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1 Introduction

The aim of this paper is to present a new approach to quantum hydrodynamics. More precisely,
starting from the quantum Liouville equation, we derive a whole hierarchy of moment models
including quantum hydrodynamical models as well as higher order moment models. The so-
obtained models will be referred to as 'Quantum Moment Hydrodynamics’.

The derivation of quantum hydrodynamic models from first principles has attracted consid-
erable attention in the recent past. The quest for such models is driven by the growing field of
nanotechnology applications. The derivation of reliable yet computationally affordable many-
particle quantum models determines the possibility of efficient industrial design and fabrication
of the next generation of devices. However, few attempts have been successful in this direction.
Indeed, away from the complete resolution of the Schrdinger equation (or even worse, of the
quantum Liouville equation), which is computationally expensive, and the use of continuum
models with ad-hoc phenomenological closure and limited reliability, few alternatives are avail-
able. The starting point for the derivation of quantum hydrodynamic models is the quantum
Boltzmann equation of the form

for the effective single particle density matrix p(x,y), where H is the Hamiltonian H =
—ij -|V.|? + V(z), the symbol [.,.] denotes the usual commutator and the operator ) models

particle collisions. & denotes the reduced Planck constant and m* is the particle (effective)
mass. To derive fluid like models for macroscopic quantities it is convenient to consider instead
the equivalent formulation via Wigner functions, which is of the form

Oufu -+ diva(——pfu) = V] fu = Qul ) (1.2

where the Wigner function f,(x,p,t) and the pseudo - differential operator 6 are related to the
density matrix p and the potential V' via the Wigner transform

fuloopt) = @00 [ pla=Gna+guemdy, OV] = LV(a+59,) =V (o= 29,)] (13)
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where p(z,y) is the integral kernel of p and d is the space dimension (an integer multiple of 3
according to the number of degrees of freedom). Moment systems for the Wigner - Boltzmann
equation (1.2) are equations for a given set of moments

mp(z,t) = /Rd Kn(p) fu(z,p,t)dp, n=0,.. N, (1.4)

which are obtained by building the corresponding moments of (1.2). The main problem in
closing this system, i.e. expressing the highest order moments in the resulting equations in
terms of the lower order moments, is that the collision operator @ (or @, in (1.2)) is not
available in a sufficiently simple form, to be used in a Chapman - Enskog - like approach to
moment closures. Collision operators for scattering with phonons on the weak coupling limit



have been derived and analyzed in [2], [5], [12] and quantum versions of Fokker - Planck type
operators have been derived in [6] and [3].

First attempts towards the derivation of quantum hydrodynamic models have used BKW
waves. Writing the wave-function as ¢» = \/n(x,t) exp(iS(x,t)), where n is the probability of
presence and S is the phase and inserting it into the Schrodinger equation gives rise to a set
of two equations for n and nV.S which mimic the clasical density and momentum conservation
equations. Compared with the classical case, the momentum equation involves an additional
term, called the Bohm potential. This approach has been investigated in [16], [23], [20], [17].
This is however a pure-state model which does not incorporate mutli-particle effects and which
can be viewed as a zero-temperature model. Finite temperature effects have been taken into
account in [18] through the use of a non linear Schrodinger equation and gives rise to a mo-
mentum equation with a nonlinear enthalpy relation. The equation-of-state is local (i.e. the
pressure (or the enthalpy) depends locally on the density at the same point). In [22], it is
argued that the Bohm potential approach is not consistent with the entropy condition. The
approach presented in this paper brings a cure to this problem.

Other approaches [13], [11] make use of moment closures of the Wigner equation using semi-
classical asymptotics (i.e. a limit A — 0 where A is the Planck constant) for thermodynamical
equilibrium states as closures. They give rise to local equations-of-state as well, which coincide
with the previous theories up to constant factors. Related to this approach are moment closure
theories of the Wigner equation using small-field asymptotics for thermodynamical equilibria
[14], [15]. These give rise to nonlocal equations-of-state. However, the nonlocality enters only
through the potential.

The idea behind the work presented in this paper is to use a thermodynamic approach using
the minimal amount of information about the collision operator necessary to derive moment
equations. That is we assume knowledge about the corresponding moments of the collision
operator and the existence of an entropy which is dissipated by the collisions. Our approach
bears strong similarities with the theory of NESOM (for NonEquilibrium Statistical Operator
Mechanics) by Zubarev and coworkers [36], [28] (see also the review paper by Luzzi [27]).
However, we give a neater (and to some extent, more practical) mathematical framework which,
we believe, will be useful for further developments of the theory We shall elaborate more on
the relation between our theory and NESOM in section 4, remark 4.2.

Our approach consists in taking moments of the density matrix equation (or quantum
Liouville equation), and then, closing the resulting set of moment equations with an equilibrium
density matrix. This equilibrium is found as an extremum of the entropy functional subject to
the constraints that its moments coincide with those of the density matrix we are considering.
This approach is therefore similar to Levermore’s closure moment hierarchies [26] or to the
extended thermodynamics approach [29] for classical systems

To be more, specific, let a set of polynomials x(p) = (ko(p),..., kn(p)) be given. To
any p, we associate a set of moments m(p| = (mg(x),..., my(z)) defined by duality as the
representation of the linear functionals A — Tr{pOp(X - k)}, where A = (Ao(x),..., An(2)),
Ak =Y N(x)ri(p) and Op means the Weyl quantization of a symbol (i.e. a function of
position z and momentum p) into an operator. This definition of moments by duality will
prove more convenient in connection with the entropy minimization principle. If the chosen



set of polynomials is equal to (1,p, |p|?/2m*), the associated moments correspond to the usual
hydrodynamic quantities, i.e. local density, momentum and energy (per particle). If a larger
set is chosen, the associated moments correspond to higher order hydrodynamic quantities
like the pressure tensor, heat flux vector, higher order heat flux tensor, etc. , according to
the terminology of extended thermodynamics [29]. For instance, the pressure tensor will be
associated with the monomials p;p; where p; and p; denote the components of the momentum
vector in the i-th and j-th direction respectively.

Now, we turn to the definition of an equilibrium density matrix which satisfies given moment
constraints. Such an equilibrium minimizes the entropy (defined as H(p) = Tr{h(p)} where h is
a suitable convex function, like e.g. the Boltzmann entropy h(p) = p(In(p)—1)). In this work, we
show that this constrained minimization problem has the solution p™ = (h')~}(Op(p- x)) where
= (puo(x),...,un(z)) are the Lagrange multipliers of the moment constraints {m[p] = m
given}. (h')~! is the inverse function of the derivative of h. Functions of operators are given a
meaning in the sense of functional calculus.

