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Regularization parameter estimation for large scale
Tikhonov regularization using a priori information

Rosemary A Renaut� , Iveta Hn�etynková, Jodi Mead

Abstract

Solutions of numerically ill-posed least squares problemsAx � b for A 2 Rm� n by
Tikhonov regularization are considered. ForD 2 Rp� n, the Tikhonov regularized
least squares functional is given byJ(� ) = kAx � bk2

W + 1=� 2kD(x � x0)k2
2 where

matrixW is a weighting matrix andx0 is given. Givena priori estimates on the co-
variance structure of errors in the measurement datab, the weighting matrix may
be taken asW = Wb which is the inverse covariance matrix of the mean 0 normally
distributed measurement errorse in b. If in additionx0 is an estimate of the mean
value ofx, and� is a suitable statistically-chosen value,J evaluated at its mini-
mizerx(� ) approximately follows a� 2 distribution withm̃ = m+ p� n degrees of
freedom. Using the generalized singular value decomposition of the matrix pair
[W1=2

b AD], � can then be found such that the resultingJ follows this � 2 distribu-
tion. But the use of an algorithm which explicitly relies on the direct solution of
the problem obtained using the generalized singular value decomposition is not
practical for large scale problems. Instead an approach using the Golub-Kahan
iterative bidiagonalization of the regularized problem ispresented. The original
algorithm is extended for cases in whichx0 is not available, but instead a set of
measurement data provides an estimate of the mean value ofb. The sensitivity of
the Newton algorithm to the number of steps used in the Golub-Kahan iterative
bidiagonalization, and the relation between the size of theprojected subproblem
and� are discussed. Experiments presented contrast the e� ciency and robustness
with other standard methods for �nding the regularization parameter for a set of
test problems and for the restoration of a relatively large real seismic signal. An
application for image deblurring also validates the approach for large scale prob-
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lems. It is concluded that the presented approach is robust for both small and large
scale discretely ill-posed least squares problems.

Key words: ill-posed problems, Tikhonov regularization,� 2-distribution,
Golub-Kahan iterative bidiagonalization, hybrid methods, Newton algorithm.

1. Introduction

We are concerned with the solution of large-scale linear discrete ill-posed
problems such as arise in many physical experiments associated, for example,
with the discretization of integral equations [31, 10]. Here we will illustrate the
presented approach for the deblurring of a noisy image; a problem which can be
addressed in several di� erent ways and from di� erent perspectives, for example
with regard to edge enhancement, as well as deblurring when the underlying blur
operator is unknown, i.e. [1, 21, 26]. For our situation we suppose a model given
by the ill-posed system of equationsAx = b, where matrixA 2 Rm� n results from
the underlying model discretization and a solutionx 2 Rn is desired for measure-
mentsb 2 Rm, which are often noise-contaminated. An approximate solution x̂
may be obtained by solving the weighted regularized least squares problem, with
matrix D 2 Rp� n, p � n, chosen dependent on anticipated smoothness properties
of the solutionx,

x̂ = argminJ(x) = argminfkAx � bk2
Wb

+ kD(x � x0)k2
Wx

g; (1)

where we use the standard de�nition of the weighted norm for vector y with
weight matrixW given by yTWy = kyk2

W. Here we consider the general case
in which the �t to data term is measured in weighted norm with weight matrix
Wb which may be available experimentally. For example, when the measurement
errorse in the measurement datab are assumed to be samples from a multivari-
ate normal distribution,Nm(0;Cb) (m variables, mean 0 and covarianceCb), the
weighting is the inverse covarianceWb = C� 1

b . For the case of colored noiseCb is
diagonal,Cb = diag(� 2

1; � 2
2; : : : ; � 2

m), whereas for white noiseCb = � 2Im.
As presented here the regularization termD(x � x0) is also calculated in a

weighted norm. IfWx can be assumed to be the inverse covariance matrix for
normally distributed errors in the mapped model parametersDx, then it can be
shown that the minimum of the functionalJ follows a � 2 distribution withm �
n + p degrees of freedom, [18, 19]. This extends the standard result on the � 2

distribution of the unregularized least squares functional [27]. Also, if D = In and
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Wx = 1=� 2
xIn, where� 2

x is the common white noise variance in model parameters
x, thenx̂ is the standardmaximum a posteriori(MAP) estimate of the solution,
[31]. The advantage of assuming that weighting matricesWb andWx are inverse
covariance matrices is that it permits our focus on the use ofthe� 2 property of the
minimum functional to e� ciently determine the parameter� x whenWx = 1=� 2

xIn.
The determination of the optimal� = 1=� x is a topic of much previous re-

search, and includes methods, amongst others, such as the L-curve (LC), general-
ized cross validation (GCV), the unbiased predictive risk estimate (UPRE) and the
discrepancy principle estimate of the distance between theexact and regularized
solution [22], all of which are well-described in the literature, see e.g. [10, 31]
for comparisons of the criteria and more references. Other recent approaches
analyse the statistical properties of the residual of the least squares functional
[28, 11]. Some especially promising e� orts for determining� , particularly for
large scale problems, have placed emphasis on regularization methods based on
iterative Golub-Kahan bidiagonalization, e.g., LSQR [24,25] and hybrid methods
[5, 10, 14, 15, 3, 23]. In standard hybrid methods the original problem is projected
onto a lower dimensional subspace using the bidiagonalization algorithm, which
by itself represents a form of regularization by projection. The projected bidiag-
onal problem, however, inherits a part of the ill-posedness, and therefore some
form of inner regularization is applied to the projectedsmall sub-problem. The
bidiagonalization may be stopped when the regularized solution of the projected
problem matches any of the previously mentioned stopping criteria. Hybrid meth-
ods seek to combine the bidiagonalization procedure with determination of an
appropriate regularization parameter for solving the projected system, i.e.project
then regularize. An alternative form of hybrid is described here,regularize while
projecting. Speci�cally, the hybrid method presented in this paper still utilizes
the standard e� cient iterative bidiagonalization of the LSQR, but in contrast to
the standard hybrid, this is combined with a parameter search algorithm derived
from the� 2 property of the regularized functional. Throughout, having noted this
distinction between the standard hybrid and our new hybrid LSQR, we still refer
to the present method as anhybrid LSQRalgorithm. The details are discussed in
Section 3.2.

Incorporating the� 2 property of the functionalJ to �nd � is a recent innova-
tion. Provided that the weighting matrixWx is the appropriate inverse covariance
matrix for the regularization term and that the prior informationx0 approximates
the mean of parametersx, the � 2 property implies thatJ lies within an interval
centered around its expected value, [19]. Therefore a Newton root-�nding algo-
rithm can be designed for determining� x. This algorithm may be implemented
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for small-scale problems using a direct solve employing thegeneralized singu-
lar value decomposition (GSVD) of the matrix pair [W1=2

b AjD], [19]. Here the
GSVD direct solve is replaced by the iterative bidiagonalization for the regular-
ized problem. This algorithm has the bene�t of reuse of the bidiagonal system
for each step of the Newton iteration, namely for each value of � = 1=� found
in the Newton algorithm, and hence solves the regularized problem for optimal�
at almost no overhead as compared to a single solve for one given� . Note that a
general operatorD, D , I , can also be considered, using the conversion to stan-
dard form regularization [10, 4]. Another possibility would be to use an algorithm
for simultaneous bidiagonalization ofA andD as presented in [15].

