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Chapter 15 Multiple Integrals

Section 15.1 Double Integrals Over Rectangles

Examples:
1. Evaluate the iterated integral a) j j (5-x)dA, R={(x,y)10<x<1,0<y<1} and
R

b) [[(4-2y)dA, R=[0,11x[0,1]

Solution: a) j j (5—x)dA = j

R

(5—x)dydx =[5x—x"/2];,(1) = 4.5

O — . Oy~

1
b) [[(4-2y)dA=[[@4-2y)dydr=[4y-"];, =3
R 0

2. If R=[0,1]x[0,1], show that 0 < j j sin(x+ y)dA <1
R

Solution: On R, 0 < x+ y <2< 7x,sin(x+ y) = 0. Thus we have
osjjsin(x+y)dAsjjdA:1
R R

Section 15.2 Iterated Integrals

Fubini’s Theorem If f(X,Y) is differentiable on R={(x,y)la<x<b,c<y<d}

then [[ % y>d4=ﬁf<x, y)dydx=ﬁf<x, y)dcly

Examples
Evaluate the integral in two different ways using Fubini’s theorem (1-4).

“(x +y )dydx—j xX’y+y* 1317 de=[2x"/3+2/3x]/ =44
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also jj(x + v )dxdy I[x /34 xy’ ] [21)"")’3]1_1 =44

-11

X

dydx
y

5
jj(x+ y) > dxdy
==

dydx

0 ()\/)C +y +1

. Evaluate Hcos(x+2y)dA, R={(x,)I0<x<7,0<y<7/2)
R

2
Evaluate [ i”z L R={(x,1)10<x<1,0< y<1}
+
R

. Find the volume of the solid in the first octant bounded by the cylinder

z=9—y”and the plane x=2

Solution: On the xy plane z=0=> y* =9 = y =3 in the first octant. Thus we have

10.

11.

12.

13.

V= ﬁ(9— vy )dydx =36
00

Find the average value of f(x,y)= e’ x+e’,R=[0,4]x][0,1].

The average value is given by f I I f(x,y)dA, where A(R) represents

ave A(R)
the area of the region R.
41
Now f = J-J-e’ Vx+e' dydx = (Try to solve the integral)
00
35
Evaluate J-J- (5—x)dxdy . Ans: 37.5

00
From problem 9. draw the bounded region by
z=5-x,R={(x,y)10< x<5,0< y<3}and evaluate

'—:

j (5 —x)dxdy geometrically.
0

0

34
Evaluate j j (40— 2xy)dydx. Ans: 112
12

Evaluate ” y*xdA over the rectangle R = {(x, y)[-3<x<2,0< y<1}.

Ans: -5/6
Evaluate J..[xcos(xy) cos’ (zx)dA; R =[0,1/2]x[0, 7] Ans: 1/(37).
R
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14. Evaluate

Section 15.3 Double Integral Over General Regions

Examples
1 x*
1. Evaluate J. Ixyzdydx Answer: 13/120

0—x
1v
2. 1—v?dudv Answer: 1/3
[+
00

3. ”xydA over the region R enclosed between y=1/2x,y = Jx, x=2,x=4
R

Answer: 11/6
4. ”(Zx—yz)dA, D={(x,y)ly=—x+1y=x+1,y=3} Answer: -68/3
D

5. Use double integral to find the volume of the tetrahedron bounded by the
coordinate planes and the plane given by z=4—-4x-2y
12-2x
Hint: V= j j (4—4x—2y)dydx Answer: 4/3
0 0
6. Find the volume of the solid bounded by the cylinder x* + y* = 4 and the planes
y+z=4,z=0 Answer: 167
7. Evaluate the following multiple integrals:
1 x?
a) V= I I(2x+ y?)dydx Answer: 4/35
0 X3
1 y?
b) V= j j (2x + y?)dxdy Answer: 4/35
0y
8. Evaluate ”(2x+ y?)dA , where R is bounded by the curves y = x*,y = x° and
R
compare your result with example 7. Answer: 4/35
9. Sketch the region of integration and change the order of integration of
4 x1/2 24
j j £ (x, y)dydx Answer: j j £ (x, y)dxdy
0 0 0 yZ

2

1y
10.  Homework #20: V = j j(2x+ y?)dxdy =19/210
0 )73

11 11
11.  Homework # 32: v=“(2+y)dydx—“3ydydx=16/15
_1)(2 _1)(2
4 y/4

14
12.  Homework #38: V = j j £ (x, y)dydx = j j £ (x, y)dxdy
0 0

0 4x



Mat 272 Calculus 11T Updated on 11/03/07 Dr. Firoz

13.