It is now possible to get back to the problem of deriving moment models from the quantum
Liouville equation. Taking the moments of the Liouville equation (which is now a precise
concept), we can close the chain of moment equations by using the equilibrium just defined.
According to the chosen set of polynomials and the number of moments involved, we obtain
a hierarchy of moments systems which we call Quantum Moment Hydrodynamics. We note
that such a closure is different from a single-state closure as it takes into account many-particle
interactions through the entropy minimization procedure. However, we should recover the
single-state closure by a zero-temperature asymptotics (for & being fixed) of our moment models.
The investigation of this point is left to future work. Also, the moment systems should obviously
constitute an approximation of the original quantum kinetic system (1.1). However, since the
expression of QQ(p) is not known, assessing the accuracy of this approximation is extremely
delicate.

The goal of the present paper is to develop these concepts. The paper is organized as
follows: in section 2, we recall Levermore’s approach to moment closure hierarchies in the
classical case, however giving it a presentation which makes its extension to the quantum
case more natural. Then, in section 3, we extend Levermore’s approach to the quantum case,
developing our definition of moment. We elaborate more on the fluid entropy and compare
our theory with NESOM in section 4. Quantum moment hydrodynamics systems are derived
and studied in section 5. In particular, it is shown that quantum hydrodynamics for the usual
set of moments (density, momentum and energy) differs from classical hydrodynamics by a
possibly non-scalar pressure tensor and non-zero heat flux vector. These are related non locally
to the basic moments through the equilibrium density matrix. Higher order quantum moment
systems exhibit similar features. Finally, as noticed in this section, it is possible to make sense
to quantum BGK relaxation systems. A conclusion is drawn in section 6. Finally, technical
details are deferred to two appendices (sections 7 and 8).

It should be stressed that most of the mathematical properties stated in this paper are given
only formal proofs. Fully rigorous proofs will require a lot of mathematical developments which
are beyond the scope of the present paper. However, a practical usage of these new models
does not require that all the mathematical theory is settled. Indeed, this paper should rather



be viewed as a presentation of new models and as a programme definition for future work.
The results of the present work have been announced in [9].

2 Entropy minimization principles and moment closure
hierarchies in the classical case

In this section, we mainly review the approach proposed by Levermore [26] in the classical
case. However, we shall present the entropy minimization principle in a slightly different (but
completely equivalent) form which will make it more suitable to an extension to the quantum
case.

In classical kinetic theory, the basic object is the particle distribution function f(z,p,t)
where x € R? is the position, p € R? is the momentum, and ¢ is the time. f is a probability
distribution and is therefore normalized according to

flz,p)dedp=1. (2.1)
R2d
In all this work, we shall assume that the total number A of particles in the system is fixed. This
hypothesis is not essential in the classical case, but it will greatly simplify the presentation of the
quantum case. The distribution function f is a solution of the so-called Boltzmann equation:

of .
o HHL =), (2.2)
where H(z,p) is the particle Hamiltonian, {H, f} is the Poisson bracket
{[:I7f} = vpﬁvzf_vx]:[vpfa

and Q(f) is a collision operator, which models the interactions of the particles among themselves
or with the surrounding medium.

On the other hand, the physics of continua considers averaged quantities which only depend
on the position variable such as the mean density, momentum or energy. These quantities are
defined as moments of the distribution function f. More specifically, let x;(p), i =0,..., N be
N +1 independent functions of p and denote by x(p) = (k;(p))i=o,...n the vector of monomials.
The associated moments k;(f)(z) of f(x,p) are defined by:

ki(f)(x) = Rdf(:v,p)m(p)dp, V.

The equations for k(f) = (ki(f))io... n are obtained by multiplying (2.2) by x;(p) and inte-
grating with respect to p:

P [ o)t syan = [ ww @ do 23)




In most cases the integrals in (2.3) cannot be expressed in terms of the functions k;(f) alone.
In order to reduce system (2.3) to a closed system for the functions k;, some assumptions
must be made on the distribution function f. According to statistical physics, the most likely
distribution function (upon a certain number of realizations) is a minimum of the entropy
functional among functions whose moments are given by the functions k;. Following [26], we
use this Ansatz and replace f in the integrals of (2.3) by this distribution function.

The minimization principle (or Gibbs minimization principle, see [4]) can be formulated as
follows. Let h be a smooth strictly convex function defined on [0,00) and define the entropy
functional H(f) acting on functions f(z,p) associated with h by:

1) = [ ) ded.

Let m = (m;());—o,...~ be N + 1 given functions of the position variable z. We are concerned
with the following minimization problem (Gibbs problem): find the solution f™ of

H(f™) =min{H(f)| f satisfies k;(f)(x) = mi(x), YV, Vi} . (2.4)

The normalization condition (2.1) is not included in the constraints of (2.4). Rather, we assume
that the constant function is contained in k(p), say ko(p) = 1. Then, mg(x) is the probability of
presence of a particle in the neighbourhood of x and is such that [ mg(x)dz = [ f(z,p) dz dp.
We restrict the set of moments to those satisfying

mo(z)dr =1, (2.5)
Rd
so that the constraint (2.1) is satisfied, as soon as the constraints of (2.4) are satisfied.

In most physics textbooks, the tradition is to use the opposite sign for the entropy (i.e.
to suppose that it is a concave function) and to write the Gibbs principle as a constrained
maximization problem. It is the mathematicians’ usage however to use the opposite convention.
Of course, the two conventions are completely equivalent.

We note that this problem can be equivalently stated as

H(f™) =min{H(f)| f satisfies Kx(f) = [ m-Adzx, VA(x) = (Ni(2))iz0,..N}, (2.6)

R4

where, we have introduced

Kalf) = [ KD Ma)da = [ fap) o) Aw) dod, (2.7
R R
and, for two vectors a and b of R¥*! we write a - b = Y, a;b;. The arbitrary functions
A = (\i(x))i=o.. n are the Lagrange multipliers of the constraints.
According to classical optimization theory, the constrained optimization problem (2.4) can
be equivalently formulated in terms of a saddle-point problem for the Lagrangian

LolF.N) = H(F) - (m(f) | @) @) dx) , (2.8)

Rd
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where the Lagrange multipliers A = (\;(x));=
is formulated as follows:

~ are functions of x. The saddle-point problem

-----

H(f™) = m;nmaxﬁ m(fiA) = maxmmﬁ (f,A), (2.9)

where now the minimum over f or the maximum over A\ are unconstrained problems.
Let us now consider the unconstrained problem

Then, the necessary condition for extremality leads to

Pz, p) = (W) (M=) - 5(p)) (2.11)

where I/ is the derivative of h and (h')~! is the inverse function of A’ (which exists since A’ is
strictly increasing). f is called the equilibrium distribution function and A is called the system
of entropic variables.