We now give a brief outline of the remainder of the paper. In Section 2 we
present extensions of the theory, relevant for solving moregeneral problems. For
example, whenx0 is not the expected value of the model data we show that the
minimum functional follows a non-central� 2 distribution, with centrality param-
eter related to the choice ofx0 in relation to the actual meanx. Moreover, the
use of a truncated (�ltered) expansion of the GSVD for providing a �ltered direct
GSVD solution also modi�es the theory, yielding a functional which has fewer
degrees of freedom, dependent on the number of terms used in the �ltered ex-
pansion. The original GSVD-based implementation of the Newton algorithm can
be extended for both cases and implementation details are provided in Section 3.
For large scale problems the same Newton algorithm is employed but solutions
are obtained iteratively using the hybrid algorithm described in Section 3.2. Nu-
merical experiments detailed in Section 4 contrast the performance of the iterative
and direct solve algorithms for small-scale problems, for both central and non-
central distributions of the underlying functional. Theseexperiments validate both
the algorithm for non-central functionals and for the largescale implementation.
The dependence of the regularization parameter obtained inrelation to the size
of the projected problem is also discussed, Section 4.3. As the subproblem size
increases, the solution admits higher frequency components and more regulariza-
tion is needed. Finally, in Sections 4.4-4.5 the hybrid algorithm is shown to yield
e� cient and robust results for the deblurring of a relatively large real seismic sig-
nal, and the deblurring of a large scale image for which the true image is available.
Future work and conclusions are discussed in Section 5.
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2. Theoretical Development

2.1. � 2 Distribution of the Regularized Functional

The solution of (1) withWx = � 2In, assuming invertibility

N (A) \ N (D) = ; ; (2)

is given by

x̂(� ) = (ATWbA + � 2DTD)� 1ATWbr + x0 = x(� ) + x0; (3)

where the residualr is given byr = b � Ax0. This is more compactly writ-
ten using theresolution matrix R(� ) = (ATWbA + � 2DTD)� 1ATW1=2

b , or, more
generally,R(WD) = (ATWbA + WD)� 1ATW1=2

b , whereWD = DTWxD, yielding
x̂(WD) = R(WD)W1=2

b r + x0. With this notation, and introducing thein�uence
matrix A(WD) = W1=2

b AR(WD), (1) is written as a quadratic form,

J(x̂(WD)) = rTW1=2
b (Im � A(WD))W1=2

b r : (4)

To obtain the result on the� 2 distribution of this functional we employ the GSVD,
using the notation as given in [19], to reexpress this quadratic form.

Lemma 1. [6] Assume the invertibility condition (2) and m� n � p. There exist
unitary matrices U2 Rm� m, V 2 Rp� p, and a nonsingular matrix X2 Rn� n such
that

A = U�̃ XT ; D = VM̃XT ; (5)

where

�̃ =

2
666666664

� 0
0 In� p

0 0

3
777777775
; � = diag(� 1; : : : ; � p) 2 Rp� p;

M̃ =
h

M; 0p� (n� p)

i
; M = diag(� 1; : : : ; � p) 2 Rp� p;

and such that

0 � � 1 � � � � � � p � 1; 1 � � 1 � � � � � � p > 0;
� 2

i + � 2
i = 1; i = 1; : : :p:

(6)
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Now, using the GSVD of the matrix pair [W1=2
b AjW1=2

D ],

J(x̂(WD)) = rTW1=2
b U(Im � �̃ �̃ T)UTW1=2

b r ; (7)

=
pX

i=1

s2
i �

2
i +

mX

i=n+1

s2
i ; s = UTW1=2

b r ; (8)

= kkk2 �
nX

i=p+1

k2
i ; k = QUTW1=2

b r ; (9)

Q = diag(� 1; : : : ; � p; In� p; Im� n): (10)

This is the starting point for showing thatJ follows acentral � 2 distribution with
m + n � p degrees of freedom as detailed in Theorem 3.1 [19], providedthat x0

is the expected value, denoted byx, of x. Typically, x is unknown andx0 = 0 is
chosen. Forx0 , x the followingnon-central generalization is obtained.

Theorem 1(Non Central� 2 distribution of the Regularized Functional). Suppose

� Cb = W� 1
b is the symmetric positive de�nite (SPD) covariance matrix on the

mean zero normally-distributed data error, ei,

� CD is the, possibly rank de�cient, symmetric positive (semi-)de�nite co-
variance matrix for the mean zero normally distributed model errors � i =
(D(x̂(WD)i � x0))i, with the conditional SPD inverse WD which satis�es the
two Moore-Penrose conditions WDCDWD = WD and CDWDCD = CD,

� that the invertibility condition (2) holds, and

� that the expected value ofx is x.

Then in the limit m� n + p su� ciently large, the minimum value of the functional
J is a random variable which follows anon-central� 2 distribution with m� n+ p
degrees of freedom, andnon-centrality parameter c= kc̃k2

2 = kQ̃UTW1=2
b A(x �

x0)k2
2, where

Q̃ = diag(� 1; : : : ; � p; 0n� p; Im� n): (11)

Equivalently, J� � 2(m� n + p; c) has expected value m� n + p + c and variance
2(m� n + p) + 4c.

Proof. We use the Fisher-Cochran theorem for quadratic forms [27],to show
that in the limit as the number of terms increases (7) followsa � 2 distribution.
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Because (9) expresses the quadratic form in terms of the two norm of the vec-
tor k, excepting the componentsp + 1 : n, it is su� cient to consider the dis-
tributions of the relevant componentski of k. The argument follow as in [19]
but the statistical argument is modi�ed whenx0 is not the mean. In particu-
lar, because the data and model errors are mean zero and normally distributed,
the expected value of the random variableb is b = Ax, so thatr = A(x � x0),
and k has meanc = QUTW1=2

b A(x � x0). Thus b � Nm(Ax1;Cb + ACDAT)
andW1=2

b r � Nm(W1=2
b A(x � x0); Im + W1=2

b ACDATW1=2
b ). But, using the GSVD,

CD = (XT)� 1diag(M� 2; 0n� p)X� 1, and withÃ = W1=2
b A, Im + ÃCDÃT = UQ� 2UT .

Therefore,
k � Nm(QUTW1=2

b A(x � x0); Im): (12)

Now, by (9), the centrality parameter is calculated excluding the component means
of vectork for componentsp + 1 : n and the result follows, [27].

Remark 1. Theoretically, forb 2 range(A), r 2 range(A) and the last n+ 1 : m
components ofs = UTW1=2

b r are identically zero. This would imply that J has p
degrees of freedom instead of m� n + p. Practically,b is error contaminated andP m

i=n+1 s2
i in (8) is positive and constant with respect to� . On the other hand, given

precise values forx andx0, the last m� n components ofc = Qq = QUTW1=2
b A(x�

x0) = Q�̃ XT(x � x0) are identically zero.

