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Section 13.1 Vector Functions and Space Curves

A vector valued function or simply a vector function is a function whose domain is a set
of real numbers and whose range is a set of vectors.

Representation of a vector function: The vector r(¢)along with components
f(t),g(t),h(t), which are simple functions of t, represented as
r(t) =< f(t),8(t),h(t) >= f()i+g(t)j+h()k

Important properties:

1. limr(t) =<lim f(¢),lim g(¢),lim h(¢) >, provided each limit exists

2. The parametric representations x = f(¢), y = g(t),z =h(t) is a space curveon I, tis a
parameter.

Examples:

1. Find the domain of r(t)=<7>,In(2—1),\/t >

Solution: For, ¢, tis in I, set of real numbers. For In(2—1), ¢ < 2 and for \/; , 120. Thus
the domain is [0, 2)

2. Determine lil‘%l r(t) where r(t) = <1 + %,%,Lﬂt>
— t _ t

Solution: lin(} r(t)=<1,-1,1>
3. Describe the curve defined by r(¢) =<1+1,2+5¢,—1+6¢ >

Solution: The parametric form of the curve is x=1+1¢,y=2+5¢,7=—-1+6¢, which
represents a straight line thru (1, 2, -1) in the direction of the vector <1,5,6 >

4. Sketch the curve r(t) =<cost,sint,t >
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Solution: The parametric form of the curve is x =cos?,y =sint,z =t , which

represents a curve that spirals around a circular cylinder with level curves x* + y* =1.
The curve is known as circular helix. See the figure at page # 851 in you text.

5. Find the vector function that represents the curve of intersection of the cylinder
x> +y* =1 and the plane y+z=2

Solution: Consider x =cost,y =sint, then z=2—-sint, 0<r<2x.

Now r(t) =<cost,sint,2—sint >=icost+ jsint+k(2—sint)

6. Find the vector equation of a line thru the points P(1, 0, 1) and Q(2, 3, 1)

Solution: Use the formula thru two given points as r(t) =(1-#)r, +tr,, 0<r <1
We have r(1)=(1-1)<1,0,1>+r<2,3,1>, 0<¢r<1

7. Identify the curve r(r)=<e ' cos10t,e” sinl10t,e™" >

The curve is a spiral around a cone whose level curves are circles x* +y> =e™ .

Observe that x* + y* = z°

Section 13.2 Derivatives and Integrals of Vector Functions

For given vector function r(t) =< f(t), g(t),h(t) >= f(t)i+ g(t)j+h(t)k
The derivative is defined as 7'(t) =< f'(¢),g’(t), W' (t) >= f'(t)i+ g’(t) j + W' ()k and the

integral is defined as j r(t)dt =< j f()dt, j g(t)dt, j h(t)dt >

Smooth curve: A curve given by a vector function r(z)on an interval I is called smooth
if #’(¢)is continuous and r’(t) # 0, where 0 is a zero vector.

Examples:

1. Given r(t) = <1+3/;,L1,sin t> , find 7’(t) and Ir(t)dt
Z‘ —_

Solution: r'(¢) = 1t‘2’3,— =
3 (t-1)

cost> and
3 s
jr(t)dt:<t+zt +c1,ln(t—1)+cz,—cost+c3>

2. Find a unit tangent vector at (1, 0, 0) to the vector r(t) =<1+ £ ,te”",sin 2t >
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Solution: We have r'(r)=<3t*,e” —te”',2cos 2t > and r'(0)=<0,1,2>,

1
= N
r’(0) 1 2

O)| \/_ <0,1,2>= \/_ \/5 k

3. Find parametric equation for the tangent line to the helix with parametric
equations x =2cost,y=sint, and z=tat P(0,1,7/2)

Solution: We have r(t) =< 2cost,sinft,t >,
r'(t) =< —2sint,cost,1 >=> r'(7/2) =< -2,0,1 >. The tangent line passes thru P(0,1,7/2)
in the direction of r'(7/2)=<-2,0,1> having parametric equation
x==2t,y=lz=7/2+t

The unit tangent vector at t =0 1is 7(0) =

4. Find the tangent to the helix with parametric equations x =2cost,y =sint, and
z=tat P(0,1,7/2)
Solution: Tangent at the given point is
F(rl2) 1

T2 =""2
Fl2) 5
We have r(t) =<2cost,sint,t >, r'(t)=<-2sint,cost,1 >= r'(x/2)=<-2,0,1> and
1
J5

5. Determine whether the semicubical parabola r(t) =<1+#>,¢> > is smooth.

<=201>

Solution: r'(f) =< 3t*,2t >=< 0,0 > for ¢ = 0. Thus it is not smooth.

