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Chapter 16 Vector Calculus

Section 16.1 Direction Fields

Suppose we are given a first order differential equation of the form dy/dx=y = F(x,y)
where F(x,y)is some expression in x, y. Separable equations are the special case in
which F(x,y) can be factored as a function of x times a function of y. In some cases it is

hard or impossible to find a formula for the solution, but still we can visualize the
solution curves by means of a direction field. If a solution curve passes through a point
(x,y) then its slope at that point is dy/dx =y = F(x, y) . If we draw short line segments

with slope dy/dx =y = F(x, y) at several points (x, y), the result is called a direction

field or slope field. These line segments indicate the direction in which a solution curve is
heading, so the direction field helps us visualize the general shape of these curves.

Definition: Let D be a set in R”. A vector field on R”is a function F that assigns to each
point (x,y) in D a two-dimensional vector F (x, y).

Definition: Let E be a subset of R*. A vector field on R*is a function F that assigns to
each point (x, y,z) in D a three-dimensional vector F(x, y, 7).

Examples:
1. Sketch the direction field for y"= F(x, y) = x>+ y> —1land sketch the solution

curve that passes through the origin.
Solution: We calculate the following points:
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2. Sketch the vector field F(x,y)=(x—y)i+xj by drawing a diagram.

X 0 0 1 -1 0 - - - -
y 0 1 0 0 -1 - - - -
F | <00>| <1,0> | <1,1> | <-1,-1> | <1,0> - - - --

3. Sketch the vector field F(x,y)=yj by drawing a diagram.
Vi + xj

4. Sketch the vector field F(x,y)= by drawing a diagram.
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5. Sketch the vector field F(x,y)= XY by drawing a diagram.
i +y?

6. Sketch the vector field F(x,y)=z/ by drawing a diagram.

7. Sketch the direction field of the scalar function f(x, y) =sin(x+ y) by drawing a
diagram. Remember that F(x,y)=Vf

8. Find the gradient field of f(x,y)=In(x+2y) and sketch it. Remember to find
F(x,y)=Vf

9. Sketch the gradient field of ¢(x,y)=x+y

Section 16.2 Line Integrals

The first goal of this section is to define what it means to integrate a function along a
curve. To motivate the definition we will consider the problem of finding the mass of a
thin wire whose linear density function (mass per unit length) is known. We assure that
we can model the wire by a smooth curve C between two points P and Q in 3-space.
Given any point (x, y,z) on C we let f(x,y,z) denote the corresponding value of the
density function. To compute mass of the wire divide C into n small sections using
succession of distinct partition points P = p,, p,, p,, -+, p, =Q and

aM, = f(x,,y,,2,)aS, , where aM  be the mass of the kth section and aS, be the length
between p, and p, ,. We then find M =jf(x,y,z)dS .Andin2-D M =jf(x, y)dS
C C

If C is a smooth curve parameterized by r(¢) = x(t)i+ y(¢) j, a <t < b then

[ £ y)dS = [ £x(0), )

r(0)ldt
Examples:

1. Evaluate the line integral J.f(x, dS,r(t)=ti+2t,0<t<1
C

b 1
Solution: j f(x,y)dS :j F (@), y@)|r' 0ldr = j (A+46)W5dt =245
C a 0
2. Evaluate the line integral I (xy+27)dS from (1, 0, 0) to(=1,0, 7) along the helix
C

C that is represented by x =cost,y =sint,z=¢,0<¢t<7x, and
dS =\|(dx/dt)’ +(dy/dt)’ +1dt

Solution: j(xy +2)dS = I(costsint+t3)\/§dt =274
0

C

3. Evaluate the line integral I (2+x7y)dS where C is the upper half of the unit circle
C

x2+y2:1.
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Solution: x=cost,y=sint,0<¢t<7x,and dS = \/(dx/dt)2 +(dy/dt)’dt = dt

[@+xy)dS = [(2+cos tsint)dt =27 +2/3

C 0

4. Evaluate the line integral I 5xdS where C consists of the arc C, of the parabola
C

y=2x> from (0,0) to (1,2) followed by the vertical line segment C,from (1,2) to
(1,4).
Solution: On C,curve y = 2x*,0<x<1

J. 5xdS = j.Sx\/l+ (dy/dx)*dx = ij\/1+16x2dx = 5/48(17\/5—1)
| 0 0
/C%nd On C,curve x=1,2<y<4
j 5xdS = fsx«/u (dx/dy)*dy = ij«/H 0dy =10
q 2 0
Thus j 5xdS =10+5/48(17:/17 - 1)
C

5. A wire takes the shape of the semicircle x* + y* =1,y >0, and is thicker near its
base than near the top. Find the center of mass of the wire if the linear density at
any point is proportional to its distance from the line y = 1.

