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Estimation of u' f(4)v for large-scale unsymmetric matrices
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SUMMARY

Fast algorithms, based on the unsymmetric look-ahead Lanczos and the Arnoldi process, are developed
for the estimation of the functional ®(f)=u"f(4)v for fixed u,v and 4, where 4 € #"*" is a large-
scale unsymmetric matrix. Numerical results are presented which validate the comparable accuracy of
both approaches. Although the Arnoldi process reaches convergence more quickly in some cases, it
has greater memory requirements, and may not be suitable for especially large applications. Copyright
© 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION

We consider algorithms for the approximation of the functional

(f)=u' f(A)V (1)
where matrix 4 € #"™" is a large-scale unsymmetric matrix, and u,ve %" are such that
|lu| =||v|]|=1. Here || - || denotes the 2-norm, and f(4) is a sufficiently smooth function such

that the definition of f(4) is meaningful, [1,2]. Fast algorithms using the Lanczos procedure,
and their applications, for the estimation of (1) for symmetric positive define (SPD) matrices
A were presented in References [3, 4], and [5—8], respectively. Here we extend the approach
for A large and unsymmetric. Krylov subspace methods for estimating matrix exponentials
were analysed in Reference [9].

First we review the existing algorithm for the computation of (1) with u=v and SPD 4. As-
sume that the SPD matrix 4 has the eigen decomposition 4 = QAQ?", where Q is an orthogonal
matrix, and A is a diagonal matrix with entries A; = /; ordered such that a<A; <A < -+ <4,
<b. Then, rewriting (1) using this decomposition, and introducing V= QTv, we obtain

VANV =VIOf(M)QTV =" f(A)V = ; yehln
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This leads to the reexpression of (1) as the Riemann—Stieltjes integral

b
1(f)=VTf(A)V=/ J(A)du(2) (2)

where

0, a<i</11
. ) A .
H(;\,) = Z}:l Uj Py /Lj </L </1j+]

2 q q
2T n<A<D

Integral (2) may be estimated using the Gauss quadrature rule
I[f]:;wjf(gj)+R[.f] (3)
=

where weights w; and nodes 0, need to be determined, and R[f] is the quadrature error,
[3]. Because this rule can be made exact for polynomials of degree up to at most 2m — 1,
the weights and nodes can be obtained through the recursive construction of the orthogonal
polynomial series {p;(4)}, j=0,1,...,m. Then, if the recursive coefficients are considered
as the elements of a tridiagonal matrix T7,,, the nodes 0, are the eigenvalues of 7, and
the weights ; are the squares of the last elements of the corresponding unit eigenvectors.
Moreover, this construction of the Gaussian rule (3) is equivalent to the Lanczos process with
initial vector v, [10, 7]. Specifically, both constructions generate the tridiagonal matrix 7,,, and
the Lanczos vectors v; and the polynomials p;(4) are related through the relation

V= pidv, i=1..mt 1

Significantly, the Lanczos procedure can be used to obtain an efficient estimation of v' f(4)v
for large-scale SPD matrix 4.

In this paper, we extend and examine this idea to develop efficient algorithms for the
estimation of (1) for the general case. Using the Krylov subspace method leads to two different
approaches; the unsymmetric Lanczos method and the Arnoldi process. These approaches are
described and evaluated by implementation in Sections 2 and 3, respectively. Conclusions are
presented in Section 4.

2. UNSYMMETRIC LANCZOS

2.1. Introduction to the look-ahead Lanczos procedure

For ease of presentation of the theoretical development, we consider the Lanczos recurrence
with ‘monic’ vectors (see [11])

AV =VH + Vyi1e,, (4)
ATU = UH + w1, (%)

m
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where

o ﬁl

1 Om—1 ﬂm—l

1 U

UTV:D:diag(él,éz,...,ém)

The main problem with the use of the Lanczos procedure for unsymmetric matrices is
the occurrence of breakdown at some stage, ), Vi1 =0, [12]. Let K;(4,v):=span{v,Ayv,...,
A'~'v} denote the ith Krylov subspace and let

L, =L.(4,v):=dim(K,(4,v1))
Li=Li(A",w):=dim(K,(4",u;))

denote the grades of v; and u; with respect to 4 and AT, respectively, [13]. Denote by L the
first stage at which breakdown occurs, u} +1V2+1 =0. Breakdown occurs in one of two ways:

1. Regular termination:
UZ+1VL+1 =0 and U741 =0 or Vit =0

In this case L; =L or L, =L and the iteration has terminated with an A-invariant or an
AT-invariant subspace, respectively.

