Φ(ΦT Φ)−1ΦT − Im

]
y

= β∗T [
(V ′)T (InΦT − ΦT Im)y + V T (Φ′)T (Φ(ΦT Φ)−1ΦT − Im)y

]
,

and immediately the first term cancels. The second term can be rewritten as

∂S

∂αj
= yT Φ(ΦT Φ)−1(Φ′)T (PΦ − Im)y,

= yT Φ(ΦT Φ)−1Λ′j
[
HT − FΦT

]
(PΦ − Im)y,

noting that F and Λ′j are diagonal. But now, by (37), the second term of this
expression also cancels and the remaining result follows.

Remark 2.2. Theorem 2.4 demonstrates that a converged solution of GLLS
yields a local minimum with respect to β but not necessarily with respect to α.
Thus GLLS does not always solve the nonlinear problem.

3 Nonlinear GLLS Iteration.

Consider now a nonlinear iteration for solving (43) based on the Gauss Newton
method [1]

θ(k) = θ(k−1) + p(k−1)(48)

where p(k−1) solves the linear system
(
JT (θ(k−1))J(θ(k−1))

)
p(k−1) = −JT (θ(k−1))s(θ(k−1)),(49)

and J(θ) = ∇θs(θ) is the Jacobian matrix of s(θ). This system can be recognized
as the normal equations for the linear system J(θ(k−1))p(k−1) ≈ −s(θ(k−1)),
so that in effect the Gauss Newton method replaces a nonlinear least squares
problem by a sequence of linear least squares problems, which arise from the
Newton method where second order terms are dropped.
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The Jacobian matrix is obtained from (44) and

V ′ =
∂

∂αj
V = Λ′jV E,

where E is the matrix with column entries Ej = (n− j)ej+1, and ej is the unit
vector of length n. Let G ∈ Rm×n be the matrix whose columns have the form

gj =
[
(H − ΦF )Λ′jV + ΦΛ′jV E

]
β.(50)

Then ∇θS = [G,D]T s, and the Jacobian matrix is given by J = [G,D] which is
independent of the matrix Ψ.

Rewriting (49) yields

GT G(α(k) − α(k−1)) + GT D(β(k) − β(k−1)) = −GT (Dβ(k−1) − y),(51)
DT G(α(k) − α(k−1)) + DT D(β(k) − β(k−1)) = −DT (Dβ(k−1) − y),(52)

and, assuming G and D are full rank,

α(k) = α(k−1) −G†(Dβ(k) − y),(53)
β(k) = D†y −D†G(α(k) − α(k−1)).(54)

Equivalently,

GT (Im − PD)G(α(k) − α(k−1)) = GT (Im − PD)y,

DT (Im − PG)Dβ(k) = DT (Im − PG)y,

and it is clear that at convergence β∗ is again given by (36) while α∗ is such that
(Im − PD)y ∈ N(GT ). Here D is nonlinear in α and G is nonlinear in both α
and β.

Remark 3.1. Does C approximate G?
Comparing the nonlinear iteration (53)-(54) with the linear iteration (34)-(35)
it is clear that the GLLS iteration is the nonlinear least squares Gauss Newton
iteration where the matrix G is approximated by C. The local convergence of
the undamped Gauss Newton iteration is well understood [1, 12]. Thus, if C is
a good approximation to G at each iteration, with the same spectral properties,
GLLS will converge under the same convergence conditions as Gauss Newton. In
addition, it is well known that if G is rank deficient, the Gauss Newton iteration
may not proceed. In this case either second derivatives need to be considered,
or regularization methods need to be employed. The GLLS algorithm may still
converge as long as C is a full rank approximation to G. If, however, C is far
from G, even if C is full rank and the iteration is convergent, the GLLS solution
will not be a true minimum for (43).

Note also that by the requirement for convergence with respect to β, then
(47) is solved for any α by β∗ as given in (36). This suggests an alternative
development of Gauss Newton (GN) to find the solution of (37) for fixed β, from
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which β is then updated to satisfy (47). Specifically, decoupling the steps yields
the alternating iterative scheme

β(k) = D†y(55)
α(k) = α(k−1) −G†(Dβ(k) − y),(56)

in which at both steps matrix D depends on α(k−1) but at the second step (56),
G also depends on α(k−1) and the updated value β(k). This iteration is similar
to the variable projection algorithms used for separable problems [1] p. 351.