Now, the solution f™ of the constrained minimization problem (2.4) is an equilibrium dis-
tribution function f, where pn = ™ is a solution of the unconstrained maximization problem

(™) = Lo s 1) = max Ly 3, ) (2.12)

The resolution of (2.12) leads to
7= fe (2.13)
where ™ is such that
ki(fum) =m; Vi=1,...N, (2.14)

We note that this relation is equivalent to saying that

Ky\(fum) = m(x) - ANz)dr, VA(z), (2.15)
R4
This last relation is in a form which will be easily extended to the quantum case. The entropic
variables 1 and the moment (or conservative) variables m are dual (in the Legendre transform
sense) through the fluid entropy (see section 4 where this aspect is developed in the quantum
case).
Now, following [26], a closed set of moment equations can be derived from (2.3) by replacing
f in the integrals appearing in (2.3) by the solution of the Gibbs principle associated with the
constraint that the moments are k;(f). This leads to a closed system of equations for the
moments m; = k;(f) which is written as follows:

3m2-

ot +/Rd ilp) {ﬁ’fm}dPZ/Rd ki(p) Q(F™) dp (2.16)

For future use, we note that system (2.16) can be written in weak form as:
0 .
o [meades [ 2@ np) (M dpds = [ M@ k) QUM dpds, (217
ot Rd R2d R2d
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for all A(x). We shall extend this weak form of the hydrodynamic equations to the quantum
case. The key point is to interpret the integrals in (2.17) in an operator way.

We now comment on the form (2.4) of the Gibbs minimization principle. In[26], the Gibbs
principle is given a local form. For a function f(p), we denote by H the “local’ entropy functional

A = [ 1) dp.

.....

reads: find f™(p) which realizes
H(f™) = min {H(f) | f(p) satisfies K;(f) =, , Vi}. (2.18)

Of course, for f(z,p), we have
HD = [ (e de.

The solution of the "local’ Gibbs minimization principle (2.18) is obviously

= ) - R, (2.19)

where ™ is such that B

This defines a local mapping m € RV — ™ € RY. The solution of the global Gibbs principle
(2.13) is obviously related to that of the local one (2.19) by:

However, the global form (2.4) of Gibbs principle can be extended to the quantum case, while
the local form cannot. Quantum mechanics is a non-local theory and requires that a non-local
Gibbs principle be used.

Let us review some classical cases. Suppose that the Hamiltonian is given by

Ar.p) = <)+ Viat), <) =

where £(p) is the kinetic energy, V' (z,t), the potential energy and m* the particle mass. Suppose
that the vector x of monomials is a d + 2-dimensional vector (d being the dimension of the
physical space) consisting of

k(p) = (L, (pi)i=1...a [PI*/ (2m7)) . (2.21)

The functions involved in k(p) correspond to the physically conserved quantities (i.e. the
probability of presence, the d components of the momentum per particle and the energy per
particle). As often in the literature, we shall label the components of this vector according to

8



k(p) = (ko(p), (Ki(p))i=1,. d> Ka+1(p)). In thermodynamics, the associated vector of Lagrange
multipliers is usually written

c U 1
A= (22 2 =2 = oy Wizt Aasa)

where p1, € R is the chemical potential, u € R is the mean velocity and T € R* is the
temperature. The associated moment vector in turn is written

m = (n7q7W) = (mm (mi)izl ..... d,md+1),

where n € R* is the probability of presence, ¢ € R? is the mean momentum per particle and
W € RT is the mean energy per particle. Multiplying n, ¢ and W by the total number of
particles A/ gives the number density, the fluid momentum and the fluid energy.

Let us consider specifically the Boltzmann entropy:

hf)=kp f(Inf—1), (2.22)

where kg is the Boltzmann constant. In this case, the equilibrium distribution function f, is
the classical Maxwellian:

2 2
P 1 P
;nL*)}—eXP{ T uc+§ up; — l | : (2.23)

d
1
Hh= eXP{E(/\O + 221 \iDi

Then, the mapping m — p™ relates (n,q, W) to (., u, T) in the following way:

et a2

1 d
T ., g=m'nu, W= 5m"‘n|u|2 + §nk:BT.

n = hpt 2rm* kgT)¥? ex

With this transformation, the Maxwellian takes the more familiar form

n { p — m*U|2}
eXPy———77" .
Qrm kpT)2 PV ok T

fr= (2.24)

Supposing that the collision operator is mass, momentum and energy conservative, i.e.
satisfies [ Q(f)ri(p)dp = 0 for all considered k;, egs (2.16) can be simplified and gives rise to
the usual classu:al hydrodynamic equations:

on

E—I—V (nu) =0, (2.25)
onu

m (W +V-(nu®u))+ V(nkgT)=-nVV, (2.26)

88—1/;/ +V-(Wu)+ V- (nkgTu) = —nVV -u. (2.27)

Therefore, the above considered moments give rise to the balance equations for the physically
conserved quantities (i.e. mass, momentum and energy).

9



If other moments than those corresponding to the physically conserved quantities, such as
the heat flux (corresponding to x(p) = p;|p|*/2), the pressure tensor anisotropy (i.e. k(p) =
pip;), or the higher order heat flux tensor (i.e. k(p) = pip;px) are considered, new sets of
hydrodynamic-like equations are obtained. This gives rise to the so-called 'moment closure
hierarchies’ of Levermore [26], which are also closely related with the theory of extended ther-
modynamics [29]. Then, the equilibrium distribution functions (2.11) depend on a larger di-
mensional vector of Lagrange multipliers A than the Maxwellians (2.23), which therefore appear
as a special case of these equilibria. If one linearizes these equilibria about the Maxwellians
(considering that the higher order moments, after convenient normalization, are small), one
obtains another moment closure method first proposed by Grad [19].

