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A malignant tumor is a dynamic amalgamation of various cell phenotypes, both
cancerous (parenchyma) and healthy (stroma). These diverse cells compete over
resources as well as cooperate to maintaintumor viability. Therefore, tumors are
both an ecological community and an integrated tissue. An understanding of how
natural selection operates in this unique ecological context should expose unap-
preciated vulnerabilities shared by all cancers. In this study I address natural selec-
tion’s role in tumor evolution by developing and exploring a mathematical model of
a heterogenous primary neoplasm. The model is a system of nonlinear ordinary dif-
ferential equations tracking the mass of upto two different parenchyma cell types,
the mass of vascular endothelial cells from which new tumor blood vessels are
built and the total length of tumor microvessels. Results predict the possibility of
a hypertumor—a focus of aggressively reproducing parenchyma cells that invade
and destroy part or all of the tumor, perhaps before it becomes a clinical entity. If
this phenomenon occurs, then we should see examples of tumors that develop an
aggressive histology but are paradoxically prone to extinction. Neuroblastoma, a
common childhood cancer, may sometimes fitthis pattern. In addition, this model
suggests that parenchyma cell diversity can be maintained by a tissue-like integra-
tion of cells specialized to provide different services.

c© 2003 Society for Mathematical Biology. Published by Elsevier Ltd. All rights
reserved.

1. INTRODUCTION

Malignant tumors contain two distinct cell populations: cancer cells themselves
(parenchyma); and reactive stroma containing healthy cells largely subjugated by
the parenchyma. Neither population is simple. For example, stroma typically con-
tains vascular endothelial cells (VECs), pericytes and smooth muscle cells in its
blood vessels (Folkmanet al., 2000), along with fibroblasts and other cell types
characteristic of healing wounds (Weinert, 1997; Rowley, 1998; Tuxhorn et al.,
2001). Parenchyma cells in a given tumor, although typically derived from a single
progenitor cell, also tend to show considerable phenotypic variation. To cite just
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one example, most malignant lung tumors contain cells of more than one histo-
logical type, and even individual cells can exhibit features of more than one type
(Mabry et al., 1996). Such diversity probably results from genotypic instability
characteristic of most, if not all, cancer cells (Loeb, 1996; Testa, 1996; Cheng and
Loeb, 1997; Cahill et al., 1999; Qumsiyehand Li, 2001; Bertuzzi et al., 2002).

This situation makes for an interesting ecology. On one hand, stromal cells inte-
grate their activities with the parenchyma. For example, VECs build blood ves-
sels supplying nutrients to proliferating parenchyma cells, and stromal fibroblasts
secrete proteases facilitating parenchymal invasion of surrounding tissue (Terada
et al., 1996; Chang and Werb, 2001). On the other hand, all cells within the
tumor compete for oxygen, reduced organic compounds, waste-removal services
and space. In addition, stromal immune effector cells act like predators, destroying
parenchyma cells and other stomal support structures like blood vessels (Colombo
et al., 1996). Therefore, a malignant tumor’s organization is somewhere between
an integrated tissue and an ecological community.

Two questions arise at this point. First, what allows for parenchyma diversity
and the tissue-like organization among parenchymal and stromal subpopulations?
The second question is related to the first: how will the parenchyma population
evolve over time? If tumors act like ecological communities, then cell types should
segregate into distinct niches and live off different sets of resources because of
competitive exclusion. However, if tumors are more like integrated tissues, natural
selection should favor diverse but cooperative cell types.

These questions have clinical relevance. Understanding how cells coordinate to
form viable tumors generates insight into how such integration is most easily dis-
rupted. Efforts to destroy cancers by inhibiting angiogenesis provides an example.
Also, since cell composition generates a tumor’s gross phenotype, elucidating how
natural selection operates in a given tumor may yield techniques to alter that phe-
notype in the patient’s favor.

Here I address these questions with a mathematical model that describes three
aspects of a single solid tumor: change in mass over time; change in tumor vascu-
larization over time; and competition between two different parenchyma cell types.
In addition, since mature blood vessels arise from activated, immature VECs, a pro-
cess that takes some time (Neufeldet al., 1999), the model also follows the mass
of immature VECs from which blood vessels are built.

Analysisof this model indicates that natural selection always favors more aggres-
sive parenchyma cell phenotypes. That is, if a mutant cell type becomes established
within the tumor, and that cell type applies more resources to reproduction than res-
idents do, then the mutant type will tend to invade, eventually become established
within and often dominate the tumor. But its doing so can alter the local environ-
ment such that a slower-growing tumor results. In fact, selection can favor phe-
notypes that eventually destroy part or perhaps all of the tumor, a situation which
I refer to as a hypertumor. This hypertumor mechanism may be a cause of the
necrosis observed in many vascularized tumors. In addition, natural selection can
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create heterogenous tumors that superficially appear as a tissue-like integration of
diverse parenchyma cell types. However, this integration possesses more charac-
teristics of parasitism than cooperation. Therefore, this model supports the notion
that heterogenous tumors are more like ecological systems than integrated tissues.

2. THE MODEL

Let x1(t) and x2(t) be the mass (in g) at timet of parenchyma cells with phe-
notypes 1 and 2, respectively. Furthermore, lety(t) be the mass (g) of immature
VECs within the tumor andz(t) be the length of existing tumor microvessels. I
scalez such that one unit is equal to the mean microvessel length in 1 gram of
undiseased tissue.

The model I wish to consider is the following:




dx1

dt
= �1(v)x1,

dx2

dt
= �2(v)x2,

dy

dt
= (αH (x1, x2, z)− β)y,

dz

dt
= γ y − δvz,

v(t) = z

x1 + x2
,

H (x1, x2, z) = x1h1(v)+ x2h2(v)

x1 + x2
.

(1)

The variablev(t) represents tumor vascularization (perfusion) in microvessel units
per gram of parenchyma. To a physiologist,v is proportional to tumor microvessel
length density (Weibel, 1984).