Theorem 1 suggests that an approach for �nding a suitable regularization pa-
rameter in the single variable caseWx = � 2In, given su� cient statistical informa-
tion on the measured datab, is to �nd a � = 1=� x so that as closely as possibleJ
follows a� 2 distribution,J(� x) � � 2(m� n + p; c(� x)). Equivalently, introducing
the notationm̃ = m� n+ p, and� (� x) = z�= 2

p
2m̃+ 4c(� x), we want to determine

� x such that

m̃+ c(� x) � � (� x) � J(� x) � m̃+ c(� x) + � (� x); (13)

wherez�= 2 is the relevantz-value for a standard normal distribution, and� de�nes
the (1� � ) con�dence interval thatJ � � 2(m � n + p; c). Takingc = 0 this is
equivalent to the condition used in [19] for the case whenx0 � x. Here, becausec
depends on� , the design of an algorithm to �nd� x satisfying (13) becomes more
challenging. The algorithm design is discussed in Section 3, but �rst we address
a modi�cation of the result when the numerical rank is reduced.

8



2.2. The Truncated GSVD

We are also interested in the case when the numerical rank of the resolution
matrix is reduced, in which case the number of degrees of freedom of the random
variable J is also reduced. We illustrate this observation through theuse of a
truncated GSVD expansion for the solution (3).

Suppose that the regularized solutionx̂(� ) is written in terms of the GSVD
expansion.

x(� ) =
pX

i=1

� i

� 2
i + � 2� 2

i

six̃i +
nX

i=p+1

six̃i; (14)

=
pX

i=1


 2
i

� i(
 2
i + � 2)

six̃i +
nX

i=p+1

si x̃i;

=
pX

i=1

fi
� i

si x̃i +
nX

i=p+1

six̃i; fi =

 2

i


 2
i + � 2

;

using the notationfi given in [8] and wherẽxi, i = 1 : : :n are the columns of
matrix (XT)� 1. It is well known that the stable numerical calculation of the GSVD
relies onkDk � k Ãk, [10, 8]. If Cb is not well conditioned, this property carries
through toÃ, ill-conditioning will be re�ected in� i and x̃i for small i, and the
full expansion in (14) will lead to a solution that is noise-contaminated. Thus,
as with the use of the truncated singular value decomposition for ill-conditioned
problems, a truncated GSVD expansion, [8], of the solution has previously been
suggested. Settingfi = 0 for small components� i; i � p � r and 1 otherwise,
yields a truncated expansion solution

xTGSVD =
pX

i=p+1� r

1
� i

six̃i +
nX

i=p+1

si x̃i: (15)

More generally, we may consider the �ltered solution, following the suggestion in
[16] for the regularized TSVD, in which the �lter function isde�ned by fi = 0 for
� i < � for some tolerance� , but for the other terms we maintain the dependence
on the regularization parameter�

xFILT(� ) =
pX

i=p+1� r


 2
i

� i(
 2
i + � 2)

si x̃i +
nX

i=p+1

six̃i =
pX

i=1

fi
� i

si x̃i +
nX

i=p+1

six̃i: (16)
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This amounts to setting� i = 0, � i = 1, so that
 i = 0, i � p � r. Consequently, we
obtain a new expression for the quadratic form (8)

J(xFILT(� )) =
p� rX

i=1

s2
i +

mX

i=n+1

s2
i +

pX

i=p� r+1

� 2


 2
i

fi s2
i : (17)

Theorem 1 is modi�ed appropriately and the distribution applies not for the orig-
inal J(� )) but for a new functional̃J(� )) with the constant terms in (17) removed

J̃(� ) = J(� ) �
p� rX

i=1

s2
i : (18)

Theorem 2. Under the same conditions as Theorem 1, but with the solutiongiven
by (16), such that fi = 0, i = 1 : p � r, fi = 
 2

i =(
 2
i + � 2), i = p � r + 1 : p, then

the functionJ̃ is a � 2 random variable with m� n + r degrees of freedom, and
centralityparameter

c = kc̃k2
2 = kQ̃UTW1=2

b A(x � x0)k2
2; (19)

where, generalizing (11),

Q̃ = diag(0p� r ; � p� r+1; : : : ; � p; 0n� p; Im� n): (20)

Proof. The proof proceeds as before for Theorem 1 but replacingk in (9) with
k̃ = Q̃UTW1=2

b r with the new de�nition (20) forQ̃. The distribution forW1=2
b r is

unchanged, but

k̃ � Nm(Q̃UTW1=2
b A(x � x0); diag(0p� r ; Im� (p� r))):

Whereas the mean and variance of the components ofk̃i are unchanged from those
for ki for i > p� r, the �rst p� r components of̃k are constant, mean and variance
0. Therefore

J̃ = J �
p� rX

i=1

s2
i (21)

=
pX

i=p� r+1

k̃2
i +

mX

i=n+1

k̃2
i ; (22)

is a sum ofm � n + r normally distributed random variables each with variance
one and respective meanci.
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Inequality (13) applies as before but withr replacingp in the de�nition of m̃
andc calculated over the relevant componentsp � r + 1 : p. Notice that the distri-
bution of the functional arises only from the components in the expansion for the
solutionxFILT which are �ltered, the other components are constants independent
of the regularization parameter� . Equivalently the unregularized components do
not contribute to the statistical properties of the functional. It appears that the de-
grees of freedom of the functional is determined by overall numerical rank of the
subspace that de�nes the solution. This observation is a topic for future research.

3. Implementation

3.1. The Newton Algorithm
In [19] a Newton algorithm to �nd� using the original formulation of the

theory, without the centrality parameter, was presented. There it was based on the
use of the GSVD to �nd the root ofF(� ) = J(� ) � m̃ = 0. The basic Newton
iteration, with line search parameter� (k), may be written generally as

� (k+1) = � (k)(1 + � (k) 1
2

(
� (k)

kDx(� (k))k
)2(J(� (k)) � m̃)): (23)

The derivative is given by

J0(� ) = �
2

� 3
kDx(� )k2: (24)

This can be determined by implicit di� erentiation ofJ(� ) in (4), but also follows
more easily from the expression forJ in terms of the GSVD for the pair [̃AjD],

J(� ) = kk(� )k2 =
pX

i=1

s2
i

(� 2
 2
i + 1)

+
mX

i=n+1

s2
i ; 
 i =

� i

� i
; � =

1
�

; (25)

combined with using the expansion (14) for the solutionx(� ). Observe, as men-
tioned in Remark 1, that the term

P m
i=n+1 s2

i is constant and so practically in the
GSVD implementation this term is calculated only once. In this case we adjust
m̃ = m̃ �

P m
i=n+1 s2

i and only calculate the update ofJ for the other relevant com-
ponents.