However, the following considerations should be borne in mind. First, the N-tuple of mono-
mials k(p) cannot be completely arbitrary. It has to satisfy a certain number of requirements
such as gallilean invariance, or the fact that the moments of f) must be defined. These con-
straints are detailed in [26]. Second, the existence and uniqueness of solutions of the mini-
mization problems is by far not guaranteed. Moment realizability conditions, i.e. conditions
that guarantee that the constrained minimization problem has a solution, as well as uniqueness
conditions have been studied in [24], [25], [32], [1]. When moments corresponding to physically
non conserved quantities (i.e. such that the corresponding [ Q(f)r;(p) dp is non zero) are con-
sidered, a particular care must be taken in the closure relation for the collision operator part of
eq. (2.3). This must be done in order to capture the correct dynamics in situations which are
close perturbations of the usual gas dynamics equations. This point is detailed in [26]. Finally,
moment systems of the form (2.16) are by construction hyperbolic, which guarantees a certain
degree of well-posedness (at least in a linear sense). This point is developed in [26].

We are now going to investigate how these considerations can be extended to the quantum
case. For that purpose, we shall use the non local version of the Gibbs minimization principle.

3 Entropy minimization principles in the quantum case

We first state the entropy minimization principle in the quantum case. To be specific, we
consider a system whose objects can be described by wave-functions 1 (z) belonging to the
Hilbert space X = L?(R?). In this context, the quantum equivalent of the distribution function
is the density matrix p which is a positive, trace-class Hermitian operator on X satisfying [31]:

Tr{p} =1. (3.1)

The normalization condition (3.1) is the quantum counterpart of (2.1). Then, the spectrum of
p consists of a decreasing sequence of positive eigenvalues (oy)e—1. o tending to 0 as £ — oo
and the associated eigenvectors ¢, constitute a Hilbert basis of X. Moreover, because of (3.1),

we have
o0
E Qy = 1.
=1

The elementary wave-function ¢, represents a pure state, while the datum of a density matrix
p represents a mixed state. The eigenvalues oy represent the probability for the system to be

10



in the state ¢;.
Any observable defined by a Hermitian operator A on X gives rise to an observation (A),
on the system modeled by p according to the formula

(4), = Tr{pA},

where pA denotes the operator multiplication of p and A. Examples of such observables are
the mean position defined by the position operator X which operates through the multipli-
cation by x, or the mean momentum defined by the momentum operator P = —ihAV, where
h is the reduced Planck constant and i2 = —1. More generally, we shall consider operators
Op(a) obtained from any symbol a(z,p) of the position x and momentum p through the Weyl
quantization by

1 + =y
0n(0)o = s | o (T3 2w) o™ dpay. 32)

The Weyl quantization is such that any real valued symbol gives rise to a Hermitian operator
(under regularity conditions that we shall not detail see for instance [34]). The Weyl quantiza-
tion (3.2) is formally related to the Wigner transform (1.3) via the formula p = (27h)4Op(f.,)-
Thus, Weyl quantization and Wigner transform are (up to a factor (27h)?) inverse operations
one to each other and

Tr(pOp(a)) = /RQd a(x,p) fu(x, p)dxdp (3.3)
holds. Wigner functions are therefore a convenient tool to express local moments in quantum
mechanics. Entropy principles, however, are better expressed in terms of density matrices
and operators. A class of symbol that we shall be particularly interested in are a(x,p) =
A(x) - k(p) where A = (A\;(2))i=0..n is an arbitrary N+1-tuple of real valued functions and
K = (Ki(p))izo,. n is the N+1-tuple of moment monomials.

We now choose a given N+1-tuple of real valued moment monomials x, such that xq(p) = 1.
For any given operator p, we shall denote by K,(p) the expectation value of the operator
Op(A(z) - k(p)) (denoted Op(A - k) for short) i.e. for any N+1-tuple of real valued functions
A= (Ai(ﬁ))izo ,,,,, N:

Ex(p) = TripOp(A-w)} = | M) - k(p)fu(@, p)drdp. (3-4)

R
K (p) is therefore the observation corresponding to a certain combination of the moment mono-
mials x;(p), weighted by z-dependent factors A;(x). The mapping A — K, (p) is a linear func-
tional defined on the set of real valued functions A(x) which, by duality, defines a N+41-tuple
of real valued functions m|p| := m(z) = (m;(z))o,.. n, which are functions of x, according to

Ky(p) = /]Rd Ax) -m(z)dr, VYA(z)real valued . (3.5)

These moments are nothing but the local moments of the Wigner distribution function f,, in
the usual sense:

mlp|(z) = / k() ful,p. ) ds dp.

11



Therefore, (3.5) is a way to express local moments of the Wigner distribution function in terms
of the density operator p. This formula is clearly the quantum equivalent of (2.7). Therefore,
in the quantum framework, there is no local relation between p and its moments m, but rather,
a functional one, through the duality (3.5).

For the sake of clarity, we give explicit expressions of the moments m/[p] expressed in terms
of the density matrix p. The proof of the following two Lemmas is just an exercise in Fourier
transforms using the definition (1.3) of the Wigner function f, and the equivalence formula
(3.3), and is left to the reader. We start with the following expression of Op(A - k).

Lemma 3.1 Let 8 = (34,...,04) € N be a multi-index (with N the set of natural integers)
and denote by p® = pi" ... pP* and /0a® = 8/9x ... 8/9x* . Then, for any smooth real or
complex-valued function v(x), we have the two following equivalent expressions of the operator

Op(p°v):

B1 Ba ) o 0
Op(p’v)e = (=m0 < 51 ) ( fj ) %%ﬁxi“/ (3.6)
B1 Ba
Op(p°v) = %Z...Z(gi)...(fj)p'yypﬁ'y, (3.7)

where |G| = B1 + ...+ B4 and ( 5’ ) is the binomial coefficient. We denote by v the multipli-

cation operator by the function v(x). Because v does not commute with p;, the orders of the
factors in the right-hand side of (3.7) matters.

The local moments are given as operators acting on the integral kernel of the operator p by:

Lemma 3.2 Let 8 € N? be a multi-index and let mgp] be the moment of p associated with
the monomial p° i.e. satisfying

mata) = [ P holapd. TrlpOpP v} = [ my(wio)ds.

for any test function v(z). Let p(x,z’) be the integral kernel of the operator p in the position
representation, i.e. the operator p acts on any square integrable function ¢(z), v € R? according
to

pé(z) = / ol o) d (3.8)

Then, mg is given by

o= (&) 55 () (4o (e, o

~71=0 Ya=0
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This lemma shows that, as soon as the integral kernel p(x, z’) is smooth enough, the moment
mg is a function. Otherwise, mgz may be a singular distribution.