Functions�i (v) express per capita growth rate of cell typei as a function of
blood supply. For both biological and mathematical reasons� should be continu-
ous, at least one-time differentiable and monotonically increasing withv since in
general more blood means more proliferation and less death. However,� should
approach a fixed maximum asv gets large since both cell reproduction rates and
oxygen concentration within a vascularized tumor have upper limits. Also, there
should be a unique, nonzero ‘break even’ perfusion where cell mortality is exactly
balanced by reproduction; that is,�(v0) = 0 for auniquev0.

Functionshi(v), which I assume are continuous, positive and at least once dif-
ferentiable, represent strength of an abstract angiogenesis signal emitted by tumor
cells. This signal is a complex mix of pro- and anti-angiogenic growth factors
secreted from and expressed on both parenchymal and stromal cells (Carmeliet and
Jain, 2000; Yancopouloset al., 2000; Lobovet al., 2002). Since biological details
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of this signal are not completely worked out, I make the following broad assump-
tions based on what is known. First, as perfusion goes to zero, the signal strength
also goes to zero because hypoxic cells lack energy to synthesize and release angio-
genic growth factors (Kraggerudet al., 1995). However, genes for certain impor-
tant angiogenic signaling molecules, including vascular endothelial growth factor
(VEGF), basic fibroblastic growth factor (bFGF) and platelet-derived growth fac-
tor (PDGF-β), appear to have a mechanism that allows their expression even when
hypoxia becomes severe (Steinet al., 1995; Miller et al., 1998). Therefore,ḣ(0)
is expected to be large. On the other end,hi(v) → 0 asv → ∞ because cells
flush with oxygen stop producing tumor angiogenesis factors (Holashet al., 1998).
I also assume thathi(v) has a unique maximum that it approaches monotonically
from either side.

VECsproliferate at a rate proportional to the ‘mean’ signal strength throughout
the tumor, denotedH (x1, x2, z), with proportionalityα > 0.

Parameterβ > 0 describes the per capita VEC disappearance rate. VECs dis-
appear by either dying or incorporating themselves into a growing blood vessel. I
assume that the proportions in each category are fixed. Furthermore, new microves-
sels arise only from activated VECs at rateγ > 0 perunit mass of VECs.

In actual tumors, microvessel remodelling occurs continuously, but again the
details are unclear (Colomboet al., 1996; Holashet al., 1998; Vajkoczy et al.,
2002). However, the following mechanism is a reasonable hypothesis, which I use
to describe how microvessels are remodelled in model (1). First, tumors actively
maintain their vascular net by secreting certain growth factors, like ang-1 (Holash
et al., 1998) and VEGF (Neufeld et al., 1999) even after that net has been con-
structed. I view these growth factors as resources over which tumor cells com-
pete. Space is another potentially limiting resource, and perhaps there are others
unknown at this time, but the existence of such resources is implied by the fact that
tumor vessels regress when the tumor does (Colomboet al., 1996; Holashet al.,
1998).

Suppose one could quantify both the quantity and quality of these resources as a
single real numberR. Then it makes sense thatR would be proportional to tumor
mass,x1 + x2. Again, this conclusion is supported by the disappearance of vessels
in regressing and necrotic tumors. In the model I assume that microvessels are lost
at a rate proportional to the ratioz/R, sayc1z/R. But, sinceR = c2(x1 + x2), per
capita death rate of microvessels isδv, whereδ = c1/c2.

When we need a particular realization of the parenchyma growth function,�, I
will use

�i(v) = Ai C pi

ĉ pi
i1 + C pi

− Bi

(
1 − σiCqi

ĉqi
i2 + Cqi

)
, (2)

where C = C(v) represents tumor oxygen partial pressure (PO2, measured in
mmHg). Values for parametersAi , Bi , σi , ĉi1, ĉi2, pi and qi can be obtained
empirically (seeSection 3). Equation (2) is similar to the model ofGammacket al.
(2001) [see alsoThompson and Royds(1999)] except for the lack of a logistic



Natural Selection and Cancer 667

crowding term omitted here because model (2) is meant to express dynamics of a
small tumor for which exponential growth is a sufficient approximation.

The dependence of oxygen concentration on vascularization is assumed to be

C(v) = Cmv

k + v
, (3)

whereCm is the (constant) maximum PO2 possible in a patient’s tissues, determined
primarily by the respiratory system’s physiological status and the external oxygen
pressure. Parameterk measures how quickly PO2 responds to changes in perfusion.
If C(v) is expressed as partial pressure,Cm should be approximately 95 mmHg,
a standard textbook value for arterial PO2 under normal conditions (Weibel, 1984;
Ganong, 1999). Also, given the scaling ofz, whenv = 1, tumor PO2 should be
about 40 mmHg (Weibel, 1984; Ganong, 1999). Therefore,k ≈ 1.375, a result
obtained by solving (3) for k whenv = 1. Function�i is now fully characterized
in terms ofv.

I model the angiogenesis signal produced by typei parenchyma cells as follows:

hi(v) = ri Ce−ξi C, (4)

whereC = C(v) is defined by relation (3). Parameterri is a rough measure of
a type i cell’s commitment to producing the angiogenesis signal, andξi roughly
expresses how this commitment is affected by changes in oxygen supply.

3. PARAMETERIZATION

The fact that many key biological details are still poorly understood makes it
very difficult to accurately parameterize this model. Therefore, one should view it
as an early approximation that suggests dynamical possibilities; it certainly cannot
be used as a predictive clinical tool. Nevertheless, for almost all parameters one
can estimate at least their order of magnitude.

Perhaps the best understood parameters are those associated with the growth
functions�i . Thompson and Royds(1999), using data fromGraber et al. (1996),
estimated parameter values for the function� for two different cancer cell lines
in culture—a ‘wild-type’ and a mutant that under-expressesp53 (Table 1). These
values, also used byGammacket al. (2001), suggest that tumor cells are remark-
ably insensitive to changes in oxygen availability and therefore vascularization [see
Fig. 2(a)]. However, given that these measurements were made on cellsin vitro,
parametersA andB in Table 1are likely to represent upper limits for cellsin vivo.
Similarly, both ĉ1 andĉ2 in Table 1are probably lower bounds; indeed, substantial
increases in either one, up to say 10 or more, have little effect on the overall form
of the functions and may represent more realistic behaviorin vivo.
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Table 1. Parameter values for the parenchyma growth function� for two cancer cell lines.
From Gammacket al. (2001) andThompson and Royds(1999). Values forĉ have been
converted from percent to mmHg.