Algorithm 2. GN
Initialize θ(0) = θls and A(s) = sn −∑n

j=1 α
(0)
j sn−j. Iterate to convergence.

1. For k = 1, 2, . . . Do

(a) Find λ
(k−1)
j the roots of A(s), j = 1, . . . , n

(b) If there is any repeated root Break

(c) Calculate the matrices D, G as functions of λ
(k−1)
j .

(d) Form residual s(k−1) = Dβ(k−1) − y.

(e) Solve (49) and form update (48).

(f) If termination criterion satisfied Break

(g) Let A(s) = sn −∑n
j=1 α

(k)
j sn−j .

2. End

Algorithm 3. Alternating Gauss Newton (AGN)

Initialize θ(0) = θls and A(s) = sn −∑n
j=1 α

(0)
j sn−j. Iterate to convergence.

1. For k = 1, 2, . . . Do

(a) Find λ
(k−1)
j the roots of A(s), j = 1, . . . , n

(b) If there is any repeated root Break

(c) Calculate the matrix D as a function of λ
(k−1)
j .

(d) Form update β(k) = (DT D)−1DT y.

(e) Calculate the matrix G as function of β(k) and α(k−1).

(f) Update α(k) = α(k−1) − (GT G)−1GT (Dβ(k) − y)

(g) If termination criterion satisfied Break

(h) Let A(s) = sn −∑n
j=1 α

(k)
j sn−j .

2. End

For the updates in the above algorithms a QR decomposition, facilitated by
Matlab’s qr command, is used. Note, matrices DT D and GT G are not explicitly
formed.
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4 Numerical investigations.

4.1 Experiments

Numerical experiments, motivated by clinical Positron Emission Tomography
(PET) studies [2], are reported for (1) with n = 2. Data are non–uniformly
sampled, according to a schedule used in Positron Emission Tomography (PET)
studies [2], at times

t = [0, .1, .2167, .25, .2833, .3167, .35, .3833, .4167, .45, .55, .7167, .9, 1.25,

2, 3, 4.25, 5.75, 8.25, 12.5, 17.5, 25, 45] minutes.

The input function u(t) is given analytically by a form suggested in [15]

u(t) = 28.0975(e−.857642t − e−1.21986t).(57)

Then, for specific choices of the transfer parameters in (1), y(t) is explicitly
available as y(t) = (f ∗ u)(t), where

f(t) =
β1

λ+ − λ−

[(
β2

β1
+ λ+

)
eλ+t −

(
β2

β1
+ λ−

)
eλ−t

]
,(58)

and λ+, λ− are the roots of A(s) = 0.
Three choices of the transfer parameters, listed in Table 1, are considered for

the numerical tests.

Table 1: System parameters used for each of the numerical tests.
Test α1 α2 β1 β2

1 −.1988 −.0009 .1020 .0070
2 −1.0053 −.1225 .1389 .1115
3 −1.2614 −.0037 .1630 .2049

The performance of the algorithms is investigated as follows.

4.1.1 Case 0

In each example, the analytic expressions for u and y are sampled at times ti to
yield discrete vector forms u and y, where ui = u(ti) and yi = y(ti). Following
the analytic expression assumed for u(t) in (57), and the explicit solution for
y(t) facilitated by (58), the computation of all needed integrals by either GLLS,
GN or AGN can be performed entirely analytically. This case is uninteresting
because in practice the data for y(t) are experimental and noise contaminated.
Moreover, the purpose of the algorithms presented is to whiten the noise, see
(18). The performance of the algorithms is therefore illustrated for three cases
which are chosen to contrast their characteristics for noisy data.
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4.1.2 Case 1

A more relevant example is that in which I1(y) is estimated numerically, as
would be the case for measured data, using the composite trapezoidal rule. I2(y)
is estimated using cubic spline interpolation to approximate intermediate y(t)
values from the discrete vector values yi, i = 1, . . . ,m. The entries in Z require
the computation of convolutions hj ∗ u and hj ∗ y. The convolution hj ∗ u is
still calculated analytically, while the computation of hj ∗ y is performed using
the cubic spline interpolation for y(t) and integrating the resulting expression
directly. Hence this case investigates effects of truncation error through use of
numerical integration for y(t).