2. Serious breakdown: breakdown for which neither w;,; nor v, are zero. In this case
L<L,:=min{L,,L;} and we have found neither an A-invariant nor an 4"-invariant sub-
space.

Serious breakdown can be further classified as curable or incurable. Look-ahead Lanczos,
introduced by Freund et al. [11,14], is utilized to overcome the breakdown for the curable
case. Thus, before extending the application of the Lanczos algorithm to the calculation of
(1), we first review the look-ahead Lanczos procedure.

For an SPD matrix 4, we can define the inner product

(&.9) =] (AW (A
where ¢, are polynomials, ¢, € Z;, and %, denotes the set of polynomials of degree k. In
the unsymmetric case, the Lanczos vectors satisfy v; = ¢x_1(4)v; and u; = ¢;_1(4")u;, which

leads to the following definition for the formal inner product [10].

Copyright © 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 11:75-89
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Definition 2.1 (Formal inner product (FIP))
We define the FIP by

(1) =i G (A)V:

This inner product does not guarantee non-negativity, and hence is not an inner product in the
standard sense. Based on this FIP, we introduce the family of formal orthogonal polynomials
(FOP):

Definition 2.2 (FOP)
A polynomial Y4 _; is an FOP of degree k — 1 if ({;_1,¢) =0, Vo € P4 _,.

From the above definition, y4_(A) =70+ 1A+ -+ 1A, 941 #0, is an FOP of degree
k — 1 if and only if its coefficients are a non-trivial solution of the following linear system:

Ho IO Hic—2 Yo Wi—1
i .. 71 Hie
=~ Vk-1] . (6)
Hok—s :
Mrk—2 -+ Hok—s5  Mok—4 Tk=2 H2k—3

where w; =ulA’v,.

Definition 2.3 (Regular FOP)
An FOP yj_, is called regular if the solution of (6) is unique up to a scalar, otherwise Y _;
is called a singular FOP.

When (6) is inconsistent, there is no FOP y4_; of degree k — 1. We refer to this case,
which occurs due to the indefiniteness of the formal inner product, as deficient.

Proposition 2.4
Let Y, be a regular FOP of degree k — 1. Then, a regular FOP of degree k exists if and

only if (Yr—1,¥4—1) #0 , i.e. ujvi #0.

There is a maximal subset of indices
{kl,kz,...,kj}§{1,2,...,L*}, k1:1<k2< ,kJSL*

such that Vj=1,...,J, there exists a monic regular FOP vy, | € %, . The regular FOPs
Wi, —1, W,—1 and Y., are connected through a three-term recurrence [15].

Definition 2.5 (Regular vector)
Corresponding to the regular FOPs we define the regular vector series {v;} and {uy},

Vip =1 (A)ve, =Y, (A (7)

Copyright © 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 11:75-89
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From Definition 2.3, the regular vectors satisfy

u,{jv:O V veKy_1(4,v1)
(8)

v,f/u:O VueK, (4" u)

Thus, if k; = L., either or both of the regular vector series {v, }jJ.Zl, {uy, }le can be extended

to span an A-invariant or an A'-invariant subspace by the look-ahead Lanczos process. On
the other hand, if k£, <L,, an invariant subspace cannot be constructed and the breakdown is
incurable.

The vectors which are used to extend the series

Vi € Ki(A,vi)\Ki—1(4,v1),  wp € K (A", up) \K—1 (4", up)
k:kj,1+1,...,kj—1, j:1,2,...,J

are called inner vectors, and the extended series provide complete bases for the Krylov sub-
spaces K;(4,v;) and K;,(A",u;). These bases are divided into J blocks, ViU, j=1,....J,

Vi={vili=ki,k; +1,... ki — 1}, U={w|i=k,ki+1,....k — 1}
which are block biorthogonal
(UmHTym =pm_ — ym=1u,.... U], V"=[K,...,V]
Here m is the total number of generated left (right) Lanczos vectors and D™ is a non-singular

block diagonal matrix.
The Lanczos process with look-ahead replaces (4) and (5) by

A V(m) — V(m)H(m) —|— Vm+ley1;1 (9)
ATUm =ym™mE™ o, el (10)

where

(U™)Tym = Dt = diag(6y, ..., ;)
6=U"V, i=12,...,1(m)
and H™ is a block tridiagonal upper Hessenberg matrix

ar P

Fm Yo%

B

Vi-1
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Here

1 *

yi:ele;l, the p; are the number of columns of block i, and the f;’s are, in general, full
matrices.

Let k; denote the index of the regular vector of the jth block, and /= /(k) the number of
the block to which v, and u; belong. If m =k, — 1, block /(m) is called complete.