Cell line A (g/day) B (g/day) ĉ1 (mmHg) ĉ2 (mmHg) σ p q

Wild-type 0.053 85 0.053 31 0.76 0.4 1.0029 2 2
p53 mutant 0.053 85 0.026 67 0.53 0.095 1.0029 2 2
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Figure 1. Nullclines and direction of flow in a typical example of model (7). In this case,
�(v) and h(v) are modelled using equations (4) and (6) with the following parameters:
A = 0.05, B = 0.05, ĉ1 = 0.8, ĉ2 = 0.4, σ = 1, p = q = 2, r = 0.28, ξ = 0.06, α =
0.06, β = 0.04, γ = 3 andδ = 0.004. In this case there are four fixed points: (1) a saddle
at the origin; (2) a locally asymptotically stable node at the intersection of thev nullcline
with the horizontal axis(point C); (3) a saddle at point B; and (4) a locally asymptotically
stable node at point A. Compare toFig. 2, panels (c) and (d).

Precise values for the main model parameters,α, β, γ andδ, are more difficult
to obtain directly. However, reasonable values may be estimated. For example,
α should be the same order of magnitude as the maximal parenchyma cell growth
rate A, or perhaps slightly higher since parenchyma growth rates appear to be hin-
dered by their chromosomal instability. Therefore, in applications I setα at 0.06
as an upper limit.

The value ofβ is not easily available in the literature as such measurements are
very difficult to make. However, as a first approximation I assume thatβ is on
the same order of magnitude as the maximal death rate of parenchyma cellsB.
Therefore, I setβ = 0.04 in the applications below.

If one assumes that immature and mature VECs have the same density and vol-
ume, then the parameterγ can be decomposed into the product ofβ and a factor,
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Figure 2. Three examples of the potential behavior of a homogeneous tumor [model (7)].
Left-hand panels show the relationship between the per capita growth rate of parenchyma
cells (�, solid lines) and per capita growth rate of VECs (�, dashedlines). Interior fixed
points may exist where� = �, shown as vertical dashed lines in all panels. Right-hand
panels are phase portraits of the model corresponding to the left-hand panels. In panels
(a) and (b),A = 0.05, B = 0.05, ĉ1 = 0.8, ĉ2 = 0.4, σ = 1, p = q = 2, r = 0.4, ξ =
0.06, α = 0.06, β = 0.04, γ = 3 andδ = 0.004. In subsequent rows,r has been
decreased to 0.28 [panels (c) and (d)] and 0.23 [panels (e) and (f)]; all other parameters are
unchanged. This figure represents three points along the horizontal axis of the bifurcation
diagram ofFig. 3.

sayγ̂ , that converts the mass of VECs into microvessel length units. One can esti-
mateγ̂ from the literature as follows. In one biometrical study of dog blood vessel
microanatomy,Horn et al. (1988) measure between 17 and 22 VECs per 100µm
of microvessel length. In the same paper these researchers show that endothelial
cell volume is between 201 and 323µm3. Assuming that VECs are approximately
the same density as water, these measurements equate to about 3.5 to 7 ng of VECs
per 100µm of microvessel, which putŝγ between 14 and 30µm ng−1. In a
study of androgen-dependent tumors in rats,Jainet al. (1998) measured surface
microvascular density in unmanipulated rats to be between 100 and 130 cm cm−2.
Squaring these values gives a reasonable lower bound first approximation of the
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Figure 3. Local bifurcation diagram for microvessel density(v) in a homogeneous tumor
[model (7)] where angiogenesis signal strength(r) is the bifurcation parameter. Other
parameters are identical to those inFig. 2. Solid lines indicate local asymptotic stability,
dashed lines instability.

three-dimensional microvessel density throughout the tumor, making one unit of
microvessels as scaled in the model on the order of 108 to perhaps 109 µm g−1.
Therefore, γ̂ is estimated to be between 14 and 300 microvessel units g−1 of
VECs, placingγ between 0.56 and 12 microvessel units g−1 of VECs per day
whenβ = 0.04. In the applications below I setγ = 3.

Like β, the microvessel remodelling rateδ is hard to measure, and therefore
dynamical measurements are lacking in the literature. Given this situation I make
the broad assumption that in normal tissue (v = 1) the average life expectancy
of one unit of microvessels is between 1/2 and 1 year. This assumption yields
an estimate ofδ between 0.003 and 0.005. In the applications below I assume
δ = 0.004.

The most difficult parameters to estimate are those associated withhi , the angio-
genesis signal strength of cell typei . In applications, therefore, these parameters,
namelyr andξ , are estimated based on the form ofh. In particular, the peak signal
strength should be set such that the resulting maximal VEC growth rate is of the
same order of magnitude as the maximal parenchyma growth rateA. Also, asa first
approximation I assume a value ofξ such that the peak VEC growth rate occurs at
a vascularization of between 5 and 40% of normal [seeFig. 2(a)].

4. HOMOGENEOUS TUMOR

Before attacking the full model, it is instructive to study the special case of a
tumor with only one parenchyma cell type. To that end, setx2(0) = 0, which
transforms model (1) into
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


dx

dt
= �(v)x,

dy

dt
= �(v)y,

dz

dt
= γ y − δvz,

v = z

x
,

(5)

where�(v) = αh(v)− β, and subscripts and time dependencies are suppressed.
Also, equation (2) reduces to

�(v) = AC p

ĉp
1 + C p

− B

(
1 − σCq

ĉq
2 + Cq

)
. (6)

Relation (3) is unaltered.
Since a massless tumor is undefined in this model and uninteresting in general,

throughout this paper I always assume thatx(0) > 0. Therefore,v(t) is mathemat-
ically well defined at all finite times.

4.1. A simplification of model (5). The analysis of model (5) is greatly simpli-
fied by substitutingw(t) = y(t)/x(t) andv(t) = z(t)/x(t) and differentiating to
obtain the planar system,

dv

dt
= γw − v(�(v)+ δv),

dw

dt
= (�(v)−�(v))w. (7)

Here,w represents tumor VEC density (in units g of VECs/g of tumor), andv
still means tumor microvessel density. Ifv(0) andw(0) and the initial parenchyma
mass,x(0), are known, then model (7) contains all the biological information we
need about tumors obeying model (5).