4.1.3 Case 2

Following other studies, [12], the noise in y(t) is assumed to have a determin-
istic form given by

ỹ = y +
cos(60y)
200

√
∆t

, ỹ1 = y(0) = 0,(59)

where ∆t is the vector of time differences, {ti+1 − ti}m−1
i=1 . This addition of

noise is again motivated by an application in PET where the noise is high for t
small, and low for t large, see [13] and references therein. The estimation of the
necessary integrals is as described above.

4.1.4 Case 3

In contrast to case 2 noise is added similarly but with the addition that the
peak of the output data is overestimated,

ỹ = y + y
cos2(3y)
8
√

∆t
, ỹ1 = y(0) = 0.(60)

The profiles of the output data for these two latter cases and each parameter
choice are illustrated in Figures 1-3. Differences in profiles for cases 2 and 3 are
mostly at the peak of the vector ỹ, and in the distribution of the noise at early
times. Moreover, the profiles are consistent with observed noise from real PET
studies, [13].

4.2 Convergence criteria

Convergence of each algorithm is determined based on the scale independent
variable

c(k) :=
‖JT (θ(k))s(θ(k))‖2

‖JT (θ(k))‖2max(‖s(θ(k))‖2, ‖s(θtypical)‖2)
,(61)

as suggested in [4], where a typical value of θ is given by θls. The iterative scheme
is terminated either when the maximum number of iterations, set to 10, 000 and
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Figure 1: Test 1, case 2 above and case 3 below.

denoted by Max, is reached or when

c(k) < tol = 10−p, where(62)

for GLLS, c
(k)
GLLS ≈ ‖ZT (θ(k))s(θ(k))‖2

‖ZT (θ(k))‖2max(‖s(θ(k))‖2, ‖s(θls)‖2)
.

AGN uses (61) with J = [G,D] and G and D as given in (55) and (56).

4.3 Results

The solution θls is used to initialize the iteration in each case. At each itera-
tion the relative errors of θ(k) as approximation to the exact θ, and of y(k) as an
estimate of y are recorded. In each case the number of iterations to convergence,
K, as measured by (61), and the values of θ at convergence are tabulated for all
three algorithms.The convergence rate is estimated by the appropriate approx-
imation for each algorithm of the ratio ‖J(θ(k))p(k)‖2/‖J(θ(k−1))p(k−1)‖2, see
[1]. In the presented results the notation x.y(z) is used to indicate x.y×10z and
the tolerance is indicated by p. Moreover, the process is terminated if conver-
gence to required tolerance has not been reached, or if a rank deficient matrix
is encountered, denoted RD.

Remark 4.1. Comparing C and G
Noting Remark 3.1 concerning the approximation of the GN matrix G by the
GLLS matrix C, these matrices are also compared by considering their singular
value decomposition (SVD). At each step of the iteration G is computed using
the solution θ of the GLLS iteration. At convergence the left and right singular
vectors associated with the first and second singular values of each of C and G
are compared.
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Figure 2: Test 2, case 2 above and case 3 below.

4.3.1 Test 1

Case 1 All algorithms perform well, converging to the exact values for θ as
shown in Table 2. Both GLLS and GN converge to the given values al-
ready at the lower tolerances with c

(K)
GLLS = 2.9(−2) and c

(K)
GN = 1.4(−2),

3(−2), for tolerances −1 and −2, resp. Moreover, the convergence of GLLS
and GN is far superior to that of AGN. Behavior of GLLS supports the
comments in Remark 2.1.