Solution: x=cost,y=sint,0<¢<7x,and dS = \/(d)c/dt)2 +(dy/dt)*dt =dt

For mass m = j p(x,y)dS = j k(1-y)dS = k(z—2)
C 0

And F=—1 j xp(x,y)dS = j kx(1—y)dS =0 and
m C 0

4-r7
2(r-2)

¥ = [ v, )dS = [ly(1- y)dS =
mC 0

Homework Problems:

6. Evaluate the line integral a) Ixe)’dx where C is the arc of the curve x=¢’ from
C

1,0)to (e, 1)

Solution: j xe'dx = j Pdx=1/3(" -1)

c 1
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8. Evaluate the line integral a) jsin xdx +cos ydy where C is the arc consisting the
C

top half of the circle x* + y* =1 from (1,0)to (—1,0) and the line segment from
(-1,0)to (-2,3)

Solution: J-sin xdx +cos ydy = J- sin xdx + cos ydy + .[ sin xdx + cos ydy
c ol fo

J- sin xdx + cos ydy = J. sin(cost)(—sint)dt + cos(sint) cos tdt
C 0

-2
+ I sin xdx +cos(3x+3)(=3)dx
-1

=cosl—cos2+sin3

14. Evaluatejzdx+xdy+ydz, C:x=t2,y=t3,z=t2,OStS1
C

1
Solution: j zdx+ xdy + ydz = j £220)dt+1>Bt2)dt +12(2t)dt =312
C 0

22. jF-dr; F(x,y,2)=zi+yj—xk,r(t)=ti+sintj +costk,0<t < 7
C

Solution: j F-dr= j F(r(t)-¥'(¢)dt =1 , where
C 0

F=zi+yj—xk=icost+ jsint—kt,r'(t)=<1,—cost,—sint >
32. Find the mass and center of mass of a thin wire in the shape of a quarter circle
x> +y>=r", x>0,y >0, if the density function is p(x,y)=x+y

Solution: x=rcost,y=rsint,0<t<7x/2,ds=+X" + y dt = rdt
/2
m =I(x+ y)ds = I ri(sint +cost)dt = 2r*
C 0

r(r+2) r(r+2)

fzijx(x+y)ds= , yzljy(x+y)ds=
m C m C

Section 16.3 Fundamental Theorem for Line Integrals
Fundamental Theorem for line integrals:

1. jF’(x)dx = F(b)- F(a)

2. Cis a smooth curve given by r(t),a<t <b, IVf -dr = f(r(b))— f(r(a))
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3. In general .[ Vf -dr ;tJ- Vf -dr. But when Vf is continuous then
C

G

ij-drzjV}-dr

. ) oP .
4. F = Pi+ Qj on an open simply connected region D and 3 = %—Q , then F is
y X
conservative.
Examples:

1. Giventhat F(x,y,z)= y%i+(2xy+e*)j+3ye k, find fsuch that F =Vf
Answer: f(x,y,z)=xy’+ye*+C
2.

Homework problems:

oP dQ

Given F = Pi+ Qj on an open simply connected region D and 5 =—/,then Fis
y  ox
conservative.

4.1s F(x,y)=(x*+4xy)i+(4xy—y’)j conservative vector field? If it is, find f such
that F =Vf

Solution: 8_P =4x, B_Q =4y, not conservative
y ox
8. Is F(x,y)=(+2xy+Inx)i+(x*)j conservative vector field? If it is, find f such

that F = Vf
90

) oP ) .
Solution: — =—==2x. F is conservative.
y  ox

Now F =Vf =<1+2xy+Inx,x> >=< f., f, >
Now you try to find that f(x,y)=x"y+xInx+K , where K is a constant.

2

14. F(x,y)zly _i+ j2yarctanx, C: r(t) = £%i2(j,0< 1 <1
+ X

Solution: a)a—Pza—Qz 2y

dy ox l+x

Now find that f(x,y)= y*arctan x+ K

. F is conservative.

2

b)
[F-dr=[Vf-dr=fr®)-fra)

=)= frO0)=f(12)-f0,0)=7
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20. Show that the line integral .[ (1—ye )dx+e "dy is independent where C is the
C
path from (0,1) to (1,2). And evaluate the integral.