Model (7) always has two boundary fixed points: the origin and (ṽ,0) where
ṽ satisfies�(ṽ) + δṽ = 0. In addition, there may be any number of interior
fixed points, including none. At any interior equilibrium,v = v̂ wherev̂ satisfies
�(v̂) = �(v̂) (Figs. 1and2). At such a fixed point,v = v̂, w = γ −1v̂(�(v̂)+δv̂).
However, the reverse implication is not true: if�(v̂) = �(v̂), then there may still
be no interior fixed points relevant to the model.Fig. 1 shows the nullclines and
general flow of a typical instance of model (7) with two interior fixed points.

The origin is either a saddle or an unstable node, as can easily be seen from the
Jacobi matrix at that point:

( −�(0) γ

0 �(0)−�(0)

)
. (8)

Since by assumption�(0) < 0, the larger of the two eigenvalues of matrix (8)
is always strictly positive. It becomes a saddle whenever�(0) < �(0) since
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�(0) < 0; if the inequality is reversed, then it becomes an unstable node. I ignore
the biologically unlikely event that�(0) = �(0).

The other boundary fixed point, which I will call the nontrivial boundary equi-
librium, may be either locally asymptotically stable or a saddle. At this fixed point
the Jacobi matrix becomes

(−[ṽ(δ + �̇(ṽ))] γ

0 �(ṽ)−�(ṽ)

)
(9)

since�(ṽ) + δṽ = 0. Therefore, the first eigenvalue is always negative because
we assume�̇ is everywhere positive. So, if�(ṽ) > �(ṽ), then the fixed point
is a saddle. If the inequality is reversed it becomes a locally asymptotically stable
node. Again, I ignore the�(ṽ) = �(ṽ) case.

The main result describing the behavior of a homogeneous tumor is contained in
the following:

PROPOSITION 1. Suppose at least one interior fixed point exists. Then the fixed
point associated with the largest v̂ is locally asymptotically stable. If there are
an even number of interior fixed points, then exactly half are locally asymptoti-
cally stable, half are saddles and the nontrivial boundary equilibrium is a locally
asymptotically stable node. If there are an odd number of interior fixed points,
say n, then exactly (n + 1)/2 are locally asymptotically stable and the remaining
(n − 1)/2 are saddles, as is the nontrivial boundary equilibrium.

At any interior equilibrium the Jacobi matrix becomes

( −[�(v̂)+ v̂(�̇(v̂)+ 2δ)] γ

γ −1(�̇(v̂)− �̇(v̂))(�(v̂)+ δv̂)v̂ 0

)
. (10)

Let A = �(v̂)+ v̂(�̇(v̂) + 2δ) and B = (�̇(v̂) − �̇(v̂))(�(v̂) + δv̂)v̂. Then the
eigenvalues of matrix (10) are

λ1,2 = −A ± √
A2 + 4B

2
. (11)

The biologically important case requires a strictly interior fixed point, which
exists only if�(v̂)+ δv̂ > 0 andv̂ > 0. So, I assume these conditions hold. They
and the fact thaṫ� > 0 imply that A > 0 and that the sign ofB is determined by the
sign of�̇(v̂)−�̇(v̂). From these facts it follows that one eigenvalue of matrix (10),
sayλ2, has a negative real part. The other eigenvalue,λ1, depends on the sign of
B. If B > 0 ⇔ �̇(v̂) > �̇(v̂), thenλ1 is real and positive, making the fixed point
a saddle. IfB < 0 ⇔ �̇(v̂) < �̇(v̂), then the real part ofλ1 is always negative,
implying local asymptotic stability. The degenerate case,�̇(v̂) = �̇(v̂), implying
λ1 = 0, is unlikely to be important in a biological context, so I will ignore it.
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Suppose at least one interior fixed point exists, implying that at least onev̂

exists. Also, assume that at everyv̂, �̇(v̂) �= �̇(v̂). Since by assumptioṅ� > 0,
�̇ becomes and stays negative for sufficiently largev, andboth� and� are con-
tinuous, it follows that there must be one equilibrium for which�̇(v̂) > �̇(v̂) and
no others associated with a largerv̂. Therefore, if any interior fixed points exist,
the one corresponding to the largestv̂ (the one ‘farthest to the right’ in the phase
plane) must be locally asymptotically stable. Because� and� are continuous, and
given the results in the previous paragraph, if any fixed points exist ‘to the left’ of
this right-hand fixed point, then the one with the next lowestv̂ must beunstable—a
saddle, in fact. And so it continues as we move to the left on the phase plane. If
werank fixed points in order from 1, associated with the largestv̂, to n, associated
with the smallest, then points with an odd rank are locally asymptotically stable
and even ranks are saddles.

The nontrivial boundary fixed point also participates in this pattern. Consider
the nth interior fixed point, associated with the smallestv̂. If i t is a saddle, then
it must be that�̇(v̂) > �̇(v̂). Again, continuity of � and� and the fact that
ṽ < v̂ imply that�(ṽ) > �(ṽ). Therefore, given the analysis of matrix (9), the
nontrivial boundary fixed point must be locally asymptotically stable. A similar
argument shows that if thenth interior fixed point is locally asymptotically stable,
then the nontrivial boundary fixed point must be a saddle.

Therefore, on a bifurcation diagram (e.g.,Fig. 3) interior fixed points of model
(7) typically arise in one of two ways, regardless of which parameter is treated
as the bifurcation parameter. They can be born (or die) in pairs by saddle-node
bifurcations, or they can pop out of or collide with the non-trivial boundary fixed
point. Whenever the latter happens, the boundary equilibrium changes stability. In
terms of model (5), this last event is equivalent to a particular solution [see equation
(12)] traversing they = 0 boundary and entering the positive cone.