While, the algorithm for the truncated functional given by (18) is designed
similarly with functionF de�ned by

F(� ) =
pX

i=p� r+1

s2
i

(� 2
 2
i + 1)

+
mX

i=n+1

s2
i � (m� n + r) � 0: (26)
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it is of greater interest to consider an approach to make the calculation e� cient
for large scale problems. In the following we introduce a method to obtainx(� )
and henceJ(� ) iteratively.

3.2. The Hybrid LSQR Algorithm

The algorithm is based on Golub-Kahan iterative bidiagonalization [24, 25].
Here, we only describe the essential components of the algorithm, and refer to
references for more details. Moreover, for ease of presentation, we give the al-
gorithm for the case withWb = I andx0 = 0, but note that the implementation
with generalWb andx0 proceeds similarly, replacingA andb throughout byÃ and
W1=2

b (b � Ãx0), respectively, and �ndsx(� ) as given in (3).
Given initial vectorsg0 � 0; h1 � b=� 1; where� 1 � k bk , 0, the Golub-Kahan

iterative bidiagonalization computes, using two-term recurrences requiring only
matrix-vector multipliciations with the matricesA and AT , orthonormal vectors
gi; hi, i = 1; 2; : : :

� igi = AThi � � igi� 1 ; kgik = 1; (27)

� i+1hi+1 = Agi � � ihi ; khi+1k = 1: (28)

Let H j � [ h1 ; : : : ; h j ] 2 Rm� j, G j � [ g1 ; : : : ; g j ] 2 Rn� j and

L j �

2
6666666666666664

� 1

� 2 � 2
::: :::

� j � j

3
7777777777777775
; L j+ �

"
L j

� j+1eT
j

#
; L j+ 2 R( j+1)� j :

Then the recurrences (27-28) can be written in the matrix notation

AT H j = G j LT
j ; A Gj = [ H j ; h j+1 ] L j+: (29)

With the observation [H j; h j+1]Tb = � e1, the j steps of the bidiagonalization yield
a subproblem

L j+ y j � e1 � 1: (30)

Then, whenD = I, the least squares solutiony j(� ) of the augmented system
"

L j+

1=� I j

#
y j(� ) � e1 � 1 ; (31)
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transformed to the original variables through

x j(� ) � G jy j(� ): (32)

represents an LSQR approximation to the solution of the original problem (1) for
one particular� , see [24, 25]. Note thatkx j(� )k2

2 = kG jy j(� )k2 = ky j(� )k2
2. For

the general case whenD , I , the problem (1) can be transformed to the so-called
standardform, and then the LSQR algorithm in the basic form can be applied,
details of this transformation are provided for example in [10].

In order to use the root �nding algorithm described in Section 3.1 to determine
optimal� , it is important that the updated values forx(� (k)) andJ(� (k)) can be ob-
tained e� ciently for each iteration. The solutionx(� (k)) for each� (k) is computed
by solving (31) with the appropriate number of bidiagonalization stepsj = j(� (k)),
and takes advantage of the fact that the matricesL j+ , G j and the right-hand side
e1 � 1 do not depend on� (k). If j(� (k)) is smaller thanj(� (i)) for some 1� i < k,
i.e. if the convergence criteria are satis�ed for somei < k, the corresponding
subblock ofL j+ can be used. Otherwise the matricesL j+ andG j are augmented
by computing additional steps in (27-28). Note that construction of the matrix
L j+ is the most expensive part of the LSQR algorithm. Thus reusing L j+ makes
the computation ofx(� (k)) e� cient. The calculation ofJ(� (k)) is clear from the
updatex(� (k)): it is approximated by the augmented residual for the approximate
solutionx j(� (k)). Indeed, althoughG j is immediately generated by the LSQR it-
eration, there is no need to explicitly formx(� (k)) using the transformation (32)
until the converged value of� (k). Of course, this does mean that the matrixG j

will need to be accumulated and stored for use at the �nal stage of the algorithm,
however, this is also the case with any algorithm based on regularizing the LSQR
iteration.

3.3. The Algorithm with Centrality Parameter
To account for the centrality parameterc the algorithm needs modi�cation.

For ease of explanation we explicitly write functionalJ as a function of bothb
and� , J = J(b; � ). We have shown thatJ(b; � ) = kk(b; � )k2, and that when�
is chosen appropriately,J(b; � ) will follow a � 2 distribution with expected value
that depends on its expected mean value. But by Theorem 1 thismean value is
explicitly given byc = kck2 = kk(Ax; � )k2. We thus need to solve

FC(� ) := J(b; � ) � J(Ax; � ) � m̃ � 0: (33)

Apparently we need to knowx. But if x were known, we would actually solve
using x0 = x in (1) and thenJ(Ax; � ) = 0. On the other hand, suppose that
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indeedx is not known, but we can �nd an estimate forb from the set of repeated
measurements of the experiment which are used to provide thecovariance matrix
Cb. Then we can replaceAx in (33) byb and seek to solveFC(� ) � 0. However,
from (24)

@FC

@�
= �

2
� 3

(kDx(b; � )k2 � k D(x(b; � )k2); (34)

and the functionalFC need not be monotonic. Indeed, the root ofFC(� ) = 0 need
not exist. An example illustrating this is shown in Figure 1.

10
-6

10
-5

10
-4

10
-3

-30

-29

-28

-27

-26

-25

-24

-23

-22
6.8551e-05 -22.6994

log
10

(s)

F
C

(s
)

Figure 1: Example of the non-monotonicity of functionFC in (33). FC(� ) is plotted against
log10(� ). The circles denote the values of the pairs (log10(�

(k)); FC(� (k))) during the iteration to
�nd the optimal choice of� , found at� = 6:9e� 05 with valueFC(� ) = � 22:7.

The potential for the nonde�nite bevavior ofF0
C, whenq , 0, illustrated in

Figure 1 is most apparent if we look at the GSVD formulation. In particular, the
equivalent equations for the GSVD implementation are, for (33, 34), resp.

FC(� ) =
pX

i=1

s2
i � q2

i

(� 2
 2
i + 1)

+
mX

i=n+1

(s2
i � q2

i ) � m̃ = 0; q = UTW1=2
b A(x � x0); and(35)

@FC

@�
= � 2�

pX

i=1

zi 
 2
i

(� 2
 2
i + 1)2

; where zi = s2
i � q2

i : (36)

3.3.1. Newton with Bisection to Minimize FC

We seek� such thatFC(� ) is close to zero, equivalently, such thatF2
C(� ) is

minimum. If there is a root such thatFC(� ) = 0, it will solve the minimization,
otherwise we �nd� such thatF0

C(� ) = 0, andF2
C(� ) is minimum. As for the

original Newton algorithm to solveF(� ) = 0, the algorithm is made more robust
by some basic observations. BothJ(b; � ) andJ(b; � ) which occur inFC(� ) are
positive. Indeed,

FC(� ) = kk(b; � )k2 � k k(b; � )k2 � m̃;
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and both norms are monotonically decreasing with� . Therefore,

kk(b; � )k2 � k k(b; 0)k2 � m̃ � FC(� ) � k k(b; � )k2 � m̃:

Becausekk(b; � )k2 is itself monotonically decreasing with� , for any� > � max,
wherekk(b; � max)k2 = m̃, necessarilyFC(� ) < 0, andF0

C(� max) < 0. Likewise,
kk(b; � min)k2 = m̃ + kk(b; 0)k2, provides a lower bound for� . The algorithm to
minimizeF2

C(� ) therefore �rst solves for both� min and� max, so as to �nd a bracket
on the optimal� . Because these two values are found using only the functional
J(b; � ), the original fast convergent Newton algorithm can be used, [19]. Indeed,
determination of� max solves the original central distribution problem under the
assumption that the givenx0 = x, and can itself be used to give an estimate of
the solution,x(b; � max). In the rare case that the vectorz, de�ned from its com-
ponentszi, is itself de�nite, these bounds on� e� ectively bracket the root of a
monotonically increasing function, and the original Newton algorithm can now
be applied to functionFC to �nd its root. Otherwise we use simple bisection to
�nd the minimum ofF0

C(� ) within the determined bracket.

Remark 2. It might appear that another approach to solve in the case that x0 , x
but b is available, would be to useb to �nd an estimate ofx, and then to solve
again using the obtained value for the estimate of the expected valuex as x0 in
J(b; � ). However, in this case we would need to �nd the estimate forx without
regularization. We know that for ill-conditioned problems, even without noise, the
estimate of the solutionx is unlikely to be useful. While such an approach would
therefore avoid the problem of �nding the minimum for FC, its success would be
limited to problems which are well-conditioned. Experiments, not reported here,
con�rm this observation.

4. Numerical Experiments

The major goal of the presented numerical experiments is that they validate
the hypothesis that the hybrid LSQR algorithm can be used to e� ciently obtain
the regularization parameter using the� 2 properties of the regularized functional
for large scale problems. Several experiments are presented. First, in Section 4.1,
we contrast the basic Newton algorithm implemented using direct GSVD solves
and iterative hybrid LSQR solutions for a set of small scale test problems. The
algorithm is implemented as described in Section 3.1 and is based on the original
work in [19]. In all cases it is implemented in exactly the same way for both direct
GSVD and iterative hybrid LSQR versions, namely line searchand bracketing are
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performed equivalently. Because the hybrid LSQR is iterative, its performance
depends on the number of steps of the bidiagonalization algorithm (27-28). As
proposed in the original papers [24, 25], two stopping criteria for the generation
of the bidiagonal system are used

kr jk � btolkbk + atolkAk kx jk and
kATr jk
kAk kr jk

� atol: (37)

The quantitieskr jk, kx jk, kAk, andkATr jk can be estimated at minimal cost in the
LSQR iterations. The quantitiesatol; btol are user speci�ed and should re�ect the
expected accuracy of the data, see [24] for more details.

Although extensive comparisons between the new regularization method using
prior informationx0 and other standard regularization parameter estimation meth-
ods, described for example in [10, 31], were provided in [19], in Section 4.2 we
contrast the performance of the algorithm using prior information given throughb
with the LC and UPRE methods. Having validated the hybrid algorithm, we then
turn in Section 4.3 to an examination of its performance withrespect to the size of
the subproblem at each Newton iteration and the tolerancesatol andbtol. Again
the results are also compared with those obtained using LC and UPRE regulariza-
tion strategies. Finally, we demonstrate that the new approach can be used for the
solution of large scale problems. Two examples are presented, one the deconvo-
lution of real one dimensional seismic signals, Section 4.4for which the solution
is also contrasted with that obtained using the UPRE, and thesecond a standard
large scale image deblurring test problem, Section 4.5.

4.1. Comparing hybrid LSQR and GSVD

The purpose of the experiments presented in this section is the assessment of
the consistency of the� update strategy when implemented for the hybrid LSQR
algorithm as compared to solutions obtained using the GSVD.In our early exper-
iments, not reported here, we assumed that it would be su� cient to �nd the initial
subproblem size given byj(� (0)) and use that value for the subsequent outer it-
erations on� , or to allow j to increase as we changed� . But recall, as noted in
the Introduction, that the basic LSQR algorithm introducesits own regularization
on the least squares problem through the projection of the original problem onto a
lower dimensional subspace. Indeed the size of the subproblem, j, can be thought
of as a regularization parameter and the hybrid LSQR combines use of two regu-
larization parameters,j and� . Consequently, we expect that the actual required
subproblem size will depend on the current value of� . Speci�cally, when� is
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very small,� is large and the LSQR solution of the augmented system contains
less noise than if� were larger. Thus, for a given problem, the augmented solu-
tion by LSQR for smaller� permits a solution on a larger subspace. Equivalently,
the LSQR does not need to introduce as much regularization inthis case. Indeed,
we found that the subproblem size does change dynamically with � increasing
or decreasing. Although we could set an initial requirementof using a speci�c
subproblem size for all� , this might lead to some additional unnecessary cal-
culation. Therefore we permit the algorithm to chosej as a function of� each
outer iteration, and present averages for the actual adopted size of the projected
problem.

Benchmark problems,shaw, ilaplace , heat andphillips , from the Reg-
ularization Tool Box [9] are implemented for di� erent noise levels. The param-
eter� obtained using the iterative hybrid LSQR solution is contrasted with that
obtained by the direct GSVD solution. In examples using the toolbox thetrueso-
lutionsxtrue, and matricesA de�ning the models, were obtained using the relevant
function calls to the tool box andtruemeasurements found frombtrue = Axtrue. To
obtain noisy data sets the MatlabR
 function randn [17], which yields standard
normal data, was used to obtain a perturbation matrixE of sizem� 500, forb of
lengthm. Each columnel, l = 1 : 500, ofE was normalized to two norm length
kbk by el = elkbk=kelk and the 500 noisy right hand side vectorsbl obtained as
bl = b + � el. Data sets were generated for noise levels� = :001, :005, :01, :05
and:1. Given the 500 samples we can then directly calculate the covarianceCb

of the measurements. This method generates a covariance matrix which is nearly
diagonal, hence in this �rst set of experiments we used the diagonal weighting
matrix C1=2

b = diag(� 1; � 2; : : : ; � m). Also, all experiments, other than those with
the problemshawwhich usesD = I, usedD to approximate the �rst derivative
operator.