Homework # 56: j j (2—3x+4y)dA = j j 2dA = 2A(D) = 2(50) = 100 using
D D

symmetry.

Section 15.4 Polar Coordinates

If fis continuous on a polar rectangle R givenby 0<a <r<b, a <6 < 8 where

0<f—a<2x then j j f(x,y)dA = ﬁ f(r,0)rdrd6

Examples

1.

Evaluate I j sin @ dA , where R is the region in the first quadrant that is outside the
R

circle r =2 and inside the cardioid » = 2(1+ cos 8)
/12 2(1+cos @)

Hint: ”sinedA: j jsinerdrdezsm
R

2.

0 2
The sphere of radius a centered at origin is expressed in rectangular coordinates

as x* +y”> +z° =a” and hence its equation in cylindrical coordinates is

r* +z> =a”. Use this equation and a polar double integral to find the volume of
the sphere.

2ra

Hint: r’+z° =a’ = z=tJa* -r*,V =2J-.[\/a2 —rirdrd@ =4/3m’
00

3.

1V1-x?
Use polar coordinate to evaluate J. .[ (x> +y*)"* dydx
-1 0

1-x?

1 71
Hint: draw a diagram and set J. .[(xz +y2)*dydx = J-.[r“drdﬁ =7x/5
-1 0 00

4,

Homework Problems:
/23

4) [[feeyydA= [ [ f(rcos8,rsin6)rdrde

7/6 cos30
17) One loop of the rose r =cos36: A= ”dA = J. jrdrd@ =7m/12
D -r/6 0

18) Area of the region enclosed by r =4 +3cosé,
274+3cos @

D={(r.0)10<0<27,0<r<4+3cos8)}, A:HdA:j jrdrd9=41/27:
D

0 0
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Section 15.7 Triple Integrals

Examples
1. Evaluate I j j 12xy*z>dv where E is defined as a region bounded by
E

—1<x<2,05y<3,0<z<2.
2 3 2
Hint: Draw he bounded region and set ”lexyzzzdv = 12jxdxj yzdyjzzdz =648
E -1 0 0
2. Evaluate I j j zdv where E is the wedge in the first octant that is cut from the
E

cylindrical solid y* +z> <1 by the planes y=x, x =0

1y \/ﬁ
Hint: Draw diagram and set J- j J- zdv = J- .[ .[ zdzdxdy =1/ 8 using type I region
E 00 O

3. Evaluate J. '[ zdv where E is the solid tetrahedron bounded by the four planes
E
y=0,x=0,z=0, x+y+z=1
11-x l-x-y

Hint: V = [[[zdv=[[ [zdzdydx=1/24
E 00 0

4. Evaluate J. '[ J- vdv where E is the solid tetrahedron bounded by the four planes
E

y=0,x=0,z=0, 2x+2y+z=4 Answer: V =4/3
5. Use triple integral to find volume of the tetrahedron bounded by the four planes
2y=x,x=0,z=0, x+2y+z=2 Answer: V = 1/3

6. Find the volume of the tetrahedron with vertices (0, 0, 0), (1, 2, 0), (0, 2, 2) and
(0, 2, 0). Use Type I, Type II and Type III regions.

Hint: Find the plane through (0, 0, 0), (1, 2, 0), and (0, 2, 2) whichis z =y —2x.

1 2 y-2x 2 y/2 y-2x

Type L V = j j j f(x, y, z)dzdydx —j j j f(x,y,z)dzdxdy, from xy — solid

02x
22 1/2() 7)

TypeII: V = .[ .[ .[ f(x,y,2)dxdydz =ﬂ. J. f(x,y,z)dxdzdy, from zy - solid
00 0 00 0

2 -1/2z 2 1 2x 2
Type III: V = j j jf(x, v, 2)dydxdz =I j If(x, v, z)dydzdx, from zx - solid
0 0 z+2x

0 0 7+2x

7. Homework Problems:



Mat 272 Calculus 11T Updated on 11/03/07 Dr. Firoz

12) mzxdv jij 2xdxdzdy =1/120, use the plane z = y — x thru (0, 0, 0), (1, 1,
00 O

0) and 0,1,1)