4.2. The biology of models (5) and (7). An interior fixed point of model (7)
corresponds to the following solution of model (5):

φ̂(t, x0) =

 φ̂x

φ̂y

φ̂z


 =


 x0e�(v̂)t

x0v̂γ
−1(�(v̂)+ δv̂)e�(v̂)t

x0v̂e�(v̂)t


 . (12)

The orbit of φ̂(t, x0), which I will denote�̂(x0), is a ray co-linear with the vector


 1
v̂γ −1(�(v̂)+ δv̂)

v̂


 . (13)

Biologically this solution represents a tumor of massx(t) = x0e�(v̂)t at time t
and initial massx0 (Fig. 4). If �(v̂) ≤ 0 the tumor is regressing or unchanging;
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Figure 4. Time evolution of ahomogeneous tumor described by model (5) with parameters
as inFig. 2, panels (a) and (b). Initial conditions:x0 = 0.1, y0 = 0.001, z0 = 0.

otherwise it is growing. Alongφ(t, x0), VEC mass, microvessel length and tumor
mass all increase at precisely the same per capita rate.

Thenontrivial boundary fixed point represents a regressing tumor with no VECs
because�(ṽ) < 0 since by definition�(ṽ)+ δṽ = 0 and by assumptionδ, ṽ > 0.

Cases in which no interior fixed points exist, as in panel (f) ofFig. 2, yield
the world’s most uninteresting tumors. Any such tumor will regress because sup-
porting vasculature can never keep pace with parenchyma. No matter what the
initial conditions, since maxv{�(ṽ)−�(v)} = m < 0, thenw(t) is bounded from
above byw′(t) = w′(0)emt , which implies limt→∞w(t) = 0. Furthermore,v can-
not approach 0 with time sincėv becomes positive for sufficiently smallw andv.
Therefore, limt→∞ v̇ = −v(�(v)+ δv), implying solutions approach the nontriv-
ial boundary fixed point, producing a tumor that eventually regresses to a state no
longer described by the model.

Situations in which only one interior fixed point exists (almost) always produce
viable tumors. Numerical investigation of such cases indicate that this fixed point
is globally asymptotically stable. Therefore, regardless of the tumor’s initial con-
ditions, trajectories eventually approach�̂ and tumor growth rate and composition
eventually settle on those described byφ̂(t).

Transient behavior of solutions approaching an interior fixed point may explain a
phenomenon commonly seen in actual tumors: growth rates vary over time, caus-
ing tumors to grow in spurts. Traditionally such behavior has been interpreted as
parenchyma ‘outstripping’ its blood supply, its growth rate slowing as a result of
lack of blood until microvessel growth catches up. This interpretation is essentially
correct in this model, with a couple of subtle new features. First, such irregular
growth occurs because of a delay between angiogenesis signal and actual microves-
sel response. The delay is caused by the time needed to activate and produce
new VECs. Second, this model predicts that tumor growth spurts will decrease in
amplitude throughout the tumor’s life as it approaches its equilibrium growth rate.
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Figure 5. Time evolution of thehomogeneous model with parameters as inFig. 2, panels
(c) and (d). Initial tumor mass (x0) is 0.01 g and initial microvessel density (v0) is 0.
(a) Initial VEC mass (y0) is 0.001 g (w0 = 0.1). (b) VEC mass starts at 10−5 g (w0 =
10−3), below the tumor viability threshold. In this case the tumor eventually dies off.

This conclusion is supported by numerical investigations. In no circumstance has
a stablelimit cycle been uncovered.

When more than one interior fixed point exists things get more interesting bio-
logically. The model shown inFig. 2, panels (c) and (d) provides an example (see
alsoFig. 5). In that instance, the asymptotic behavior of the tumor depends entirely
on how well it was initially ‘seeded’ with VECs. The unstable interior fixed point
is a saddle with a stable manifold running roughly parallel to the horizontal axis
that forms a separatrix (Fig. 6). All solutions starting above this separatrix, cor-
responding to largew, are attracted to the stable interior equilibrium. The lower
region forms the nontrivial boundary equilibrium’s basin of attraction.

Therefore, in this example as in most others studied numerically, initial vascular-
ization does not determine tumor viability. Initial VEC density does. Regardless
of initial microvessel density, tumors with VEC density starting too low are des-
tined for extinction. But, any tumor with a sufficiently large initial VEC density is
viable.Fig. 5shows an example.

5. HETEROGENEOUS TUMORS

Here we take up the issue of competition between parenchyma cell types. Imag-
ine a small homogeneous tumor growing as described by solution (12). Suppose
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Figure 6. Separatrix (solid curve) for the example inFig. 2, panels (c) and (d). Dashed
curves represent nullclines. Solutions above the separatrix are attracted to the stable
interior fixed point; solutions below the separatrix approach the nontrivial boundary
equilibrium.

that somewhere in this tumor a single cell mutates into a type 2 cell. It reproduces a
few times, creating a small focal population just large enough to be buffered from
stochastic events. What is the fate of this mutant population? Will it invade the
tumor or decline to extinction? If it invades, will the tumor’s clinical aggressive-
ness be affected? These are the main questions I address with model (1).

One can analyze the heterogeneous model by applying a similar trick to the one
used for the homogeneous case. Letx = x1 + x2, u1 = x1/x , u2 = x2/x , v = z/x
andw = y/x . Differentiatingu1, u2, v andw hands us the following system:

du1

dt
= (�1(v)−�2(v))u1u2

dv

dt
= γw − v(δv +�1(v)u1 +�2(v)u2)

dw

dt
= (αH (u1, v)− β −�1(v)u1 −�2(v)u2)w

H (u1, v) = u1h1(v)+ u2h2(v)

u2 = 1 − u1,

(14)

with the restriction that 0< u1 ≤ 1. This system has all the original fixed points
of model (7), namely(u1 = 1, v = 0, w = 0), (u1 = 1, v = ṽ, w = 0) whereṽ
satisfies�1(ṽ)+ δṽ = 0, and(u1 = 1, v = v̂, w = γ −1v̂[�1(v̂) + δv̂]), wherev̂
satisfies�1(v̂) = �1(v̂). In some circumstances, an additional fixed point occurs at
(u1 = u∗, v = v∗, w = γ −1[�∗+δv∗]), wherev∗ satisfies�1(v

∗) = �2(v
∗) ≡ �∗

and

u∗ = �∗ −�∗
2

�∗
1 +�∗

2

, (15)
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with �∗
i = αhi(v

∗) − β. Sinceu1 is restricted to the interval(0,1), then this last
fixedpoint exists if and only if�∗ is between�∗

1 and�∗
2 and�∗

1 +�∗
2 �= 0. I will

ignore the possibility that(u1 = u∗, v = v∗ = v̂, w = 0) since it is not generic
and therefore unlikely to be biologically relevant.