Table 2: Test 1, case 1.
p α1 α2 β1 β2 K c(K) ‖θ(K) − θ‖2

EX −.1988 −.0009 .1020 .0070 n/a n/a n/a

LS −.1915 −.0005 .1018 .0064 0 n/a 7.3(−3)

GLLS −.1985 −.0009 .1020 .0070 1 6.4(−1) 3.0(−4)
−3 −.1988 −.0009 .1020 .0070 4 6.3(−5) 0

GN −3 −.1988 −.0009 .1020 .0070 4 8.4(−6) 0

−1 −.1906 −.0006 .1017 .0064 3 9.1(−2) 8.2(−3)
AGN −2 −.1975 −.0008 .1019 .0069 148 1.0(−2) 1.3(−3)

−3 −.1987 −.0009 .1020 .0070 318 9.9(−4) 1.0(−4)

Cases 2 and 3 Results are tabulated in Tables 3 and 4, resp. The performance
of all algorithms is similar in terms of the accuracy of the estimates, with
case 2 more accurate than case 3, while computationally AGN is the most
expensive.
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Figure 3: Test 3, case 2 above and case 3 below.

GLLS estimates improve only slightly with iteration. Figure 4 demon-
strates the behavior of GLLS as compared to LS, and after just one iter-
ation of GLLS, for case 3. The difference between yls and yGLLS is large,
however, iteration with GLLS has little impact.

Figure 5 compares spectral properties of the matrices C and G, as discussed
in Remark 4.1 for tolerance 10−4. At convergence the first and second
singular values are close, and the left and right singular vectors are almost
identical. This suggests that GLLS is a good approximation for the solution
of the nonlinear iteration. The convergence rate for AGN is linear, as is
illustrated for case 3 in Figure 6.

4.3.2 Test 2

Case 1 The results for all algorithms are tabulated in Table 5. While GLLS
and GN converge rapidly, AGN does not converge to 10−3.

Cases 2 and 3 Results are tabulated in Tables 6, 7. None of the algorithms
converge well for these tests. GLLS and AGN converge relatively quickly
to inaccurate solutions. Moreover, the one step GLLS is clearly a poor
estimate for the solution. Figure 8 illustrates again the linear convergence
of AGN for case 3. On the other hand, from Figure 7, one can see that the
inaccurate solution obtained overestimates the peak of the solution, which
is not acceptable. In each case, GN encounters a rank deficient matrix,
which does not correspond to a case in which there are double roots of
A(s), and diverges. Note, however, that in these cases the initial guesses
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Table 3: Test 1, case 2.
p α1 α2 β1 β2 K c(K) ‖θ(K) − θ‖2

EX −.1988 −.0009 .1020 .0070 n/a n/a n/a

LS −.1807 −.0020 .1011 .0058 0 n/a 1.8(−2)

GLLS −.1920 −.0008 .1012 .0067 1 2.1(−1) 6.9(−3)
−3 −.1927 −.0008 .1012 .0067 4 7.8(−5) 6.2(−3)

−1 −.1925 −.0008 .1013 .0067 2 7.8(−2) 6.3(−3)
GN −2 −.1925 −.0008 .1012 .0067 3 3.2(−3) 6.4(−3)

−3 −.1925 −.0008 .1012 .0067 4 1.5(−5) 6.4(−3)

−1 −.1794 −.0003 .1010 .0057 2 3.8(−2) 1.9(−2)
AGN −2 −.1839 −.0006 .1007 .0062 52 9.9(−3) 1.5(−2)

−3 −.1917 −.0008 .1012 .0067 245 9.9(−4) 7.2(−3)
−4 −.1924 −.0008 .1012 .0067 422 9.9(−5) 6.5(−3)

Table 4: Test 1, case 3.
p α1 α2 β1 β2 K c(K) ‖θ(K) − θ‖2

EX −.1988 −.0009 .1020 .0070 n/a n/a n/a

LS −.2416 −.0014 .1101 .0093 0 n/a 4.3(−2)

−.2546 −.0018 .1113 .0101 1 3.4(−2) 5.6(−2)
GLLS −2 −.2546 −.0018 .1113 .0101 2 2.2(−3) 5.7(−2)

−3 −.2557 −.0018 .1114 .0102 3 1.7(−4) 5.8(−2)

GN −2 −.2663 −.0021 .1121 .0109 4 4.5(−3) 5.9(−2)
−3 −.2663 −.0021 .1121 .0109 5 9.0(−4) 5.9(−2)

−1 −.2419 −.0014 .1106 .0092 1 3.5(−2) 4.4(−2)
AGN −2 −.2541 −.0017 .1113 .0100 43 9.8(−3) 5.6(−2)

−3 −.2652 −.0020 .1120 .0108 171 9.9(−4) 6.7(−2)

are quite poor and apparently too far from the exact solution for GN to
succeed.