In this �rst set of experiments we use very small problems, problem sizen =
64, and impose a very tight con�dence interval (13) using� = :9999, for tolerance
:0014 on convergence of the Newton iteration. For the LSQR iterations we use
atol = 100� btol andbtol = 10� 9, and allow the subproblem size to reach full
size 64. At each outer Newton step the LSQR algorithm adjuststhe size of the
projected problem,j(� ) such that the LSQR algorithm meets the convergence
criteria (37), which may be di� erent for each chosen� (k). Therefore, for each
noise level we track the average ofj(� (k)) over outer stepsk = 1; 2; :::, k � 15.
For both direct and iterative solves we report the total number of calculationsK
of � , equivalently of problem solves, where the count includes the bracketing and
subsequent Newton iterations. P-values for a paired t-testbetween GSVD and
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hybrid LSQR results for bothK and for� are also given.
The results in Table 1, which are for the solution ofF(� ) = 0, using the

unrealisticestimatex = x0 = 0, demonstrate generally a very high correlation,
p-value near 1, between GSVD and hybrid LSQR algorithms for both the average
number of solution solvesK and for� . Overall the average size of the projected
problem is found to be much smaller than the actual problem size, and decreases
with increasing noise level as anticipated. The exceptions, those where the cor-
relation is not high, namely low noise for the problemheat and high noise for
ilaplace , can be explained by the regularizing properties of the hybrid LSQR
algorithm. Speci�cally, for the former case with high noise, the LSQR generates
a small bidiagonal system, hence introducing signi�cant regularization itself by
excluding noisy components of the solution. Consequently,it is likely that the ob-
tained optimal regularization parameter imposes less regularization than is needed
for the GSVD algorithm. On the other hand, in the latter case,the LSQR algo-
rithm iterates almost to the actual full problem size ofn = 64 and more outer
regularization is needed.

Table 2 provides equivalent experiments to those in Table 1,but for the mini-
mization of the discrepancyF2

C(� ). Therefore, the algorithm �rst �nds the mini-
mum and maximum values for� as described in Section 3.3.1, and then carries out
bisection to �nd the minimal discrepancy. The iteration count includes all three
stages. To simulate the use of average measurement data, we form the average of
thebl for the given noise level and use this asb. Here the average relative errors
in the solutions are also calculated, and the failure count is given, where a failure
is indicated by a relative error greater than 50%. The relative errors and failures
increase with the noise level, but in general the results indicate that the algorithm
is robust at �nding good regularization parameters. Also these results demon-
strate that a high correlation for the obtained� is not necessary for achieving low
relative error, see for example noise level:01 for problemilaplace .

The results of this section reinforce the conclusions aboutthe robustness of the
� 2 method for small scale problems when used with prior information b instead
of x as presented in [19].

4.2. Other Regularization Techniques

Extensive results contrasting the� 2 method witha priori informationx0 = x
for the LC, GCV and UPRE techniques for �nding the regularization parameter
were presented in [19]. There it was shown that the GCV was notcompetitive
in terms of robustness. Here therefore we only consider the LC and UPRE tech-
niques and we present just one set of experiments. The results given in Table 3
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demonstrate that the new algorithm with thea priori informationb is competitive.
The problem size is 128 but all other settings are the same as for the experi-

ments reviwed in Table 2, except that the size of the projected problem is limited
to 128, and the total sample size is 250 instead of 500. The failure counts and
average relative least squared errors are given. The entries in bold face in each
row indicate the result with minimum average relative error. Each method is com-
petitive for some problem set, but less competitive for another problem set. It can
also now be seen, compare with Table 2, that the hybrid LSQR algorithm has the
potential to outperform the direct solve using the GSVD, even for this relatively
small problem size of 128. We anticipate the GSVD to become less reliable as the
problem size increases. Moreover, the results for the hybrid LSQR are not tuned
in any regard to its convergence parameters. This tuning is the topic of the next
set of results.

4.3. Characteristics of the hybrid LSQR algorithm

The experiments presented in this section further examine the convergence
properties of the hybrid LSQR algorithm. Problemsshaw and phillips are
solved for problem sizen = 512 with an error level of 10%, the constraint
j(� ) � 40 and di� erent choices forbtol. All other parameters are the same as
in the previous section. The legends in Figure 2 indicate thevalues ofbtol and re-
sulting least squares errors in the solutions. Plotted are the subproblem sizej(� (k))
against� (k), for increasing values ofbtol. In all cases the projected problem size is
far smaller than the maximum limit of 40, which supports the hypothesis that the
hybrid LSQR will be cost e� ective for larger problems, and that the solution is not
prejudiced by the upper limit of 40 on the subproblem size. The actual values of
� obtained in each case for increasingbtol are 3:1756, 3:1756, 3:2540, 28:5962,
750000 and are:0016,:0016,:0207, 250000, 750000, forshawandphillips ,
resp. Large values of� (� is very small), indicate that for the given tolerances on
the LSQR solution no additional regularization through theregularization term is
needed. The speci�c large value of� is determined by the upper maximum on
� imposed by the initial bracketing algorithm on� . Whenbtol is large the con-
vergence criteria are met for a small projected problem sizej and the LSQR has
already overregularized the solution. Therefore very little additional, or no, regu-
larization is required. But the obtained solution is actually less accurate because
insu� cient information was included in the projected problem. The iteration has
stopped too soon, andbtol is too large. For smallerbtol, the projected problem
increases in size and the converged value of� is also smaller, i.e. more regular-
ization is required.
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Figure 2: Illustrating the dependence of� on j(� ) for problem with noise level 10% for increasing
btol. The values in the legend are the noise level and resulting relative least squares error for the
solution. Sub�gure (a) for problemshawand (b) forphillips . Problem size 512.

The optimal solutions in each case, forbtol = 10� 4 and 10� 5 for shawand
phillips , resp. are compared with solutions using the LC and UPRE in Figure 3,
for which the errors are:197 and 1:198, and:076 and:501 for each problem resp.,
compare the errors given in the �gures for the hybrid LSQR,:174 and:043. Good
solutions are obtained by the hybrid LSQR algorithm.

4.4. Seismic Signal Restoration

Here we present the result of deblurring real seismic data. Areal data set of
48 seismic signals of length 3000 is considered. The signal variance pointwise
can therefore be calculated over all 48 signals. For this data the underlying point
spread function, i.e. the signal blur described by matrixA, has been estimated
numerically by an approach described in [29], and is not the focus of the analysis
here. Instead our purpose is to show that the algorithms can be successfully used
on real data. Because there is no known true solution we estimate the reliability
of the deblurring result by downsampling the signals and restoring the signals at
di� erent resolutions, 2 : 1, 5 : 1, 10 : 1, 20 : 1, and 100 : 1, corresponding to
usingm = 1500, 600, 300, 150, and 30, resp. The signals are restored using UPRE
and both versions of the� 2 algorithm, i.e. withx0 = 0 and root �nding forF(� ),
as well as using the averageb in the minimization ofF2

C(� ). The LC solution was
not at all successful, insu� cient regularization was introduced, and the results are
not reported. The average signalb is formed from the average over all 48 signals.
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Figure 3: Illustrating the solution for the di� erent methods, for the optimal choice ofbtol from
the data given in Figure 2 compared with LC and UPRE solutions. Sub�gure (a) for problem
shawand (b) forphillips . Problem size 512. Solutionx is plotted against its index, at di� ering
intervals, so as to distinquish the solutions which are given by a solid line, circles, diamonds and
x symbols, for the hybrid LSQR, L-curve, UPRE and exact solutions, respectively.

White noise weighting is used, calculated from the average covariance pointwise
of all 48 signals.