w2
6. Given r(t)=<2cost,sint,2t>, find j r(t)dt
0

/2

Solution: [ r(r)dr = 2isint— jeost+kt* | =2+ j+7* 4k

0
7. Find the point of intersection of the tangent lines to the curve

r(t) =<sin xrt,2sin zt,cos 7t > at the points where ¢ = 0, and ¢ = 0.5

Solution: 7'(t) =< 7 cos t, 27 COS t,— 7T sin 7t > ,
r(0)=<0,0,1>, r(0.5)=<1,2,0> and r(0)=<rx,27,0>, r'(0.5)=<0,0,—7 >
The equation of the tangent line at = 0 is

<x,y,2>=<0,0,1>+u<x,2x,0>=< xu,2ur,1 > and
Tangentatt=0.51s <x,y,z>=<1,2,0>4v<0,0,—7 >=<1,2,—7v >. At the point of
intersection 7u =1, zv=—1=u=1/x,v=-1/x. The pointis (1, 2, 1)
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Section 13.3 The Arc Length and Curvature

The arc length of a curve r(¢) =< f, g,h >from t =atot =bis defined by

L=+ +Uyde=[|r e

a

Suppose s(t)is the length of the part of C between r(a) and r(¢) then

s@) = [ +(g) + () du = [|r @)ldu

Curvature: If C is a smooth curve defined by () =< f, g,h >, then r'(¢) # 0, the unit
(1)
(@)

quickly the curve changes direction at that point. The curvature is defined as x =

vector T'(t) = . The curvature of a curve C at a given point is a measure of how

ds

9

where T is the unit tangent vector and s is the arc length function. Remember that
dr _drds ar| |t /dt| ||
= then K =|—/= =|—
\ds/dt| | F ()|

dr ds dt’ ds

]
J+G)°T

Theorem: The curvature of the curve given by the vector function r(t) =< f,g,h> is
|r'(t) X r"(t)|
K="
()
The Normal and Binormal: The vectors N and B defined below are called the normal
and Binormal vectors,

N(t)=

For a function defined as y = f(x), x(x)=

T'(t)
T'(1)|

and B(t) =T (t)X N(t)

The plane determined by the normal and binormal vectors N and B at a point P on the
curve C is called the normal plane of C at P. It consists all lines that are orthogonal to
the tangent vector T.

The pane determined by the vectors T and N is called the osculating plane of C at P.

The circle that lies in the osculating plane of C at P has the same tangent as C at P lies on
the concave side of C towards N and has radius p = l, is called the osculating plane.
K

Examples:
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1. Find the length of the arc of the circular helix with vector equation
r(t)=icost+ jsint+kt from the point (1, 0, 0) to (1,0,27x)

2r 2r
Solution: L= [ |r'(nldr = [ \2dt =22x
0 0
Where |r'(t)| = |< —sint,cost,1 >| =J1+1=+/2

2. Reparametrize the helix r(f) =icost+ jsint+ kt with respect to arc length s
measured from (1, 0, 0) in the direction of increasing t.

r’(t)| =+/2 from example 1. Now

Solution: We have % =
t

5= jﬁdz =2t =1 :% and r(t(s)) =icos(s/2)+ jsin(s/2) + k(s //2)

3. Show that the curvature of a circle of radius ris 1/r.

T'(1)

u (1)

Solution: Consider u(t) =< rcost,rsint > a circle of radius ». Now k= and

u'(t) _<-—rsint,rcost >

O~ r

=< —sint,cost >, T'(t) =< —cost,—sint >,

T'(n)|=1

T'(t)

u'(t)

4. Find the unit normal vector and binormal vector for the circular helix
r(t) =<cost,sint,t >

1

r

The curvature of the circle of radius ris kK=

Solution: 7'(#) =< —sint,cost,1>, T(t) = & _ L < —sint,cost,1>
ol V2
And N(t) = T,(t) =< —cost,—sint,0 >,
T'(1)|

1 i J g 1
B(t)=TXN =——=| —sint cost 1 |=—=<sint,—cost,1>

V2

—cost —sint 0

5. Find the equation of a normal plane and a osculating plane for the circular helix
r(t) =<cost,sint,t > at the point P(0,1,7/2)