4.3.3 Test 3

Case 1 The only algorithm which leads to a correct solution is GLLS, for which
results are tabulated in Table 8. Convergence is, however, relatively slow.
The GN algorithm encounters a rank deficient matrix in its iteration, while
the AGN algorithm does not improve on the least squares solution with
iteration.

Cases 2 and 3 GLLS converges quickly to inaccurate solutions in both cases,
whereas AGN stagnates at the LS solution for case 2 but converges linearly
for case 3, see Figure 11. GN again encounters a rank deficient matrix
in the former case, but converges quickly for case 3, to a solution close
to the one obtained by AGN. The spectral properties of the matrices C
and G for GLLS and GN and case 3, as discussed in Remark 4.1 are
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Figure 4: Test 1, case 3: comparison of estimates obtained for output data
y using the system parameter values θls, θGLLS and parameter values obtained
after one iteration of the GLLS algorithm.

illustrated in Figure 10. The largest singular values σ1C,G are almost
identical at convergence and throughout the GLLS iteration. The second
singular values, however, σ2C,G are relatively far apart, with σ2C ≈ 4σ2G

and the left and right singular vectors are quite different. The differences
in the spectral properties of C and G could explain the differences observed
in their final parameter estimates, see Table 10.

5 Conclusions.

In summary, the iterative GLLS algorithm has been studied theoretically and
numerically. The analysis suggests that GLLS should be implemented as a non-
linear algorithm and two basic nonlinear algorithms GN and AGN were consid-
ered for comparison with GLLS.

The theoretical analysis suggests that GLLS will not always solve the equiva-
lent nonlinear problem (43). Explicitly, numerical results show that it behaves
like an undamped Gauss Newton iteration, where the Jacobian matrix J is ap-
proximated by Z. This approximation is only valid, however, for certain param-
eter ranges. When the iteration matrix C in GLLS does approximate that of
the GN method, it will converge like a GN method. In some cases, GLLS acts
as a regularization of GN and thus may converge in cases where GN does not,
as shown in Test 2. Relative to the use of GLLS as an unconstrained iterative
algorithm for solution of the specific medical application (PET), it is not reliable
as an iterative procedure, see Test 1, Table 4. On the other hand, for parameter
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ranges observed in PET studies [14, 9], as used for Test 1, a one step iteration
obtained from GLLS is always close to the converged values, but not as close as
desired to the exact system parameter values.

With respect to the nonlinear algorithms proposed here, GN and AGN, their
performance is consistent with the solution (43). It is clear from the results that
the convergence of GN does depend, as expected, on a good initial guess. On the
other hand, decoupling using AGN does not exhibit the rank deficiency encoun-
tered with GN, and when it converges, it is at a linear rate. Typical approaches to
improve convergence rates for GN type methods are given for example in [1, 12],
such as use of a damped version or inclusion of second derivative information by
quasi-Newton. From this observation, and the contrasting performance of GN
and AGN, it can be presumed that their successful application will depend on
incorporation of regularization, such as in the Levenberg-Marquardt algorithm.
Future work will consider damping methods, regularization, the incorporation
of parameter constraints for these algorithms to improve accuracy and compu-
tational efficiency, and a study of the sensitivity of these algorithms to noise in
input as well as in output data.
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Table 7: Test 2, case 3.
p α1 α2 β1 β2 K c(K) ‖θ(K) − θ‖2

EX −1.0053 −.1225 .1389 .1115 n/a n/a n/a

LS −.9011 −.0024 .1943 .1457 0 n/a 1.7(−1)

−1 −.3180 −.0210 .1496 .0204 1 2.1(−2) 7.0(−1)
GLLS −2 −.3290 −.0224 .1500 .0218 2 4.0(−3) 6.9(−1)

−3 −.3295 −.0224 .1501 .0219 3 8.4(−4) 6.9(−1)

GN −1023 RD

−1 −.2651 −.0135 .1486 .0134 1 2.2(−2) 7.5(−1)
AGN −2 −.2652 −.0135 .1486 .0134 2 4.3(−3) 7.5(−1)

−3 −.2655 −.0135 .1487 .0133 7 9.3(−4) 7.5(−1)
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Figure 7: Test 2, case 3: comparison of y(4)
GLLS to y and ỹ, for entire time on

left and early time on the right.
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Figure 8: Test 2, case 3: convergence behavior for AGN.