The results indicate, that except for very low resolution, the results of all im-
plementations are consistent across resolutions. Indeed,the calculated values for
� are also consistent across resolutions for all three algorithms. It is apparent
that the� 2 methods are more successful at removing noise from the underlying
signal. For this application it is important that spurious oscillations are removed
but that the signals are not oversmoothed. The intent is to identify major sig-
nal arrival times, and to distinquish the arrivals of di� erent features in the sig-
nal, which correspond to di� erent geophysical re�ections at the level of the core-
mantel boundary in the Earth, and hence assist with interpretation of the structure
of the core-mantel boundary. With this in mind, we deduce that the solutions ob-
tained through minimization of the discrepancyF2

C(� ) oversmooth the solution.
Possibly this is due to the use of the overly smoothed prior informationb. More-
over, this suggests that it may indeed be preferable to in general use the simpler
algorithm which seeks to solveF(� ) = 0 with prior informationx0 = 0. The
image deblurring example in the next section therefore usesonly the root �nding
algorithm.
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Figure 4: (a) the UPRE solution, (b) the solution using root of F(� ) (c) the solution using the
minimum of F2

C(� ). Regularization parameters are consistent across resolutions: � = 0:01005,
� = 0:00058 and� = 0:000001 for each method, resp. Each solution is normalized tomaximum
height 1 and shifted to align at the position of the maximum, as is standard in the seismic liter-
ature. The solutions are plotted against the index of the original signal of length 3000. One can
immediately observe that the solutions lie virtually on topof each other as the resolution is re�ned,
except for the coarsest sampling using only 30 points.
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4.5. Image Deblurring
We now turn to our ultimate goal of demonstrating the robustness of the hy-

brid LSQR method for solving large scale ill-posed problems. To implement the
code for large scale problems we take note that calculationsin the bidiagonaliza-
tion require only matrix-vector multiplications. To accomplish this we use the
object-oriented approach for evaluating operations with matrices describing point
spread functions provided in theRESTORE TOOLS[20]. We use problemGrain
which is provided as one of the examples, with blurring matrix A of e� ective size
2562 � 2562, for a stacked 2D image of size 256� 256. A noisy version ofGrain
is obtained by adding noise tobtrue in the same way as for the earlier test problems
in Section 4.1. Because no prior information is actually available, and would not
likely be available for large scale deblurring, we run the basic Newton algorithm
for function F(� ) with x0 = 0. In Figure 5 we illustrate the original image, its
blurred noisy version and the best solution obtained with the basic LSQR algo-
rithm and with the hybrid LSQR algorithm, i.e. with additional regularization.
This is for a case with 15% noise, normalized withk(btrue � b)k=kbk = :15. Be-
cause of the problem size we usebtol = 10� 6 andatol = 10� 4. The best solution
was in both cases obtained using the projected problem of thesize 15.

The results are comparable but the signal to noise ratios calculated for solv-
ing with increasing projected problem size show that the regularization improves
the basic LSQR solution, see Figure 6. Indeed, these resultscon�rm the semi-
convergence behavior of the LSQR iteration, and that the regularization stabilizes
the process when the LSQR iteration converges to a solution for which regular-
ization is still required. This is illustrated clearly withthe relative error plot in
Figure 6 and supports the similar observation in [3] where the weighted GCV reg-
ularizer was applied to the LSQR solution. Figure 6 (c) illustrates dependence of
j on the amount of regularization in the augmented problem; subproblem sizej
increases as� decreases, equivalently as� increases and more smoothing is intro-
duced. The two regularization parameters trade o� , small j corresponds to more
regularization introduced by the LSQR step, while small� corresponds to more
regularization intrinsic in the augmented problem. The results presented for this
one problem are illustrative of experiments with di� erent noise levels, and addi-
tional problems also taken from theRESTORE TOOLSset. Finally, the presented
results for smaller problems justify our focus here on comparing our solution for
the nonhybrid LSQR and the hybrid LSQR solutions, rather than with LC and
UPRE regularizers, for which the comparison would also be prohibitive in cost.

In these experiments with large scale problems we found thatthe estimates of
F(� ) obtained from the projected problem were not close enough for use in the
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� 2 parameter choice algorithm, which is predicated on accurate estimates of this
underlying functional. Therefore we actually updatedF(� ) directly through use
of the updated solutionx(� ) rather than using the estimate based on the residual
of the projected problem. The cost of this additional step isminimal in relation to
the overall bidiagonalization step.

5. Conclusions and Future Work

The � 2 approach for estimation of the regularization parameter arising in the
solution of numerically ill-posed problems by generalizedTikhonov regulariza-
tion has been extended for large-scale problems through itscombination with an
iterative LSQR algorithm. Numerical results validate the method as compared to
the direct GSVD algorithm for a series of test problems available in the literature.
The utilization of the theory does rely on the use of some prior information, such
as an estimate of the expected value of the model parameters,x and an estimate of
the covarianceCb for the measurement variablesb. On the other hand, the image
deblurring example presented in Section 4.5 used only an estimate of the signal
covariance and no estimate of eitherx or b. This indicates that the technique can
be useful even without this additional prior information.

For the situation in whichx0 , x, for examplex0 = 0, the theory was extended.
In particular, modifying the basic theory presented in [19]yields the general non-
central� 2 distribution of the underlying functional. A new algorithmcombining
Newton with bisection search for obtaining the regularization parameter in this
case was also developed and validated. While the numerical results with sim-
ulated data support the use of this more complicated algorithm, the results for
the seismic signal restoration and the image deblurring suggest that the algorithm
could actually be detrimental and lead to oversmoothing.

The theory has been modi�ed when the underlying resolution matrix is ill-
conditioned so that the resulting functional is still a� 2 random variable at opti-
mum, but with reduced degrees of freedom. Utilization of this result for severely
ill-conditioned problems, and its possible extension to explain results in a basis
other than the basis given by the GSVD expansion, is a topic for future work.

There is considerable work in the statistics literature on the estimate of vari-
ance in measurement data without repeat measurements [30].A topic of future
study is thus to utilize this theory so as to make the� 2 approach useful for data
with limited experimental data. Additional study of the stabilizing e� ect of the
regularization combined with the LSQR solution is also needed. The hybrid
LSQR approach presented here does stabilize the LSQR solution, but as can be
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seen from Figure 6, the stabilization for large scale problems is limited. In this pa-
per it is explicitly argued thatregularization while projectingis successful. While
an implementation which uses the standardproject then regularizehybrid is poten-
tially more dependent on the stopping criteria of the projection than the approach
here, it may still be interesting to consider the robustnessof the � 2- estimate of
the regularization parameter in this case. Further modi�cation of the method may
be related to the number of degrees of freedom in the subproblem and the choice
of the stopping criteria for the bidiagonalization process, and in particular on the
loss of orthogonality occuring in the LSQR projection made very evident in recent
work described in [13]. Future work will also consider the impact of precondi-
tioning for improving the algorithm.
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shaw
Noise Average IterationsK p value