PROPOSITION 2. Suppose a homogeneous tumor consisting (almost) exclusively
of type 1 cells is growing along �̂ for some v̂ of model (5), and the associated fixed
point of model (7) is locally asymptotically stable. Then in the context of the full
model (14), this fixed point is unstable if and only if �2(v̂) > �1(v̂).

This result follows from the fact that the first row of the Jacobi matrix for any
point on the homogeneous tumor boundary is

[�2(v̂)−�1(v̂) 0 0 ] , (16)

and the lower right 2× 2 submatrix of this Jacobian is identical to matrix (10).
Therefore, the Jacobi matrix of model (14) has two eigenvalues identical to those
of model (7) and one additional eigenvalue equal to�2(v̂) − �1(v̂), which I
will call the ‘invasion eigenvalue’. Since by assumption the first two are strictly
less than 0, stability depends only on the sign of the invasion eigenvalue. If
�2(v̂) > �1(v̂), then the invasion eigenvalue is positive and the fixed point is
unstable. If the inequality is reversed, the fixed point becomes locally asymptot-
ically stable. Again, I ignore the�2(v̂) = �1(v̂) case. Biologically, a positive
invasion eigenvalue implies that a homogeneous type 1 tumor will be invaded by a
small focus of type 2 cells should one arise.

I will not explore all dynamical possibilities of model (14) here. Instead, I confine
myself to two important cases: one showing that invasion by an aggressive cell
type can destroy a viable tumor; and another suggesting that cell specialization can
allow different parenchyma cell types to coexist.

5.1. Selection for an aggressive phenotype can cause necrosis or spontaneous
tumor regression. Suppose invading (type 2) cells reproduce more aggressively at
every level of perfusion than resident cells (type 1). Suppose further that invaders
support their aggressive growth by trading off some of their ability to produce
proteins associated with angiogenesis signals. In such a scenario,�2(v) > �1(v)

and�1(v) > �2(v) at everyv [Fig. 7(a)].
In this case the mutant type will always invade because the invasion eigenvalue

is positive. Numerical investigation suggests that in biologically relevant cases
invaders will eventually dominate the tumor (Fig. 8), and perfusion will approach
v̂2, wherev̂2 satisfies�2(v̂2) = �2(v̂2) [Fig. 7(c)]. Therefore, tumor per capita
growth rate eventually approaches�2(v̂2).

How does this invasion affect the tumor’s clinical behavior? If invaders are suf-
ficiently incompetent at enticing blood vessel growth, then�2(v̂2) may fall below
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Figure 7. Dynamics of a hypertumor. Parameters for this example (all panels) are the
following: for the resident cell type,A1 = 0.005, B1 = 0.05, ĉ11 = 0.8, ĉ12 = 3, σ1 =
1, p = q = 2, r1 = 0.2, ξ1 = 0.06, α = 0.06, β = 0.04, γ = 3 andδ = 0.004; for the
invader,A2 is increased to 0.04,r2 is decreased to 0.1,̂c22 is 0.4 and all other parameters
are unchanged. (a) Solid lines represent�1(v) and�1(v) (resident cell type); dashed lines
are�2(v) and�2(v) (invader). Invaders reproduce more aggressively at every perfusion,
but produce a tiny angiogenesis signal. A homogeneous type 1 tumor is viable, but a
homogeneous type 2 tumor is inviable. (b)Time course of a young tumor, from initial
vascularization to 1 year old, containing both type 1 and type 2 cells. Initial conditions:
x1(0) = 0.01, x2(0) = 0.0001,y(0) = 2.83× 10−5 andz(0) = 0.096. The solid line is
tumor mass [x1(t)+ x2(t), in g], thedotted line is VEC mass [y(t), in mg] and the dashed
line is microvessel length(z(t)). The tumor stops growing by the end of its first year,
reaching a maximum size of about 2.5 g before regressing. (c) Time dynamics of derived
variablesu1 (solid line), v (dashed line) andw (dotted line) for the same tumor. Initial
conditions: u1(0) = 0.99, v(0) = 0.96 andw(0) = 2.83 × 10−3. Transient dynamics
have settled by 300 days, by which time the tumor has become dominated by type 2 cells
(u1 ≈ 0) but is also essentially avascular (v ≈ 0). (d) Plot of resident cell mass (x1) vs.
invadercell mass (x2). The tumor moves along this curve counterclockwise with time.

the original tumor’s growth rate. Therefore, natural selection favoring a faster-
growing parenchyma cell type can paradoxically lead to a slower-growing tumor.
In fact, the example inFig. 7 is even more drastic. Here,�2(v̂2) is negative, and
selection eventually causes spontaneous tumor regression. I propose that such a
focus of aggressive invaders eventually destroying all or part of a tumor be called a
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Figure 8. Phase portrait of model (14) for hypertumor example. Parameters are the same as
in Fig. 7. In this example, the boundary fixed point appears to be globally asymptotically
stable.

hypertumor, in keeping with the analogous concept of a hyperparasite—a parasite
living off of another parasite.

5.2. Specialization can allow coexistence of different cell types. In this sub-
section I change the scenario slightly. Suppose the rare mutant cell type (type 2)
is relatively aggressive compared to residents (type 1) when PO2 is moderate to
high. However, when PO2 drops below a certain amount, mutant cells trade off
their growth advantage for the ability to crank out high levels of tumor angiogene-
sis factors. In such a scenario, we tend to think of type 1 cells as ‘hypoxic growth
specialists’ because they reproduce well under hypoxic conditions, whereas type 2
cells are ‘angiogenesis specialists’ since they produce angiogenesis signals when
they are most needed.