Table 8: Test 3, case 1.

p α1 α2 β1 β2 K c(K) ‖θ(K) − θ‖2
EX −1.2614 −.0037 .1630 .2049 n/a n/a n/a

LS −.2898 −.0008 .1629 .0467 0 n/a 9.8(−1)

−.4556 −.0013 .1629 .0737 1 6.4(−1) 8.1(−1)
−1 −.5683 −.0017 .1629 .0921 2 2.9(−2) 7.0(−1)

GLLS −2 −.7200 −.0021 .1629 .1168 4 8.8(−3) 5.5(−1)
−3 −1.1060 −.0032 .1630 .1796 18 9.9(−4) 1.6(−1)
−4 −1.2440 −.0036 .1630 .2021 46 9.3(−5) 1.8(−2)

GN 1.3767 .0082 −.0375 .0519 RD 2.6(−1) 2.6

AGN −.2898 −.0008 .1629 .0467 Max 7.6(−5) 9.8(−1)

Table 9: Test 3, case 2.

p α1 α2 β1 β2 K c(K) ‖θ(K) − θ‖2
EX −1.2614 −.0037 .1630 .2049 n/a n/a n/a

LS .0286 .0001 .1628 −.0051 0 n/a 1.3

−1 .0239 .0001 .1628 −.0044 1 2.3(−2) 1.3
GLLS −2 .0221 .0001 .1628 −.0041 2 4.7(−3) 1.3

−3 .0204 .0001 .1628 −.0038 5 4.7(−6) 1.3

GN 1.0102 .0030 .0184 −.0187 RD 3.5(−1) 2.2

AGN .0286 .0001 .1628 −.0051 Max 9.9(−4) 1.3
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Table 10: Test 3, case 3.
p α1 α2 β1 β2 K c(K) ‖θ(K) − θ‖2

EX −1.2614 −.0037 .1630 .2049 n/a n/a n/a

LS .0225 .0001 .1643 −.0043 0 n/a 1.3

−1 −.5846 −.0012 .1916 .0931 1 1.3(−2) 6.8(−1)
GLLS −2 −.6847 −.0016 .1924 .1098 2 5.4(−3) 5.9(−1)

−3 −.6617 −.0015 .1922 .1059 4 5.9(−4) 6.1(−1)
−4 −.6592 −.0015 .1922 .1055 6 6.1(−5) 6.1(−1)

−1 −1.1163 −.0029 .1704 .1457 1 7.8(−2) 1.6(−1)
GN −2 −1.1416 −.0030 .2005 .1806 2 5.8(−3) 1.3(−1)

−3 −1.1489 −.0030 .2025 .1857 4 4.8(−4) 1.2(−1)
−4 −1.1494 −.0030 .2027 .1860 6 3.2(−5) 1.2(−1)

−1 −.9034 −.0023 .1973 .1454 1 1.3(−2) 3.6(−1)
AGN −2 −1.1046 −.0029 .2018 .1786 175 9.9(−3) 1.6(−1)

−3 −1.1450 −.0030 .2026 .1853 383 9.9(−4) 1.2(−1)
−4 −1.1490 −.0030 .2027 .1860 586 9.9(−5) 1.2(−1)
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Figure 9: Test 3, case 3 - comparison of the estimates obtained for output data
y using the system parameter values θls, θGLLS and parameter values obtained
after one iteration of the GLLS algorithm.
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Figure 10: Test 3, case 3: spectral properties of matrices C and G at convergence
to tolerance 10−4. Right singular vectors for C are v1 = [−0.0367,−0.9993]
and v2 = [0.9993,−0.0367], while for G they are v1 = [0.0026,−1] and
v2 = [1, 0.0026].
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Figure 11: Test 3, case 3: convergence behavior for AGN.