For numerical stability, u; and v, are normalized, 6, =ug/||ug||, V& = vi/||Vk|-

2.2. Look-ahead Lanczos for estimating u® f(A)v

Here, where it causes no confusion, we omit the superscript (m). We can use VH 'e; to
approximate A~'v; providing ||V, 11| - |eLH ~'e;| is small, as is common for solving linear
systems of equations, see Reference [16, Chapter 7.2]. Similarly,

(2l —A) 'y =V (z —H) e

when z is not an eigenvalue of 4 and H,,.

Let I" be a closed contour which encircles both 7 (4) = {x?Ax: x € C",||x||=1} and Z (H),
and such that f(z) is analytic inside T

Using the definition for the matrix function given in Reference [2], we have

A =5 § G~ a)
and
L f{ f@WV(z —H) 'eydz=Vf(H)e
27 Jp

The previous two equations suggest that we can approximate u] f(4)v; by ul V' (H )e,

u f(Aw =ulVf(H)er +R/] (1)

provided that R(f) satisfies reasonable bounds relative to ul f(4)v;.

In Reference [9], which deals with Krylov subspace methods for matrix exponentials, gen-
eral upper bounds of || f(4)vy — Vf(H )e,|| were estimated. These results were refined for
Arnoldi approximations of exp(t4)v; for certain Hermitian matrices. Here, we use an alterna-
tive approach, which uses specific properties of the look-ahead Lanczos, and which is based
on demonstrating that the estimate of ul f(4)v; by Gaussian quadrature on the complex plane
is just e[ Df(H )e,.

In order to obtain our main result we need the following four intermediary Lemmas 2.6-2.9.

Copyright © 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 11:75-89
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Lemma 2.6
Let &,i=1,2,...,m — 1, be the lower off-diagonal entries of the upper Hessenberg matrix H,
then
A 0, 0<j<m—1
e Hie = - .
I & j=m-1
For future reference we use p to denote the value el H" le;.
Lemma 2.7
, VHe,, 0<j<m—1
A’ Ve1 =
VH™e| 4 pv,11, j=m
) UHe,, 0<j<m—1
A"/ Ue, =
UH’”e1 + Pyt 1, ]: m
Proof

These relationships follow immediately from Lemma 2.6 and

. R e P
AV =VH + 3 AV, 100 H 7!
i=0

. o Jzl . o
A" U =UH + Y (A" u,, el 1= O
i=0
Lemma 2.8
If the block /(m) is complete, then, for 0<j<m, DH’/e; =(H")/De,.
Proof

Because the block I(m) is complete, by (8) UTv,,.; =0. But, by Lemma 2.7,
UY(4’Ve )=DH’e;, 0<j<m

and, using (8), uy ,v=0, V vEK,(4,v;). Thus, ul, 4~~'vy=0, 0<j<m, 0<i<j — 1.
Furthermore,
. . Jj—1 . Lo .
(UTA-’)V| = ((HT)JUT + Z(HT)’e,,,u,EHA-’_I_l) v :(HT)JDeI
i=0

and the result follows. O

Lemma 2.9
D is a symmetric matrix.

Copyright © 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 11:75-89
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Theorem 2.10
Let 4 € R"*" be unsymmetric, and block /(m) of the look-ahead Lanczos procedure (9), (10)
be complete. Then:

1. ll?d)(A)V] :e¥D¢(H)ela for any ¢ € Pom—1;
2. ulA*"v; =e[DH*"e| + p*ul .V,

Proof
We present the proof for the first result, the second follows similarly. We first show the
result for ¢(A)=27", i=0,1,...,2m — 1. Suppose i<2m — 2. For any ji,j,» which satisfy
O<j19j2 <m - 19
U?Aj]JerV[ :e—lrUTAlejz Ve1
=el(HN)"UTVH"e,
=e{(H")"DH"e,

by Lemma 2.7. Thus, by Lemma 2.8, the result holds for i<2m — 2.
For the case i=2m — 1 we immediately obtain

uj4"A" vy = (e[ (H"Y"U" + pu,,,  )WVH" e,

by Lemma 2.7, and by (8) u!_,» =0. Then, using the symmetry of D and Lemma 2.8,

e'll"(HT)m UT VI_Im—le1 — e"ll"([_[T)ml)l_[m—le1
= e[ (HTY"(H "Y' Dey

= elTDHz’"’lel |

Theorem 2.10 shows that, when [(m) is complete, application of Gaussian quadrature on
the complex plane for ul f(4)v, is given by el Df(H )e;. Thus, when using the look-ahead
Lanczos process to estimate (1), we need to make sure that we complete the last block /(m).
Moreover, this theorem generalizes the following result given in Reference [17].