Now, we turn to the definition of entropy. By functional calculus, any continuous function h
(and by duality, any measure) defined on the interval R gives rise to an operator h(p) defined
by

h(p)d =D how)(é, be)x e,
=1

where (-, -)x denotes the scalar product in X (supposed linear with respect to the left entry and
antilinear with respect to the right entry). Let h be a strictly convex function on R,. Then,
we define the quantum entropy H of p with respect to h according to

H(p) = Tr{h(p)}, (3.10)

We now formulate the quantum entropy minimization principle: let m(z) be a N+1-tuple
of moment functions (defined on R?) such that [‘mgdz = 1. Find p™ such that

H(p™) = min{H(p)|p satisfies Kx(p) = /Rd Ax) - m(x)dex,
V real valued A\(z) = (N\i(x))i=..~n}.  (3.11)

We see that this minimization problem is the quantum equivalent of problem (2.6). The con-
strained optimization problem (3.11) can be rephrased as a saddle-point problem for the La-
grangian

LolpN) = H(p) (wp) Y dx) , (3.12)

R4
according to

H(p™) = min max Lon(p,A) = max min £,,,(p, ), (3.13)
P p

where now the minimum over p or the maximum over A\ are unconstrained problems. Again,
we stress the fact that A = (A\;(2))i=o,.. n is a N+1-tuple of functions of x.

To pursue the analysis, we need the following two lemmas, the proofs of which are deferred
to the appendix in section 8. From now on, derivatives denoted with a ¢ will refer to Gateaux
derivatives. The Gateaux derivative dH /dp of a function H(p) (if it exists) is a linear form
acting on increments dp according to

M =iy { 1t 10) — o1}

A necessary condition for extremality of H is that its Gateaux derivative vanishes (first order
Euler-Lagrange equation of the extremality problem).

Lemma 3.3 Let h be a strictly increasing continuously differentiable function defined on R, .
Consider that H(p) is defined on the space of Trace-class positive self-adjoint operators p. Then
H is Gateaux differentiable and its Gateaux derivative §H/dp is given by:

E(Sp = Z W (cw)dpe = Tr{h (p)dp}, (3.14)
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where «y are the eigenvalues of p, and dpy, are the diagonal values of the perturbation operator
dp in the basis of the eigenfunctions ¢, of p.

Lemma 3.4 Let h be a strictly convex twice continously differentiable function on R,. Then,
H is strictly convex and is twice Gateaux-differentiable, with :

0 H (o) — B (c,
e pap) = Y =D (3.15)
l,r T

where the quotient is understood to be h"(ay) when ay = .. The perturbation operator ép is
assumed Hermitian.

In fact, Nier [30] has proved infinite Frechet differentiability of A (provided h is a C*
function) and has given proofs of formulae (3.14) and (3.15). However, his proof uses the
theory of Hellfer and Sjostrand [21] of almost analytic extensions in functional calculus. In the
appendix, for the reader’s convenience, we give elementary proofs of the weaker statements 3.3
and 3.4.

Let us now consider the unconstrained problem

L (pr, A) = min L,,(p, ). (3.16)
0

Then, we have:
Lemma 3.5 The necessary condition for extremality for the unconstrained minimization prob-
lem (3.16) is

pr = (W)"(Op(X- k)) (3.17)
where (h')~! is the inverse function of I'.

The operator p, is called the equilibrium density operator associated with the N+1-tuple A
of entropic variables. We stress the fact that, in this theory, A is a N+1-tuple of functions of the
position variable 2 and not mere constants. Formula (3.17) must be understood in the sense of
functional calculus, which is possible via the spectral theorem, since the operator Op(A\ - k) is
Hermitian [31]. The proof of Lemma 3.5 is deferred to the appendix, section 7.

Now, the solution p™ of the constrained minimization problem (3.11) is an equilibrium
density operator p) where A = p™ is a solution of the unconstrained maximization problem

H(p™) = Ly (pum, 1) = max Ly (pa, A) - (3.18)
We have:

Lemma 3.6 The solution p™ of the constrained Gibbs minimization problem (3.11) or equiv-
alently, of the unconstrained maximization problem (3.18) is given by

P = pum (3.19)
where p™ is such that
Kx(pun) = | ml@)- M) dw, YA@)., (3.20)
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By duality, relation (3.20) expresses that the moments of p,m are m (see (3.5)). It is the
quantum extension of (2.15). Again, the entropic variables p (which are functions of z) and the
moment (or conservative) variables m (which are also functions of z) are dual (in the Legendre
transform sense) through the fluid entropy (which is now a functional on functions of z, see
section 4). For the proof see the appendix, section 7

4 The quantum fluid entropy

We now discuss the concept of fluid entropy in the framework of the present theory. Let

Sm) = H(p™). (4.1)
For §, we can prove:
Lemma 4.1 (i) S is strictly convex.
(ii) We have
o, (12)

where 6S/ém is the Gateaux derivative of S with respect to m.

Eq. (4.2) shows another aspect of the duality between p and m, namely that they are dual
through the entropy. Of course, this relation extends a well-known relation in the classical case.
The proof can be found in the appendix, section 7.

To highlight the duality between the entropic variables p and the moments (or conservative
variables) m, we show how relation (4.2) can be inverted by means of the Legendre dual of the
entropy. Define

E(M):S(m)—/wu-mdx, (4.3)

where m is such that (65/ém)(m) = p (or in other words, such that p™ = pu, i.e. m is the set
of moment of p,). We have the following Lemma, the proof of which is given in the appendix,
section 7.