Solution: We know that the line integral of any conservative field is independent of

the path. Since we have E;_P = %—Q =—e ", the integral is independent.
y X

Now Vf =<1-ye ™", e >, you can now find that f(x,y)=x+ ye *
j(l— ye )dx+e *dy = J.F'dr = £(1,2)- £(0,1)=2/e
C C

2

Y

2
X

2y

22. Find work done by the force field F =-—i——j; in moving an object from
X

P(L1) to Q(4,-2).
Solution: W =jF-dr = f(4,2)- f(1,1)=0
oP za_Q _ 2y y_2

Since — —» the force field is conservative. You verify that f(x,y)=—
dy Ox x

30. a) Open b) Not connected c¢) Not simply connected
32. a) Not open b) not connected c) Not simply connected

Section 16.4 Green’s Theorem

Green’s Theorem gives the relation between a line integral around and simple closed
curve C and a double integral over the plane region D bounded by C.

Green’s Theorem: let ¢ be a positively oriented, piece-wise smooth, simple closed
curve in the plane and let D be the region bounded by C. If p and Q have continuous
partial derivatives on an open region that contains D, then

dex+Qdy:jj(%—§—g—§JdA

Examples

1. Use Green’s theorem to evaluate the line integral along the given positively
oriented curves:

a) .[ x’>y*dx+4xy’dy where C is the triangle with vertices (0,0), (1,3), and (0,3).
C

Solution: In this case our domain D is described as D ={(x, y)|0<x<1,3x< y <3}

2.2 3 dQ oP [foacs o2
jx y2dx + 4xy dy=” i dA=”(4y —2x7y)dydx =318/5
C D X y 0 3x
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b) Isin ydx+ xcos ydy where C is the ellipse x> +xy+y* =1
C
Solution: In this case our domain D is the region enclosed by the ellipse.
oQ OoP

;[sin ydx + xcos ydy = g(g—a—deA =0

2. Let D be a region bounded by a simple closed path C in the xy-plane. Use Green’s
theorem to prove that the coordinates of the centroid (X, y)of D are given as

1 1
X=—~ax’dy, y= ——q; y*dx , where A is the area of D.
247 247

1 1 1
Solution: By Green’s theorem —q.Ddey = —H 2xdA =— H xdA =X and
2A°7 2A° A’y

abra=-gillcana=[fra=

3. Find the centroid of a semicircular region of radius a

) .. 1
Solution: For the semicircle A = Efraz . Now

—a

T = 1295x2dy= 12 Ixzdy+ja2coszt-acostdt =0
a C Zta 0

1 (% f 4a
y=— 2dx = Odx+ | @’ sin* t(—asintdt |=—
Y : Sﬁy za® _J; ! ( 3z

4. Evaluate the line integral Cﬁxyzdx+ x’dy , where C is the rectangle with vertices
C
(0,0), (2,0), and (0,3) by a) directly, b) Green’s theorem
Solution: a) Directly

(f)xyzdx+ X’dy = 4} xy’dx+ x’dy
C C+Cy+C+Cy
3 2
:0+j8dt—j9(2—t)dt+o
0 0
where
C:x=t,y=0,0<r<2
C,ix=2,y=1,0<r<3
C,:ix=2-1,y=3,0<r<2
C,:x=0,y=3-1,0<r<3

23
b) By Green’s theorem quyde Xdy = j j (3x> —2xy)dydx =6
C 00



Mat 272 Calculus IIT Updated on 11/24/07 Dr. Firoz

5. Evaluate the line integral (j) ydx — xdy , where C is the circle x* + y* =1 by a)
C

directly, b) Green’s theorem
Solution: a) Directly: use x =cos?, y =sint then

2z
Cﬁ ydx — xdy = I —sin’ tdt —cos’ tdt = -2x
C 0
b) Green’s theorem: <j> ydx — xdy = j j —2dA =-27(1)
C D

6. Evaluate the line integral q")xdx + ydy , where C consists of line segments from
C

(0,1) to (0,0) and from (0,0) to (1,0)and the parabola y =1— x> from (1,0) to (0,1)
by a) directly, b) Green’s theorem

1 1 1
2) (f)xdx+ ydy =j(t—l)dz+jtdt+j(z—1)dt+(2z—z2)(2—2z)dz =0
C 0 0 0

b) Green’s theorem: gﬁxdx + ydy = j j 0dA =0
D

C

7. Use Green’s theorem to evaluate CﬁF -dr . Check the orientation before applying
C

Green’s theorem. Given that F =< y2 cosx, x> +2 ysinx > and C is the triangle
from (0,0) to (2,6) to (2,0) to (0,0). Answer: -16
Solution: Hint: Use (f)F -dr = —J- y* cos xdx + (x> +2ysin x)dy and apply Green’s
C -C
theorem.