Theorem 2.11
) 51eTHje1, ]<2Wl7 1
u’{AJVI = { '1[‘ ) m ) ]
o1eH™"e; + 011~ vi» J=2m
where y; are the lower off-diagonal entries of H.

Copyright © 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 11:75-89
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Remark 2.1
In summary, the functional ®, (1), can be estimated by Gaussian quadrature,

ui f(4)wi =e[Df(H)e; + R[f]

2.3. Algorithm

We use the results of the previous section to obtain the numerical algorithm for the calculation
of (1).
Algorithm 1
For /=1,2,... until a specified error tolerance is satisfied.
I.  Run the look-ahead Lanczos process with initial vectors u; and v; until
block / is complete.
2. Compute elDf(H )e;.
End for

Remark 2.2

To stably compute f(H) we may use the real Schur decomposition of H. If H=WTWT,
then f(H)=Wf(T)WT. Thus, e[D f(H )e —eTDWf(T)WTel To calculate f(T) for a block
upper triangular matrix, 7, we use the perfect recursive algorithm described in Reference [18].

2.4. Error analysis

Theorem 2.12

Suppose that the Taylor series representation of f(z) is f(z)=>,2,ckz" on an open disk
containing A(H ), and that the last block /(m) of the look-ahead Lanczos procedure is complete.
Then, [R(f)| is bounded,

k

|u f(A)yv — elDf(H)e1| \szP2“;+1Vm+1|

T G 1 4 D A

G T 1 S ) Den |

Proof
The result follows from Theorems 2.10 and 11.2.4 of Reference [1]. |

Error analysis results for general functions can be obtained similarly to the results presented
in Reference [7]. These theoretical results are, however, of limited utility for the development
of practical stopping criteria. Thus, because of the importance of ul4~'v; in applications, we
emphasize the error analysis for f(1)=1/4, and, where needed, assume that H~! exists.

Theorem 2.13
If the last block /(m) of the look-ahead Lanczos procedure is complete, then

T 4—1 T —1 T —1 Trr—1 2
Il]A vl—e,DH e|:llm+]A vm+1(emH el)

Copyright © 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 11:75-89
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Proof
We multiply (9) and (10) on the right by H~!, and then on the left by A=! and (47)7!,
respectively.

VH ' =A7"V 4+ 47 v, el H!
UH ' =AU+ A upe, H!

Multiplying on the right by e, and on the left by uj and v, _,, respectively, yields

elDH 'e;=ulA7 v +ul4d7 v, el H e
T Ty—1 T Ty—1 Trr—1
0 :vm+1(A ) u + vm+1(A ) um+len1H €

The result follows by solving the latter equation for uf4~'v,,; and substituting in the former.
U

Numerical tests show that u} +1A*1vm+1 does not change too much when m increases

and e’ H~'e; dominates the convergence. Thus, we only need to give a coarse estimate of
u! A7, . For the computation of e} H ~'e;, the LU decomposition of H™ =L, U, can
be obtained recursively. The speed of convergence is estimated through the following result.

Theorem 2.14
Given the QL decomposition HT = QL, we have

lenH e <e/|l]

where e =min o ,c 5, el p(H)|?, and 2,, denotes the set of polynomials of degree less
than or equal m.

Proof }
For any g€ #,,_,, by Lemma (2.6),

lenH e[ = lef[H ' + g(H)]e|
= eyl + g(H)H]H 'e|

Thus,

e H 'er| < [H e, min le,, p(H)|2
pO)=1Lp€Pn_,

= ||H 'ey|2¢

Since HQ=L", HQe; = [1,¢,. Thus, |[H'e;||,=/Qeil|»/|/11|=1/|l11], and the result follows.
[l

Copyright © 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 11:75-89
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Table 1. Estimation of (1) for unsymmetric matrix A.

Matrices K Function Steps m Relative error
grear 5.39 exp(x) 6 4.84e-11
grear 5.39 exp(x) 41 6.71e-14
parter 104.8 1/x 43 1.49¢-03

2.5. Numerical results

We present results for two examples, the unsymmetric matrices grcar and parter of degree
200 from Higham’s test toolbox, [19]. The initial vectors u; and v, are the vectors (1,2,...,n)T
and (n,...,1)T, with normalization, ||u;||=|v;|| = 1. Throughout we also normalize u; and v;.
The results are presented in Table 1. Here x is the 1-norm condition number ||4]|;[|4~"]|;. For
matrix parter, the 40th block has degree 4, and the 39th block of matrix grcar, has degree 3.