Lemma 4.2 (i) ¥ is strictly concave.
(ii) We have
X

The function 3 is sometimes called the Massieu-Planck function [4].
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Remark 4.1 In equilibrium statistical mechanics (see e.g. [4]) the constraints are global i.e.

are written
Tr{pr;} =m;, Vi=0,...,N,

where (k;)i—0.. n are the operators corresponding to the global observables (e.g. the total
energy: K = I:I) and (m;)i—o.. n are N + 1 real numbers. Among these constraints, the
first one, corresponding to kg = 1 and my = 1, has a special status. Indeed, it does not say
anything about the thermodynamical state of the system, but simply expresses that p is a
statistical operator, i.e. satisfies (3.1). The associated equilibrium is written:

h/ MO + Z ,LL’LK/’L )

where p; are now constants. If we further specialize to the Boltzmann entropy (2.22), we get:

Pu = exp{ MO + Z Nz“z i exp{ Z Mzﬁz ) (45>

where Z is the so-called partition function. Z can be viewed as a function of py, ..., ux if p,
is constrained to satisfy (3.1), indeed:

Z{p, .. un} =Tr {exp{ Zuml } )

It can be shown that In Z coincides with —3 (up to a constant), i.e. we have:

olnZz
O pli B

In our case however, since the pu;’s are no longer constant but instead functions of x, it is
impossible to factor out the contribution of 1 outside the exponential. This is because ()
and ) . p;(z)k; are operators which do not commute in general. So, in our framework, there
is no such object as a partition function. However, the Massieu function X is well-defined by
(4.3) and can be used to define the moments m as functionals of the Lagrange multipliers p. m

Remark 4.2 At this point, it is appropriate to compare our approach to the NESOM theory
(for NonEquilibrium Statistical Operator Mechanics), which has been pioneered by Zubarev et
al (see e.g [36]) and has been later expanded by Luzzi, Vasconcellos, and coworkers. The reader
can refer e.g. to [28] and [27] for reviews. This approach consists in extending formula (4.5)
into a formula for a local equilibrium according to

o= el (3 [ mln it an), (46)
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where r;(r,t) are local versions of the moment operators s corresponding to the conserved
quantities.

The expression [ p;(r,t)k;(r,t) dr inside the exponential bears strong similarities with our
introduction of the observable p - k and formula (4.6) is close to our formula (3.17) which, in
the case of the Boltzmann entropy (2.22), would reduce to

p = exp{ - (Op(s- )}, (4.7)

In the cited references, the local operators k;(r, t) are not further precised. If we assume that
they are localizations of the global moment operators k;(p) in the way outlined in the introduc-
tion, i.e. something like r;(r,t) = Op(k;(p)d(x —r)), then the expression Y, [ p;(r, t)k;(r,t) dr
coincides with Op(p - k). However, unless this is identification is made, the two approaches do
not give the same results. Also, as pointed out in the previous remark, the factoring out of
partition function in (4.6) looks somehow suspicious. However, the two approaches have clearly
similar roots and the added value of our approach is to provide a neat mathematical framework
to the notion of locally conserved variables by means of the operators Op(u - k) and the dual
concept of moments, as developed in section 3. This framework may in turn prove powerful for
future extensions and applications of the theory. [

5 Quantum moment hydrodynamics

5.1 General framework

The time evolution of the density matrix can de derived from the Schrdinger equation and is
given by the quantum Liouville equation for the density matrix (or Von-Neumann equation):

. Op - .

iy = [H, p] +ihQ(p), (5.1)
where H is the particle Hamiltonian, [H,p] = Hp — pH is the commutator of H and p and
Q(p) is an abstractly defined collision operator taking care of dissipation phenomena. To fix
the ideas, we can think of H as being the simple Hamiltonian on R?

h? pl*

Ho = —Qm*A¢+V¢= OP(Q—m*

+V)o, (5.2)

where V = V(z,t) is the potential.
About the collision operator (), we specifically request the following:

(i) @ locally conserves the moments associated with x(p), i.e.:

/Qw(fw)(a:,p)m(p)dpzo, i=0,...,N, VreR?,

where @), is the Wigner transform of @),
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(ii) Q(p) dissipates the quantum entropy, i.e.
Te{Q(p)I(p)} < 0.

An example of such an operator is the BGK operator of section 5.5 (we shall prove in [8] that
it is consistent with entropy dissipation i.e. that property (ii) holds). In [10], we also derive a
Boltzmann-like collision operator for binary quantum collisions precisely on the basis of these
two requirements.

From (5.1), we want to derive a system of conservation equations using a similar route as
that exposed in section 2 for the classical case. First, from (5.1) we derive a system of equations
for the moments, and then, use the equilibrium density matrix p) to express all the quantities
that cannot be directly expressed as moments. However, there is a significant difference from
the classical case, in that the moments are not defined directly but rather, from duality through
the linear forms K, (p). Therefore, the moment equations come naturally in duality form (or
in weak form, in the sense of Partial Differential Equations theory).

Define mp| to be the moments of p, through the duality relation (3.5). To obtain the
moment equations, we compose (5.1) on the right by Op(A - k) and take the trace. We obtain:

0

7
at R4

m[p(t)](xrmx)d:c:ﬂ{({ hﬁ,p}ww»opum}, VA@).  (5.3)

Eq. (5.3) is the quantum equivalent of (2.3). However, the right-hand side cannot be expressed
in general in terms of the moments m/[p(t)]. This is the closure problem.

We close eq. (5.3) by using the solution p™ = p,m of the Gibbs minimization problem (3.11)
with moments m = mp(t)]. We find

l

30 f i3t =T { (5| + Qe )OBA ). (5

Eq. (5.4) is a quantum moment closure system for the set of moments m, which we refer to as
‘Quantum Moment Hydrodynamics’. Rewriting (5.4) in terms of Wigner functions instead of
density matrices, one can now return to a strong formulation of the moment system. Equation
(5.4) is equivalent to the weak formulation of

1
o+ | RV (o) OV = [ )Qulf2)dp (5.5)
Rd m R4
where f"(x,p,t) is the closure Wigner function corresponding to Pum® le.
m —d —1 —d h h in-p
fo (x,p,t) = (2mh)~"Op™ (pmwy) = (27) ) pumo (T = S, @+ 5n)ePdn (5.6)
R

holds.
We now investigate several examples and consequences of this methodolgy. In all these
examples, otherwise explicitely stated, we shall restrict to the case of the Hamiltonian (5.2).
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5.2 Quantum hydrodynamics

Our first use of the present framework is the derivation of the quantum hydrodynamic equa-
tions, which are the quantum counterpart of the classical hydrodynamic system (2.25)-(2.27).
For this purpose, we again consider the d+42-tuple of moment functions (2.21) i.e. k(p) =
(1, (ps)i=1...a, [P|?/(2m*)). We first derive the moment equations from the Wigner function
formulation (5.5). In analogy to the classical case, change from the moment variables m; to
density n, ensemble velocity u and temperature T' via the formulas

mozn:/ fordp, mi:qi:m*nui:/pifg"dp, i1=1,..,d
Rd Rd

* 2 dk?T 2
gy — 10 = DLl + dks >:/ p
d

" d
2 o 2 P
The moment system (5.5) is then of the form
om+Vy-(nu) =0, (b) Om*nu+V,- (m uu'n+ P)+nV,V =< p >.u, (5.7)