16 J'E[J'zdvzjj

3x

7
jzdzdydx —27/8
0

173 1/241-9x> /1-9x7 -4y
30. j”f(x, v,2)dv = j j j f dzdydx
E 13 _17231-9x? —\f1-9x2-4)?
2 131-4y? J1o9:2—4y?
= .[ J- J- f dzdxdy
273 fimay? 192 -ay?
12 \may? 13-4y
= j j j f dxdzdy
QLN [PRCTEN
1 1/2+1-7? I/SW
= j j j f dxdydz
L1122 —1/3\1--ay?
1/3 N1-9x%  1/2y1-72-9x*
= J- J- J- f dydzdx
~13 _\1-9x? —1/24/1-22-9x2
1 1/3V1-22 1/2V1-22-947
= j j j f dydxdz
“Lo1/331-22 —17241-22 947
34. Type I, xy solid
E={(x210<x<1,0<y<x*0<z<y}={(x,5,2)10< y <1, [y <x<1,0< 7 <y}
Type 11, zy solid
E={(x,y,2)10<y<1,0<z<y, /[y <x<1}={(x,,2)10<z<1, z< y <1, [y <x<1)
Type I1I, xz solid
E={(x,y,2)10<x<1,0<z<x>,z2<y<x* ={(x,9,2)10< <, Jz <x<1,z< y < x7)

\/T 1-x—y?
48. f, = _V(E) [[[ £ x.,20dv, where V(E) = jlljﬁ ! dzdydx = 7 /2 using

polar coordinate. Now
1 Vi=x? 1-x?—y?

fue = %jﬂf(x,y,z)dv=%_1_Jlj_7 {2(x2+y2)dzdydx:1/12

Section 15.8 Triple Integrals in Cylindrical and Spherical Coordinates

Cylindrical Coordinates:



Mat 272 Calculus 11T Updated on 11/03/07 Dr. Firoz

j”f(x, y,2)dv = fhzje) uZ(j‘?(F, 0, 2)rdzdrd 0
E a hy(8) u (r,0)

Spherical Coordinates:

IHf(x y>2)dv —Njf(p,e ¢)p’ sin gdpd6d g

caa

Examples

1. Use triple integral in cylindrical coordinates to find the volume of the solid E that
is bounded by the hemisphere z =+/25—x" —y* below bounded by the xy — plane
and laterally by the cylinder x*>+y* =9

3 ot 257
Hint: szdvzj j j dzdydx =
E 3

3 4/25-12
j j rdzdrd®=122713
0 0

o'—,’_\j

=3 J9-x? 0
3 N9—x? 9-x7—)?
2. Evaluate by cylindrical coordinate: J- J- .[ x*dzdydx
3_Jo_x2 O
3 AJ9—x2 9—x‘—y‘ 27 3 9—r2
Hint: j j j x’dzdydx = j j 7 cos® Odzdrd = 2437 /1 4
3_Jo_x2 O 00 0

4-x2— y2

I 22X+ y? + 27 dzdydx
0

2
3. Use spherical coordinate to evaluate .[
-2 _

i T
yoA =

O S 1O

2 Ja-x? 4=y’

Hint: I I I A X+ Y+ 2 dzdydx = T

2_J4? 0 0
4. Evaluate .m. (x* + xy*)dv where E is the solid in the first octant that lies beneath
E

P’ cos’ gsin ¢d pdpd @ = 647 /9

S C—y

the paraboloid z=1-x" -y’
Hint: E={(r,0,7)10<0<7/2,0<r<1,0<z<1-7?} and

/21 1-r2

[[[e+xyyav= [ [ [ r'cosbdzdrd6=2/35
E 00 0

5. Find the volume of the solid that lies within both the cylinder x*+ y*> =1, and the
sphere x* +y* +z° =4
Hint: E={(r,0,2)10<0<27,0<r<1,—J4—-r* <z<+4-r"} and
2r 1 \/—_r2
V=[[ [ rddrd6=4z/38-33)
0 0_

4—r

S}
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6. Use spherical coordinates to evaluate H I (x> + y*)dv where H is the
H

hemispherical region that lies above the xy plane and below the sphere
X +y +z77 =1
2rwi2 1

Hint: [[[(+y))dv=[ [ [p'sin’ pdpd6dp=4x/15
H 0 0 0

o0 o0 o0

7. Evaluate J- .[ J- JE+ 9+ 22D dxdydz

—00 —00 —00

Hint: Use spherical coordinate and find

) 27

I j I Xy + zze_(x2+y2”2)dxdydz = 1le1_r>2 j jf
o0 —00 —00 00

8.

ple” singd pd6dg =27

S —y

Section 15.9 Change of Variables in Multiple Integrals

Examples

1.