Solution: The normal plane has normal vector r'(7/2)=<-1,0,1>.
The equation of the plane thru Pis —(x—0)+0(y-D)+1(z—7/2)=0=z=x+7x/2.
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The osculating plane at P contains the vectors T and N. So from example 4, its

normal vector is B=T><N=L<sint,—cost,l>,B(7[/2):L<1,0,1 >. The

V2 V2

equation of the osculating plane is (x=0) +L(z -7/2)=0=>z=—x+7x/2

V2

1

V2

6. Find the curvature of the parabola y = x* +1 at the point (1, 2)

4

2
JI+O)F A4

Solution: The curvature is x(x) =

Atx=1, K(l)szO.lfi
1+

4)3/2

7. Find the osculating circle of y= x> at (0, 0)

4

2
JIr O F @)™
circleis p=1/2, center at (0, ¥2). The osculating circle has the equation
¥ +(y=1/2)°=1/4

Solution: x(x) = =2, x=0. The radius of the osculating

8. Find curvature of r(t) =<e' cost,e'sint,t > att=0.

Solution: x(t) = M
r (t)|*

r'(t)=<e'cost—e'sint,e' sint+e' cost,1>, r'(0)=<11,1>
r”(t) =< 2¢'sint,2¢' cost,0>, r’(0)=<0,2,0 >

Check that 7' (0)xr”(0) =<-2,0,2 >

REONKOEN

o] 33

Then x(0)

9. Given r(t)=<eé',e'sint,e' cost>.Find N, T, B at (1,0, 1)

Solution: T(t) =2 N1y =-L&O
r(t) T'(1)|
r'(t)=e' <1,sint+cost,cost —sint >
When ¢ =1=1=0, r(0)=<1,1,1>,
A0)

()|

and B(t) =T (t)xN(t)

r(0)|=+/3 and

=¢' <1,sint+cost,cost—sint >

T(t)




Mat 272 Calculus 11T Updated on 2/5/08 Dr. Firoz

T'(t)=<0,cost—sint,—sint —cost >

T(0) = r (0) 1 T'(O) 1

<1,1,1>, N(0)= <0,1,-1>

B(0)=T(0)xN(0) =L<—2,1,1>

J6

Section 13.4 Motion in Space: Velocity and Acceleration

Suppose a particle moves thru the space so that its position vector at time ¢ is r(f). The
quantity
r(t+h)—r(t)
h
approximates the direction of the particle moving along the curve r(f). Its magnitude
measures the size of the displacement vector per unit time. Thus the quantity we have is a
vector that gives the average velocity over a time interval of length /4 and its limit is the
velocity vector v(t) at time ¢ defined as
r(t+h)—r(t ,
v() =lim D =TO
h—0 h

The speed of the particle at time t is the magnitude of the velocity, that is
r(t+ h) r(t)
———|=|F0)|=V

As in the case of one-dimensional motlon, the acceleration of the particle is defined as the
derivative of the velocity:

speed = |v(t)|

a(t) =v'()=r"(t)
Tangent and normal components of acceleration: We have the tangent vector

rt)y v ()

T(t)="L -V _ —VT
v@o| Vv
Differentiating velocity vector we have acceleration a =v' =v'T +VT’
’ T/ ,
The curvature is then defined as kx=— =—=|T"|=kV
r

The unit normal vectoris N = L = L =T =NikV
T &V

7]

Thus we have a=v' =VT+VT'=VT+&V’N =a,T +a,N , where a,=V'= r(t) r (t)

|r (t) X r”(t)|
o)

the tangential component and a, = V'’ = is the normal component of the

acceleration.
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Examples:

1. Find the velocity, acceleration and speed of a particle with position function
r(t)y=<t*+1,t* -1>

Solution: Velocity v(t) = r'(t) =< 2¢t,3t*,2t >
Acceleration a(t) =v'(¢t) =r"(t) =< 2,6t,2 >
Speed V =|r'(1)] =+/(20)* + (3*)* +(2t)*

2. Find the velocity, acceleration and speed of a particle with position function
rt)=tii+j+1’k

Solution: Velocity v(¢) = r'(t) = 2ti + 3t*j+ 2tk
Acceleration a(t) =v'(t) =r"(t) = 21+ 6tj+ 2k
Speed V =|r'(1)] =+/(20)* +(31*)* +(21)°
3. Given the acceleration vector a(f) =1+2j+ 2¢k, find velocity vector and position
vector when v(0)=0,r(0)=1+k

Solution: a(t)=v'(t) = % =1+2j+ 2tk . Now integrating we have velocity
t

v(t) =ti+1j+t’k+c,, using condition v(0) =0,c, =0.
Again, v(t) =r'(t) = dar =ti+1°j+1’k , integrating we have position
dt
1, 151 e .. ) . )
r(t) = EtZI +§t3] +§t3k+c2 , using initial condition r(0)=1+k we find ¢, =i+k

4. Find the tangential and normal components of the acceleration vector
r(t) =ti+1*j+3tk

, r(0)-r(1)

Solution: tangential component a,=V'= T )| and the normal component is
rt

s | (t)x 7" (1)
r (@)
page number 875.

a, =kV . You can find them now. See also example 7 in your text at




