240 Essential Mathematical Bislogy

8.3 Nutrients: the Diffusion-limited Stage

In order to grow a tumour requires oxygen and other nutrients. Normal tissues
have blood vessels passing through them, and nutrients in the blood pass into
the tissues through the vessel walls. In the early stages of development tumours
have no such blood supply, and rely on nutrients diffusing from the adjacent
normal tissue. As the tumour grows, diffusion can no longer provide sufficient
nutrient, nutrient concentrations near its centre fall and cells die, resulting in a
necrotic core. The tumour can grow no further and reaches a diffusion-limited
steady state. A similar situation can occur after vascularisation, i.e. after the
tumour has triggered production of its own blood supply, if the pressure in
the tumour gets high enough to collapse the blood vessels in the tumour. In
this section we shall investigate the conditions under which a necrotic core is
produced by modelling the nutrient concentration in this steady state. We shall
assume that the problem is spherically symmetric, leading to simplifications in
the equations which are summarised in Section C.2.3 of the appendix. Let ¢(r)
be the concentration of the limiting nutrient, which we assume for definiteness
to be oxygen, at radius r. Let the radius of the necrotic core (when it exists)
be ry and that of the tumour be rs. We shall take rp to be given and seck
information on r1, so we are addressing the gquestion of how large the necrotic
core would be if the tumour were of a given size, rather than how large the
tumour will become. Let ¢ satisfy the steady-state diffusion equation
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for v, < r < rg, where & is a constant representing the rate of uptake of oxygen
and D is the constant diffusion coefficient. The oxygen is only taken up by

living cells, so that
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for r < r;. Let ¢z be the concentration in the normal tissue, provided by trhE
perfusing blood vessels, and ¢; the concentration at or below which cells rllf:i
The fact that ry is unknown, so that the domains of Equations (3.3.5) ai
(8.3.6) are not given a priori, is a difficulty to be overcome, Such problems are
known as free boundary problems.

Let us first consider small tumours, so small that there is no necrot
Then r; = 0 and the boundary conditions are
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using symmetry. Multiplying Equation (8.3.5) through by r?, integrating once,
dividing through by r* and integrating again, we obtain
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where A and B are the two constants of integration, or using the boundary
conditions (8.3.7),

(8.3.8)

glr)i= —%%{r* r) + ea. (8.3.9)
This is valid as long as o(0) = ¢,
D
ri<ri=6lce—ca)— (5.3.10)
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Now assume rz > 7., and is known, so that r; > 0, and is to be found. We
may integrate Equation (8.3.3) in the necrotic core to deduce that ¢ must be
constant there, ¢ = &, say. By definition & < ¢, but since no consumption of
nutrient occurs for ¢ < ¢; then we must have é = ¢;. (This may be made math-
ematically rigorous by using a maximum principle.) The boundary conditions
for the region of living cells are now

elri)=a, Jrm) =0, clrz)=c. (8.3.11)

where J = D £ is the (radial) flux of nutrient. The condition at r = ra is as
before; the condfnmm at r = rp ensure continuity of concentration and flux at
the boundary with the necrotic core. (There is no flux at all in the necrotic core,
Bince ¢ = ¢y, constant, and so by continuity there can be none at r;+.) MNote
that there are three boundary conditions, although Equation (8.3.5) is only a
gecond order differential equation. The extra condition is crucial in allowing us
to determine ry. Continuity conditions are often the key to a determination of
an unknown boundary in a free boundary problem,
We again integrate Equation (58.3.3) to obtain
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"" bplying the boundary conditions (8.3.11] we obtain
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tl‘aﬂtiug the first of these from the second, and substituting in the value of
tained from the third, we obtain

1 1 i
- (fg - i “2?1'{— = —])

1 Ty

z Uil s
——r 1+2=91-—
D 2{ :I

1
S e 2—}(1"2 -r)?, (8.3.14)

5] =