8. A particle starts at the point (-2,0), moves along the x-axis to (2,0), and then along
the semicircle y =+/4—x* to the starting point. Use Green’s theorem to find the
work done on this particle by the force field F =< x, x’ +3xy” >

Solution:

w =<ﬁF-dr = .[xdx+(x3 +3xy°)dy
C

C

4-x2

(3x* +3y* —0)dydx

= 3]£J2-r3drd6’ =12z
00
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Section 16.5 Carl and Divergence

Definition: Curl of a vector field F is defined as
Curl F =VXF = B_R_B_Q i+(a—P—a—Rjj+ B_Q_B_P k is a vector field.
dy 0z dz Ox ox dy

Where F (x, y,z) = Pi+Qj+ Rk a vector field on R’ and the partial derivatives of P,
Q, and R exists. The short cut form of Curl F can also be written as follows

ik

o d 0

Curl F =VXF=|— — —
ur 8 ox dy oz
P O R

Theorem: If fis a scalar function of three variables that has the continuous second
order partial derivatives then curl(grad f)=0=Vx(Vf)=0

Note: If F is a conservative vector field then curl F=0=VXF =0.If VXF #0
then, F 1s not conservative.

Definition: Divergence of a vector field F is defined as divF =V - F = 8_P+8_Q +8_R
ox dy 0z
which is a scalar quantity. Where F (x, y, z) = Pi+ Qj + Rk a vector field on R? and
the partial derivatives of P, Q, and R exists.

Theorem: If F(x, y,z) = Pi+Qj + Rk is a vector field on R’ and the second order
continuous partial derivatives of P, Q, and R exists, then

div(curl F)=0=V-(VxF)=0

Vector form of Green’s Theorem: For the vector field F' = P(x, y)i+ Q(x, y)j verify

that curl F = B_Q_B_P k=curl F-k =a—Q—a—P and the Green’s theorem becomes
ox dy ox dy
of the form (f)F-dr:” 9Q 0P Azjj'(curlF)-de
v S\ ox  dy i

Examples

1. Show that the vector field F(x,y,z) = xzi+xyzj— y’k is not a conservative
vector field.

Solution: Verify that VX F #0
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2. Giventhat F(x,y,z)=e'sinyi+e cosy j+zk.Find curl F and div F.
Solution: Use the definition of curl and div to get Curl F = O, a zero vector and
divF =1 ascalar.

3. Is F(x,y,z)=zyi+xz j+xyk aconservative field? If it is find the scalar function

f

Solution: Verify that Curl F = O and so F is conservative. And we have now that
Vf =F =< yz,xz,xy >
Use f. =yz= f(x,y,2) =xyz+ g(y,z) by integrating both sides with respect to x
And again by differentiation with respect to y we have

fi=x2+ 8 (3,2)= g (y,2)=0= g(y,2) = h(z) . Thus we have

fy,2)=xyz+h(z) = f.(x,y,2)=xy+ h'(z) = h(z) = K a constant. Finally we
have f(x,y,z)=xyz+K

4. Is there a vector field G on R? such that curl G = xy* i+ yz* j+zx” k ? Explain.
Solution: use the theorem that for F(x,y,z)=Pi+Q j+ Rk a vector field on R’ we
have div(curl F)=0=V-(VxF)=0. So we find that div(curl G) = y> + 7>+ x> #0.
Thus there is no such function G for which curl G = xy* i+ yz*> j+ " k.

5. For a given vector field Fif V- F =0, the field F is incompressible. Show that
the field F = f(y,z)i+ g(x,z) j+ h(x,y)k is incompressible.
Solution: Just show that div FF =0

6. Letr=xi+yj+zk, r=|7| the magnitude of ¥ = xi+y j+ zk, show that
V-(rr)=4r
Solution: V-(rr)=(id/dx+ jo/dyd+kd/dz)- (rxi+ ryj+rzk)and now do the rest.