Such a scenario can result in a tumor of mixed but stable histology (Figs. 9and
10). In this situation the two growth functions cross atv∗, and if the tumor can
produce an angiogenesis signal allowing the per capita VEC growth rate to exactly
match that of the tumorcells (mathematically,�∗ is between�∗

1 and�∗
2), then

solutions tend towards the interior fixed point of model (14) according to numer-
ical results. In that case, solutions will approach the trajectory of this solution of
model (1):

ψ̂(t, x0) =



ψ̂x1

ψ̂x2

ψ̂y

ψ̂z


 =




x0e�
∗t

−x0Fe�
∗t

x0γ
−1(v∗ + F)(�∗ + δv∗)e�∗t

x0(v
∗ + F)e�

∗t


 , (17)
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Figure 9. Dynamics of a heterogeneous tumor with stable, mixed histology. Parameters
for this example (all panels) are the following: for the resident cell type,A1 = 0.03, B1 =
0.05, ĉ11 = 4, ĉ12 = 0.4, σ1 = 1, p = q = 2, r1 = 0.23, ξ1 = 0.06, α = 0.06, β =
0.04, γ = 3 andδ = 0.004; for the invader,A2 is increased to 0.05,̂c12 = 10, ĉ22 = 1,
r2 = 0.85, ξ2 = 0.25 and all other parameters are unchanged. Therefore, invaders are
angiogenesis specialists, and residents are hypoxic growth specialists. (a) Solid lines repre-
sent�1(v) and�1(v) (resident cell type); dashed lines are�2(v) and�2(v) (invader). (b)
Time course, from initial vascularization to 1 year of age, of a tumor containing both type
1 and type 2 cells. Initial conditions:x1(0) = 0.01, x2(0) = 0.0001,y(0) = 6.48× 10−5

andz(0) = 0.06. The solid line is tumor mass (x1(t)+x2(t), in g), dashedline is VEC mass
(y(t), in g) anddotted line is microvessel length (z(t)). (c) Timedynamics of proportion of
the tumor consisting of type 1 cells (u1, solid line), microvessel density (v, dashedline) and
VEC density (w, dotted line) for the same tumor, showing very slow decaying oscillations
to equilibrium. Initial conditions:u1(0) = 0.99, v(0) = 0.6 andw(0) = 6.48 × 10−3.
(d) Time dynamics of the same tumor during its first 100 days. Notice that swings in
microvessel and VEC densities have just a slight impact on this tumor’s growth.

wherex0 = x1(0) and

F = �∗
1 −�∗

�∗
2 −�∗ . (18)

Also, the proportion of parenchyma mass consisting of type 1 cells approachesu∗.
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Figure 10. Phase portrait of model (14) for the example in Fig. 9. (a) Dynamics along the
boundaries. On theu1 = 1 boundary, most solutions approach the unique interior fixed
point for a homogeneous type 1 tumor. Similarly, along theu1 = 0 boundary, solutions
approach the unique interior fixed point for a homogeneous type 2 tumor. A mixed tumor
starting with no VECs (corresponding to thew = 0 boundary) always becomes dominated
by type 1 cells, approaching the nontrivial boundary equilibriumfor a homogeneous type
1 tumor. Eventually such a tumor decays to extinction. (b) Solutions starting in the interior
appear to always approach the interior fixed point corresponding to the point where�1(v)

and�2(v) cross. In this figure that point is obvious in the lower right portion of the phase
space.

6. SUMMARY AND CONCLUSIONS

In this report I present and investigate a mathematical model of single solid
tumors assumed to be cancerous. In its most complex setting, the model consists
of a system of four nonlinear ordinary differential equations tracking the mass of
parenchyma (tumor) cells of up to two different phenotypes, the mass of activated
VECs capable of forming new tumor microvessels, and the total length of func-
tional tumor microvessels. With a suitable substitution of variables the number of
equations can be reduced by 1, yielding a much simpler model tracking the propor-
tion of the tumor made up of type 1 cells, VEC density and microvessel density. In
the simplified model, fixed points correspond to known solutions of the full model.
Therefore, I investigate the local stability properties of these solutions, which rep-
resent growing or regressing tumors, by analyzing the local stability of fixed points
in the lower-dimensional version.

The founding question of this investigation is, what maintains parenchyma cell
diversity? In other words, should we view tumors as ecological systems with
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competing cell types segregated into distinct niches? Or, is it more insightful to
view tumors as integrated tissues, with diverse cell types coordinating their func-
tion towards a common goal? Or is it something in between?

The results of this modelling exercise argue for the last possibility—something in
between. On one hand, the relationship between parenchyma and stroma resembles
tissue integration. In this model, the stroma is represented by immature VECs
and mature blood vessels. In both homogeneous and heterogeneous tumor models
investigated here, parenchyma and stroma must communicate and coordinate their
activities sufficiently to maintain the tumor. If the parenchyma population becomes
dominated by incompetent communicators (v̂ too low), hypoxia dooms the tumor
to extinction. If the stromal population fails to react to the angiogenesis signal with
sufficient vigor (α too low), again the tumor succumbs to lack of oxygen.

On the other hand, in no instance did this model show any integration among
diverse parenchyma cell types. Such integration would be revealed by a mutual-
istic relationship among cell types—the tumor would grow more rapidly with a
mixture of cell types than it would if it were a homogenous tumor of either cell
type. Instead, results always fall into one of two categories. In the first, and in a
sense most common, situation one cell type invades and eventually dominates the
tumor. Such a situation should be interpreted as competitive exclusion; one cell
type is a better competitor and drives the other to extinction.

Thesecond possibility, a mixed, stable histology like that shown inFig. 9, looks
superficially like tissue integration but should be seen as something more like par-
asitism or incomplete competitive exclusion. The mutant strain is able to invade
because, in the environment made by the residents, the mutants are more fit. How-
ever, as the mutants become more common, the environment shifts to favor the
previous residents more and more until finally the two strains are equally fit and
neither has an advantage over the other. However, this situation can occur only
when the vascularization where fitnesses become equal (v∗) is between the equilib-
rium vascularizations of the homogeneous tumors of both types (v̂1 andv̂2, respec-
tively). Therefore, since the growth functions are always monotonically increasing,
the mixed tumor will always grow more slowly than a homogeneous tumor of one
of the strains in the mix.