Level � j(� (k)) GSVD LSQR K �
1e� 03 13:1 7:9 7:9 1:0 1:0
5e� 03 11:5 7:7 7:6 0:6 0:3
1e� 02 10:3 7:0 7:0 1:0 1:0
5e� 02 7:2 7:1 7:1 1:0 1:0
1e� 01 6:2 7:0 7:0 0:9 0:8

ilaplace
1e� 03 16:0 7:3 7:3 1:0 1:0
5e� 03 12:2 6:3 6:3 1:0 1:0
1e� 02 10:7 6:4 6:4 0:9 1:0
5e� 02 8:0 6:5 6:5 0:9 1:0
1e� 01 7:4 6:5 6:5 0:9 0:5

heat
1e� 03 63:8 5:9 5:8 0:9 0:0
5e� 03 63:9 5:5 5:5 1:0 1:0
1e� 02 47:6 5:7 5:7 1:0 1:0
5e� 02 29:4 5:8 5:8 1:0 1:0
1e� 01 22:4 6:0 6:0 1:0 1:0

phillips
1e� 03 37:4 10:7 10:7 1:0 1:0
5e� 03 28:6 7:4 7:4 1:0 1:0
1e� 02 25:0 6:8 6:8 1:0 1:0
5e� 02 15:4 6:1 6:1 1:0 1:0
1e� 01 12:8 6:1 6:1 1:0 1:0

Table 1: The last two columns are the p-values for paired t-tests between GSVD and LSQR results,
for both the obtained� and the number of� updates. The �rst column is the noise level� used in
generating the noisy data. These results are for problem size 64, over 500 tests of each problem,
and usex0 = 0 in the de�nition ofF(� ).
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shaw
Noise Average IterationsK p value Relative Error

Level � j(� (k)) GSVD LSQR K � GSVD LSQR
1e� 03 10:5 31:1 31:2 0:8 1:0 0:067 0:067
5e� 03 9:7 28:4 28:1 0:9 1:0 0:110 0:110
1e� 02 8:7 29:4 29:2 0:7 1:0 0:135 0:135
5e� 02 7:4 26:7 26:5 0:9 1:0 0:189(2) 0:189(2)
1e� 01 6:9 26:5 25:8 0:8 1:0 0:215 0:215

ilaplace
1e� 03 8:5 28:2 31:2 1:0 1:0 0:023 0:023
5e� 03 6:5 26:8 30:6 1:0 1:0 0:053(1) 0:053(1)
1e� 02 5:9 26:5 30:6 0:0 0:4 0:084(1) 0:075(1)
5e� 02 4:7 25:6 30:8 0:9 1:0 0:161(16) 0:162(16)
1e� 01 4:3 24:1 30:9 0:7 1:0 0:211(48) 0:211(47)

heat
1e� 03 34:1 27:9 29:6 0:2 0:8 0:073 0:073(1)
5e� 03 28:8 27:3 29:6 0:9 1:0 0:133(1) 0:133(1)
1e� 02 23:6 26:6 30:1 1:0 1:0 0:179(1) 0:179(1)
5e� 02 14:8 26:1 30:3 1:0 1:0 0:304(48) 0:304(49)
1e� 01 11:1 24:5 30:3 0:8 1:0 0:375(158) 0:375(158)

phillips
1e� 03 22:0 33:4 34:5 1:0 1:0 0:017 0:017
5e� 03 14:7 28:3 31:6 0:6 1:0 0:029 0:029
1e� 02 12:1 27:5 30:9 1:0 1:0 0:039 0:039
5e� 02 8:0 24:6 30:2 0:9 1:0 0:079 0:079
1e� 01 7:0 25:4 30:5 0:9 1:0 0:112 0:112

Table 2: Comparison of the results using the hybrid LSQR and the GSVD based algorithm with
centrality parameter obtained using the average of the right hand side vectors. Columns �ve and
six are the p-values for paired t-tests between GSVD and LSQRresults, for both the obtained�
and the number of� updatesK. The �rst column is the noise level� used in generating the noisy
data. These results are for problem size 64, over 500 tests ofeach problem. The mean relative
errors are measured in the least squares norm as compared to the known exact solutions and, where
given in parentheses, the failure count is the number of problems which did not achieve relative
error less than 50%.
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shaw
Least Squares Error Failure Count

� GSVD LSQR LC UPRE GSVD LSQR LC UPRE
1e� 03 0:098 0:098 0:076 0:099 1 1 0 33
5e� 03 0:120 0:120 0:097 0:121 0 0 0 44
1e� 02 0:199 0:180 0:183 0:216 0 0 0 44
5e� 02 0:229 0:206 0:200 0:239 1 1 0 63
1e� 01 0:276 0:236 0:241 0:259 5 4 0 71

ilaplace
1e� 03 0:064 0:052 0:065 0:069 0 1 0 38
5e� 03 0:091 0:075 0:077 0:088 0 0 0 34
1e� 02 0:146 0:151 0:125 0:160 3 6 0 42
5e� 02 0:200 0:204 0:166 0:195 22 18 0 71
1e� 01 0:247 0:230 0:231 0:230 67 53 63 112

heat
1e� 03 0:118 0:118 0:080 0:093 0 0 128 0
5e� 03 0:152 0:152 0:114 0:127 0 0 157 0
1e� 02 0:272 0:272 0:245 0:242 16 16 245 15
5e� 02 0:327 0:324 NaN 0:305 46 40 250 21
1e� 01 0:408 0:404 NaN 0:396 119 109 250 61

phillips
1e� 03 0:025 0:025 0:025 0:040 0 0 0 4
5e� 03 0:033 0:033 0:028 0:044 0 0 0 4
1e� 02 0:065 0:065 0:047 0:095 0 0 0 18
5e� 02 0:100 0:099 0:080 0:109 0 0 0 34
1e� 01 0:137 0:136 0:123 0:139 2 2 0 28

Table 3: Results are reported for problem size 128 over datasets each of size 250 for each noise
level. The errors are relative least squares errors with respect to the exact solution, and the failure
counts are the number of solutions in each case which did not achieve a relative error less than
50%. The parameter settings are set as in Table 2, except thatthe problem size of the projected
problem is allowed to reach size 128, consistent with the given problem size.NaN indicates that
the relative error could not be calculated because the test failed for all samples. Minimum values
are in bold face for each problem set.
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Original Grain

(a)

Blurred Grain 15% Noise

(b)

Grain 15%, j=15, Unregularized

(c)

Grain 15% Noise, j( s)=15, s=1.98

(d)

Figure 5: ProblemGrain with noise of 15% added. (a) the true solution, (b) the noisy blurred
right hand side, (c) the basic LSQR solution (d) the hybrid LSQR solution.
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Figure 6: (a) the signal to noise ratio for problemGrain with noise of 15% added for increasing
subproblem size. Signal to noise ratio is calculated as 10 log10(1=e), wheree is the relative error
kxtrue � x(� ))k=kxtruek illustrated in (b). (c) shows� in each case. (Recall the regularization
parameter� = 1=� .)

33