3. THE ARNOLDI PROCEDURE

The Arnoldi process may also be used to construct an algorithm for the estimation of (1).
Given the initial vector v;, the Arnoldi process generates the orthogonal basis V,, =[v;,Vva,...,
v,,] for the Krylov subspace K,,(4,v;). In matrix form

AVm =VnH, + hm+1,mvm+leT (12)

m

where H,, is an upper Hessenberg matrix.

Proposition 3.1 _
If 0<j<m— 1, then A'v; =V, H}e,.

Proof ‘
The result follows from e,EH;,’qel =0 when j<m — 2. O

The same arguments employed in Section 2.2 for the look-ahead Lanczos can also be used
to show that ul f(4)v; can be approximated by u]V,, f(H,)e;. In the Arnoldi case, because
F(H,)CF(A), it is sufficient for the closed contour I' to encircle #(4). We note that
Proposition 3.1 does not hold for j>m — 1. Thus, for approximation of f(A)v; the Arnoldi
method has algebraic accuracy m— 1. Because the initial vector ul does not impact the Arnoldi
procedure, the angle between u; and the residual, r = f(4)v,—V,, f(H, )ei, is the second factor
which affects the speed of approximation ul f'(A)v, ~ulV,, f(H,)e,.

The Arnoldi method presents two advantages compared to the look-ahead Lanczos method;
it will not breakdown and the algorithm is easily implemented. The Lanczos process requires
two matrix—vector operations per step, as compared with one for the Arnoldi process. But
the algebraic accuracy for m steps of Lanczos is comparable to that for 2m steps of Arnoldi.
On the other hand, the Arnoldi process requires long recurrences, with linear increase in
memory. Consequently, storage may limit the accuracy achievable by Arnoldi for large-scale
A. Moreover, for this application the Arnoldi process cannot be restarted because the initial
vector v; is fixed.

Copyright © 2003 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 11:75-89
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Figure 1. Relative error against number of matrix vector operations, for given func-
tions f and with matrices 4;, and A4,, above and below, resp. In each case ‘4’
denotes the Lanczos result and ‘-’ the Arnoldi result.

To compare the performance of these two methods we evaluate the functional u” f(4)v for
four choices of f and three different matrices. The vectors w; and v, are initialized as in
Section 2.5. The cases tested are as follows:

e Matrix A4, is the bidiagonal matrix with diagonal [1,2,...,100] and all upper off-diagonal
elements identically 1. This matrix has spectrum condition number 116.75.
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Figure 2. Relative error against number of matrix vector operations, for given functions f and with
matrices 4;. In each case ‘+’ denotes the Lanczos result and ‘-’ the Arnoldi result.

e Matrix A, is obtained from the second-order discretization of the convection—diffusion
equation

Uy + Uy +uy=f, (x,y) 1in [0,1]2
u=g, (x,y) on 90,17

with 2#=1/21. This matrix has spectrum condition number 257.6.

e Matrix 45 =gallery('grcar’,200) is generated from MATLAB GALLERY, Higham test
matrices [19]. While it has spectrum condition number 3.6178, its eigenvalues are sen-
sitive. Originally, it was designed to test the eigenvalue problem.

The functions chosen are f(x)=x"',¢*,/x and In x, respectively. The results are illustrated

in Figures 1 and 2. In each case, the relative errors are plotted against the number of matrix—
vector operations, rather than the number of steps.

The presented results for both matrices 4; and A, verify the analysis of algebraic accuracy,
in particular for the function f(x)=e". From the results for matrices 4, and A, we see that the
Arnoldi process outperforms the Lanczos approach, while for matrix 4; the Lanczos method
converges more quickly. Clearly, from Figure 2, the behaviour of the Arnoldi is impacted
by the sensitivity of the eigenvalues for 43 while stagnation occurs with Arnoldi, this is not
the case for the Lanczos method. To examine the better performance of Arnoldi, compared
to Lanczos, for matrices 4, and A4,, we illustrate in Figure 3 the inner product ulr/|r||,. This
confirms that ulr/|r|, goes to zero quickly in the early stages, providing fast convergence
for Arnoldi.
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88

H. GUO AND R. A. RENAUT

X . : In(x)

107 10°
0 20 40 60 80 100 0 20 40 60 80 100

Figure 3. Arnoldi method: ulr/||r||, against the number of steps, for matrix 4; and 4,. In each case ‘-’

denotes the inner products for matrix 4, and ‘-’ the matrix result 4;.

4. CONCLUSIONS

Algorithms for the estimation of u' f(4)v for large-scale unsymmetric matrices have been
developed and numerically validated. Their ability to accurately estimate u” f(4)v depends on
the function f and the matrix 4. Future work will focus on development of the error analysis
for other functions.
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