2
(¢) Om(m*lul* + dkgT) + V, - [n(m*[ul]* + dkgT)u + 2Pu + 2qy] + 2nV,V - u =< % > coll
m

with the pressure tensor P and the heat flux ¢y given by
1

m*

* * m 1 * * m
P = / (p—m*u)(p—m*u)" f1dp, 2qH=—*2/ lp—m*ul*(p—m*u) firdp . (5.8)
Rd (m*)? Jpa
The closure, i.e. P and qg, has to be computed using the closure Wigner function f;;' which
in turn is given by the closure operator p,m via (5.6). Note that the quantum hydrodynamic

equations coincide with the classical hydrodynamic system (2.25)-(2.27), except for the form
of the pressure tensor P and the heat flux ¢g. (For the Maxwellian closure (2.23), P = kgnTI

and gg = 0 holds.) The terms < p >, and < Lﬂ—'i > .oy on the right hand side of (5.7) denote
the corresponding moments of the collision operator evaluated at f.' and have to be computed
from the closure in terms of n,u,T in the same way as the pressure tensor and the heat flux.
They vanish identically in the case when collision operator (),, conserves mass momentum and
energy.

We now turn to the computation of f;' and p,=. Let A be a Lagrange multiplier, i.e. a
d+2-tuple of real valued functions of z. Using the interpretation of classical thermodynamics,

we can write A = (4, %, —7) where p(x), a(z), and T(x) will be called respectively local

T T’ T
chemical potential, velocity and temperature. Note that u and T will in general be different
from the ensemble velocity and temperature w and 7" in (5.7) which are defined directly from

the moments of the Wigner function, in contrast with the classical case for which u = % and

T = T holds. Then:
A@) w0) = 75 (ele) +a(e) - p = 212 (5.9)
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A straightforward computation leads to the expression of Op(\ - k):

Op(A - k)¢ := Oplue, @, T)¢

= 1 1 i i e 1R 1
mmV‘?V@—m§@”<?@+?fV@+(7*qmmﬁf>¢ (5.10)

It is readily checked that Op|u,, @, T] is a Hermitian operator.

Now, as soon as T'(z) > 0 a.e. (which we are going to assume from now on), Op[pu, @, T
is an unbounded operator from below and is bounded from above. Thus, assuming that the
spectrum of Oppu., 4, T] consists of a discrete sequence of eigenvalues (ag[jic, @, T))p=1....
have limy_,, ay = —o0. Let us denote by ¢, the associated Hilbert basis of eigenfunctions. By
definition, the equilibrium operator py = p,. a7 = (k)" (Op|ue, @, T]) is given, for any ¢ € X
by:

Pt ® =Y ulpie, 0, TV (6, ¢0)x br,  celpie, @, T) = (1) (arlpte, 0, T1) . (5.11)
=1

Like in section 2, let us denote by m = (n, ¢, W) the vector of moments, with n(z) > 0 the
probability of presence (satisfying [ n(z)dz = 1), g(z) € R? the mean momentum per particle,
and W (z) the mean energy per particle (i.e. respectively the density, momentum and energy
divided by the total number of particles A'). The equilibrium operator p™%"  subject to the
constraints (3.20) is a solution of the maximization problem (3.18), which, in the present case,
1s written:

max { g(aﬁ[#’wﬂaf]) +/

ey, T =1 R4

fhe u 1
(T (x)n(z) + T(x) -q(x) T(x)W(:v)) dx} : (5.12)
with g(s) = ho (h')71(s) —s (I/)71(s). We note that the first term in the curly bracket of (5.12)
is nothing but the Massieu-Planck potential (4.3) and that (5.12) itself is a reformulation of
relation (4.4) as a minimization problem.
Now, if we specialize to the Boltzmann entropy (2.22), we have (h')71(s) = e°, g(s) = —e®,
and so p,, a7 = exp{Op[u., 4, T]} is given by (5.11) with

lpte, , T) = el Tl (5.13)

Since p,,, a7 is a statistical operator, it satisfies (3.1) and therefore, we must have

o0

D entlpendl = 1 (5.14)

(=1

In particular, this implies that all eigenvalues of Opl[u., i, T] must be strictly negative or in
other words, that —Op|u,, @, T] must be an elliptic operator. Furthermore, the eigenvalues
must tend sufficiently fast to —oo for the series (5.14) to be convergent and have a sum equal
to 1. Therefore, we must restrict the set of trial functions of the maximization problem to
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functions which guarantee such a property to the operator. Now, the optimization problem
(5.12) for the Boltzmann entropy (2.22) is written:

max {—Zeaé[ﬂc»ﬂﬂ + / ) (%(m)n(m) +%(m)~q(m) — %(x)W(x)) dac} , (5.15)

fe,u, T =1 R

We can guess that this problem has some chances to have a unique solution. For instance,
if we focus on the extremal value with respect to T (with fixed @/T and p./T), we see that
ag[pte, W, T) is an increasing function of T. Therefore, the first term in (5.15) is a decreasing
function of T' while the second term is an increasing one. Furthermore, as T approaches 0,
aglpte, 4, T] — —o0, exp a; — 0 and the first term tends to 0, while the second one tends to —oo
(we suppose that W > 0). Conversely, if T — oo, we have ag[p., @, T] — 0, expa, — 1 and the
sum diverges, making the first term tend to —oo, while the second one tends to 0. Therefore,
the expression to be maximized in (5.15) tends to —oo at the boundaries of the domain of
variation of T. Of course, this argument is not rigorous, since T is a function and some care
has to be taken in making sense to the fact that T tends to 0 or to co. Also, the influence of
the other parameters /7 and p./T has to be studied. A rigorous investigation of this problem
is deferred to future work.

In classical mechanics, the system of hydrodynamics equations is hyperbolic, i.e. the matrix
of the derivatives of the flux functions with respect to the state variables is diagonalizable with
real eigenvalues. These eigenvalues are the speeds of propagation of the various types of waves.
Asking whether system (5.7) is hyperbolic in this sense would be meaningless. Indeed, since the
flux functions are not local functions of the state variables, it would be meaningless to compute
the matrix of derivatives in this way. Hyperbolicity provides a well-posedness theory, at least
locally in time [35], [33]. The well-posedness of quantum hydrodynamics systems is an open
problem so far. The fact that an entropy is decreasing in time as the following proposition
states, should be an important ingredient in such a theory.