Given x=1/4(u+v), y=1/2(u—v) and T is the transformation from uv plane to

xy plane. Find
a) T(1,3)

b) Sketch the constant v — curve corresponding to v=-2,-1,0, 1, 2
c¢) Sketch the constant u — curve corresponding to u =-2,—1, 0, 1, 2

d) Sketch the image of the square region in uv plane under the transformation T to
the xy plane.

Hint: a) T(u,v)=(x,y) 2> u=1L,v=3=x=1,y=-1,thus 7T(1,3)=(,-1)

b) Solving for u and v we have u =2x+y, v=2x—y

For given v=-2,-1, 0, 1, 2 we find
2x—y=-22x—y=-1,2x-y=0,2x—y=1,2x—y=2. You can plot all these
equations in the xy plane.

c¢) We have u =2x+y. For given u=-2,-1,0, 1, 2 we find
2x+y=-22x+y=-1,2x+y=0,2x+ y=1,2x+y=2. You can plot all these
equations in the xy plane.

d) Try yourself.
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x=Y
Xty

2. Evaluate H

R
x=y=0,x—y=lLx+y=1Lx+y=3.
Hint: Direct evaluation is complicated, we use substitution like
u=x+y,v=x—-y=>u=13,v=0,1land x=1/2(u+v),y=1/2(u—-v)

dA , where R is the region bounded by

x o
/2 1/2
The Jacobian J(u,v)zau W) _ =-1/2
Iy | /2 -1/2
ou dv

Xy
xX+y

Now H

R

13
dA= [ [£]Jw,v)|dudv=1/41n3
01 v

3. Evaluate ﬂ e”dA , where R is the region bounded by
R
y=1/2x, y=x, y=1/x, y=2/x

1 2 1
IIe"—dvduzl/Z(ez—e)IHZ

1721 u

Hint: Write u=y/x, v=xy, He”‘ydA =
R

2

2 2
4. Find the volume of the region enclosed by the ellipsoid x_2+
a

y <
P

=1

Hint: Use the transformation (substitution)

Dr. Firoz

u=xla,v=ylb, w=z/c=u’+v>+w’ =1, which is a sphere of radius 1. Now
j” dv = Hﬂ](u, v, w)| dudvdw = 4rabc /3. For volume of a sphere see example 2,
R S

section 15.4.

5. Find the image of the set S which is a disk given by u* +v*> <1 under the
transformation x =au,y=>bv.

Evaluate ﬂ (x—=3y)dA, where R is the triangular region with vertices (0,

(2,1)and (1, 2).

0),

Hint: The line thru (0, 0) and (2, 1) is y =1/2x, which is the image of v =0
The line thru (0, 0) and (1, 2) is y = 2x, which is the image of u =0 and the line

thru (1, 2) and (2, 1) is x+ y =3, which is the image of u+v=1

x o
2 1
The Jacobian J(u,v)zg_;t gz‘l 2‘=3
ou ov

11-u

Now j j (x—3y)dA = j j (—u —5v)3dvdu = -3
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7. Evaluate H (x> —xy+ y”)dA, where R is the region bounded by the ellipse
R

x> —xy+ y® = 2; under the substitution x =~2u—~2/3v, y =~2u++2/3v

o e
Solution: x* —xy+ y> =2 = u’+v*> =1, The Jacobian J(u,v) = gu gv —4/3
A
ou v
|
jj(xz—xy+y2)dA=j j 2u +v)4 /3 dudv =473
R -1 J1o2

8. Evaluate ” cos Yo X dA , where R is the trapezoidal region with vertices (1, 0),
s y+x

(2,0),(0,2),(,1).

Hint: Use u=y—x,v=y+x, J(u,v)==1/2, [[cos>==dA=3/2sin]
y+x

R

9. Evaluate ﬂ sin(9x” +4y*)dA , where R is the region bounded by the ellipse
R

9xz+4y2 =1.Use u=3x,v=2y, J(u,v)=1/6
/21

j j sin(9x> +4y*)dA=1/6 j j sin(u® +v*)dudv =1/6 j j rsin r’drd@
R S 00