Perhaps the most surprising behavior seen in this model is the existence of a
‘hypertumor’, a tiny focus of mutant cells with a selective advantage over resi-
dent tumor cells, but with the added property that they kill the tumor by invading
it. Their selective advantage arises because they proliferate more rapidly than resi-
dents, but they destroy the tumor, and hence themselves, because they are incapable
of supporting sufficient angiogenesis to sustain growth.

An important word of caution is required here. Complete tumor destruction by a
hypertumor is in fact an artefact caused by a lack of any spatial components within
the model. In a more realistic setting, hypertumor cells would remain mostly local-
ized and at most destroy part but rarely all of the tumor. Therefore, a hypertumor
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is likely to present itself not as a fully spontaneously regressing tumor but rather as
necrosis within the tumor body. One would expect a hypertumor to cause complete
regression only in small tumors that can become quickly dominated by the invading
hypertumor both numerically and spatially.

Either scenario, necrosis or tumor regression, is highly relevant biologically.
Cells are faced with limited resources, so in order for mutation and selection
to successfully change a cell’s phenotype, certain capabilities must be traded in.
Proliferation obviously requires metabolic effort, as does sustained production of
angiogenesis signals and growth factors that maintain newly built vessels. It makes
sense, therefore, that to produce a viable new phenotype, a mutation increasing a
cell’s proliferative capacity should do so at the expense of some other capability,
possibly the ability to produce angiogenesis growth factors. Note that the possi-
bility of a hypertumor does not require mutations toalways trade off angiogenesis
potential for growth potential, just that it can.

The fact that hypertumors have not been described in the biological literature
does not really argue against their existence for two reasons. First, asEvanand
Vousden(2001) note in a recent review article, our sample of clinical cancers is
highly biased; the only ones we ever see are those that ‘beat the odds and appear
as clinical disease’. Therefore, we have a very unclear statistical picture of how
cancers arise and develop because most are probably never detected.

Ironically, therefore, hypertumors themselves may cause their own rarity since
they might be a common cause of spontaneous regression in tiny tumors that never
get the chance to manifest themselves clinically. Indeed, the hypertumor hypothe-
sis may explain a well-known oddity in cancer epidemiology again articulated by
Evanand Vousden(2001). There are an enormous number of potentially cancerous
cells in a single human body relative to the mutation rate, and oncogenic mutations
tend to cause altered cells to reproduce many copies of themselves. Therefore, it
is quite surprising that viable cancers arise in only about one in three individuals.
This surprising situation may in part result from natural selection favoring cancer
cell phenotypes that destroy the tumor from within.

Thesecond reason why hypertumors may be undetected is that they may hide in
plain sight. As already discussed, in larger tumors a hypertumor might be recog-
nized morphologically as necrosis or a region of apoptosis, a common phenomenon
of malignant tumors. The cause of such necrotic or apoptotic regions in larger, vas-
cular tumors is typically explained in textbooks [for exampleCotranet al. (1999)]
as disruptions in tumor blood supply, often without further explanation of how
such disruptions arise. The hypertumor concept represents a mechanistic elabora-
tion of this common hypothesis and increases its power by generating a testable
prediction.

If hypertumors exist, then we should find some cancers that evolve a clinically
aggressive histology but are paradoxically prone to spontaneous regression. Recent
observations made byKitanakaet al. (2002) suggest that neuroblastoma, a com-
mon childhood cancer, may fit this prediction. It appears that the majority of these
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cancers arein situ lesions, which tend to spontaneously regress (Schofield and
Cotran, 1999). Recently,Kitanakaet al. (2002) discovered that areas ofin vivo
neuroblastoma tumors undergoing degeneration were characterized by increased
expression ofRas, a well-known oncogene. Its product is a G-protein active in
transducing extracellular growth signals into intracellular signals that upregulate
genes involved in cell proliferation. Typically,Ras over-expression correlates with
more aggressive proliferation (Hannahan and Weinberg, 2000). Kitanakaet al.
(2002) present evidence that thisRas-associated degeneration may in part cause
spontaneous regression of neuroblastomas. Therefore, these degenerating areas are
candidate hypertumors. However, in their study,Kitanakaet al. (2002) generated
some features ofRas-induced degeneration by transfectingRas into neuroblastoma
cells in vitro with no vascular infrastructure present. Although this last result does
not rule out hypertumors as a cause of spontaneous regression in neuroblastoma, it
argues that other molecular events are probably involved.

At first sight it appears that hypertumors may have clinical application if they can
be induced. For example, one might ‘seed’ a tumor with aggressive cells that are
incompetent angiogenesis signalers engineeredin vitro. Alternatively, cells grow-
ing within a living tumor may be genetically altered to make them prolific at the
expense of growth factor secretion. In either case, induced hypertumors might per-
haps damage enough of the primary and established metastatic tumors to at least
blunt their growth and invasion of surrounding healthy tissue. Numerical analy-
sis of the models presented in this paper indicate that hypertumors limit overall
tumor growth very quickly (Fig. 7); the tumor does not suddenly grow large before
dying back.

Nevertheless, certain ecological factors, among other things, argue against hyper-
tumors as therapy. If hypertumors were to be induced, competition for resources
within the tumor would become fierce. Such competition coupled with existence
of numerous potential colonization sites throughout the host’s body would tend to
favor dispersive, metastatic phenotypes (Nagy, 1996) leading to much more clini-
cally aggressive disease.

One should view this model as a first approximation to competition among
parenchyma cell types within a vascular tumor. The main limitations of the model
include a lack of spatial considerations, immune response, multiple competing
cell types and larger-scale host/tumor interactions that lead to decelerating tumor
growth and patient cachexia. Clearly there is much more to be done. However,
models such as this, which view tumors in their ecological and evolutionary con-
text, represent an important but under-explored aspect of cancer biology. For exam-
ple, we know that natural selection favors cell types that resist both chemo- and
radiation therapy, and this selection for resistance is the most common cause of
failure in clinical intervention. But, very few if any studies have been performed
to determine how one can design natural selection into the treatment instead of
hoping to avoid natural selection while implementing the treatment. Ecologically-
based mathematical models like those presented here can help fill that void.
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