Section 16.6 Parametric surfaces and their areas
No question will be set on test 4 from this section
Section 16.7 Surface Integrals

Formulas for this section:

1. J-J. f(x,y,2)dS = ﬂf(x, v, g(x, y))\/1+ (0z/0x)* +(9z/9dy)* dA

dA

LX

2. J-J.f(x, y,2)dS :.Uf(r(u,v))

3. J-J.F(x,y,z)'dS =J.J-F(x,y,z)~ndS
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Examples:

1. Evaluate ”de , where S is the surface z=x+ yZ,OSxSI, 0<y<2
N

Solution: We have dz/dx =1,dz/dy =2y and then

[[ yas =J-J-y«/1+l+(2y)2dA:j-j-yq/2+4y2dydx=13\/§/3

N D 00

2. Evaluate H x”dS , where S is the unit sphere z° +x* + y* =1
S

Solution: Use spherical coordinate system
x=sin¢cosf,y=singsinf,z=cos@,0<p<xr,0<6<2r,
r(@,0) =xi+ yj+ zk =isin ¢cos @+ jsin @sin 8+ k cos @, now find ‘r¢ Xrg‘ =sin¢

2r x

H X’ dS = H (sin ¢pcos ) sin gdA = j j sin’ gcos> OdpdO =473
N D 00

3. Find the flux of the vector field F(x,y,z)=zi+y j+ xk across the unit sphere
ZH+xT+y =1,
Solution: Use x =sin@cos @,y =sin@sinf,z=cosP,0<9p<7,0<0<2x and
r(@,0) =xi+ yj+ zk =isin@cos @+ jsin @sin 8+ k cos @,
r,Xr, =isin’ gcos @+ jsin® gsin @+ k sin g cos ¢
F(r(¢,0)=icos@+ jsin@sin @+ k sin ¢cos 8
Now
J-J.F(x,y,z)'dS =J.J-F-ndS
D

S
2 7

:IIF-(r¢Xr9)dA: ”(2sin2¢cos¢cos9+ sin’ ¢sin® 6)d¢d 6
D 00

=4r/3

4. Evaluate H ydS where S is the surface z = %(x”2 +y7%),0<x<1,0<y<1
S

Solution: ﬁyds =J.J.y«/1+y+di:j-'1[y1/l+x+ ydxdy = 4/105(93/3 +4+/2 - 2)
N D

00

5. Evaluate J-J.F -dS, F = xi+ yj+ 7'k, where S is the part of the cone z =+/x" + y’
S
beneath the plane z=1 with downward orientation.

Solution: Use
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HF dS——J-J-( P——Q—+R)dA
= [[(Jx*+3* = +y7)")dA

1
j r—r*rdrd@=1x/3
0

o

o'—.ﬁ

Section 16.8 Stokes’ Theorem

Let S be an oriented piecewise-smooth surface that is bounded by a simple, closed,
piecewise-smooth boundary curve C with positive orientation. Let also that F be a vector
field whose components have continuous partial derivatives on an open region in 3-D that
contains S. Then

J-J.F-drzﬂcurlF-dS=chrlF-de
N S D

Examples

1. Evaluate H F-dr, F=— yzi +xj+ 7%k , where C is the curve of intersection of the
N

plane y+z=2 and the cylinder x*+y* =1

Solution: Find that curl F =(1+2y)k
27 1

HF-drz”curlF-dS=”curlF-de=”(l+2y)dA: H(1+2rsin9)rdrd9=z
N S D D 00

2. F(x,y,7)=< ax’ —3xz2,x2y +by3,cz3 >, where C is the curve of intersection of

the hyperbolic paraboloid z = y* —x*, and the cylinder x* + y* =1 oriented
counter clockwise as viewed from above, and C is the boundary of S. find a, b, ¢
for which H F -dS is independent of the choice of S.

Solution: Suppose G be any vector field such that F =curl G, then
J-J. F-dS = .[ .[ curl G-dS depends only on the values of S and div curl G = 0.
S D

So we have

oP 8Q+8R
ox dy 0z
= Ba+D)x*+3by* +(B3c-3)z"=0=>a=-1/3,b=0,c =1

divF =0 = — 0
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Section 16.9 Divergence Theorem

Let E be a simple solid region and let S be the boundary surface of E, given with positive
(upward) orientation. Let F be a vector field whose component functions have continuous
partial derivatives on an open region that contains E. Then

[[ F-as=[[[divFav

N E

Example 1. Find the flux of the vector field F(x,y,z)= zi+ yj+ xk over the unit sphere
¥ +y +7 =1

Solution: ﬂ F-dszmdidev:ﬁjldvzmm
S E E