Proposition 5.1 Let the collision operator @), in (1.1) dissipate the entropy, i.e. let

THQU)H(0)} <0, ¥, (5.16)
hold. Then, any solution (n,u,T) of system (5.7) satisfies the entropy dissipation relation:

0
— <0. .
atS(n,q, W)<o0 (5.17)

Proof: To prove the entropy conservation relation, we go back to the notation m = (n, g, W)
and use p" = (u./T,u/T,—1/T) for the Lagrange multiplier of the constraint m. We write,

thanks to (4.2):
d 0S Om om
7" = 5 a /Rd o ¢
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Now, using (5.4) and the cyclicity of the trace, we have

9 S(m) = Tr{—iff [pmen, Op(u™ - k)] + h’(mmn)@(pmw)} :

dt h
But, by construction, the operators Op(u™ - k) and p,me commute. Therefore, the right-hand
side is less than zero and the result follows. [

We note that entropy conservation is not restricted to the quantum hydrodynamic model
(5.7) but is valid for all quantum moment closure systems (5.4). In clasical hydrodynamics, it
is a well established fact that the entropy of smooth solutions is constant in time. However,
classical hydrodynamic models have discontinuous solutions (shock waves) the entropy of which
is strictly decreasing with time. It is very unlikely that quantum hydrodynamic models exhibit
shock waves solutions. The meaning of the model for discontinuous solutions would even be
very unclear. For instance, what sense should we give to the operator (5.10) if the coefficients
are discontinous functions ?

Another interesting question is how the closure (5.7)-(5.8) relates to the Bohmian single
state closure analyzed in [16] and [17]. The single state closure corresponds to the case of zero
temperature, when all particles become statistically completely independent, i.e. the Boltzmann
or Fermi-Dirac distribution reduces to a §— function. Since, when using the Boltzmann entropy;,
we close the moment system essentially by exp(Op(ux)) the same limit can probably be carried
out by letting 7" — 0 in (5.7)(a)(b) for finite 4. Carrying out this limit is however not by no
means simple, since it involves computing the limiting solution of the minimization problem.

5.3 Quantum moment hydrodynamics

With this term, we refer to all quantum moment closure systems (5.4) constructed from a larger
basis of monomials than that of hydrodynamics. Therefore, we consider a finite subset B of N¢
(where N is the set of natural integers) and consider multi-indices § = (0y,...,84) € B. We
suppose that 0 € B, e; € Bforalli € {1,...,d} (where e; = (5;);=1,..a With 3; = 0;;). Let b be
the cardinal of B and consider the b-tuple of moment monomials x(p) = (p?)sep. Additionally,
we suppose that the space generated by k(p) contains |p|®. In this way, it contains the hydro-
dynamic monomials (1, p;, [p|?) and the associated quantum closure system (5.4) will contain
the quantum hydrodynamic system (5.7) as a subcase. The vector k may contain homogeneous
polynomials which are not monomials, like |p|*. However, for notational simplicity, we shall
restrict to x(p) constructed from simple monomials p” and leave this straightforward extension
to the reader.

We can now reproduce the procedure developed in the previous section. We just summarize
it now. First, let us denote by A(z) = (Ag)ges a b-tuple of Lagrange multipliers. Then, the
operator Op(A - k) is given by:

Op(A- k) =Y Op(As-p?), (5.18)

BeB

where the expression of Op()g - p?) is given in Lemma 3.1.
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From the analysis conducted in section 5.2 (at least with the Boltzmann entropy (2.22)), the
maximization problem (3.18) has a non empty set of solutions only if there is a non empty set of
A such that the operator —Op(\-k) is elliptic. In fact, we shall request that the set of such A has
a non empty interior. This condition is analogous to condition (I11) of Levermore’s approach
[26] and is likely to lead to identical constraints on the set of monomials to be considered. This
point will be investigated in more detail in future work. This requirement leads to a restriction
on the possible sets B.

We now suppose that this requirement is fulfilled and that the operator Op(\ - k) has a
sequence of negative eigenvalues (as[A])e=1,. o such that ay\] — —oo as £ — oo and that
the associated eigenvectors ¢, form a complete orthonormal basis. Let us now denote by
m(z) = (mg)ges a given set of moments. The maximization problem (3.18) is now stated as
follows (from now on, we shall restrict to the case of the Boltzmann entropy (2.22)):

m}z\l { e [A] + /Rd Z)\B mg } (519)

BeB
Let us denote by ™ the value of A which solves this maximization problem (assuming that the
solution exists and is unique) and p™ = p,m, the associated operator

pum &= Z ™) (6, 60)x $e, ] = el (5.20)

We shall derive the quantum moment hydrodynamics system in a similar form as for the
quantum hydrodynamics system. The derivation of a form like (5.7) shall be done in a future
work. Let us consider the 3-th component Az of an arbitrary A and denote by bfr[/\g] the matrix
element of the operator Op(Agp”) in the eigenbasis ¢y of p™. As in section 5.2, we denote by

H,, the matrix element of the Hamiltonian in the same basis, and by Qer(p) the matrix element
of Q(p). We have:

Tr{[ }op Aﬁp} ZHW ar — ag)b,[Ag]. (5.21)

Finally, the system of quantum moment hydrodynamlcs equations can be written according
to:

0
& Mg(m t)/\g = — = Z ng (0% b'B )\g + Z Qer M )\ﬂ] (522)

YAs(z) | \w € B, (5.23)

This provides an evolution system for the quantities mg, which is well adapted to a Galerkin
discretization. For this system also, provided that @ is entropy dissipative, (i.e. property (5.16)
is satisfied), the entropy dissipation inequality (5.17) applies and the entropy S(m) is decreasing
in time.

We point out that the solution of the maximization problem (5.20) does not always exist in
the classical case (see in particular [24], [25]). It is yet an open problem, and formidably more
difficult, to solve it in the quantum case.
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5.4 A Galerkin discretization

The main difficulty in solving the quantum hydrodynamic model (5.7) is of course the evaluation
of the pressure tensor and the heat flux vector through formulae (5.8). Indeed, this evaluation
requires the solution of the optimization problem (5.12) or (5.15). We now roughly outline the
computational complexity (and feasibility) of this problem. The moment equations (5.3) render
themselves to a natural Galerkin discretization in space, which preserves the entropy principle.
We start by choosing a set of scalar basis functions A;(z),j = 1,.., J in space and approximate
the moment vector m = (my,..,my) in (5.3) by

~ Zzg(t)Aj(x), n=0,.,N . (5.24)

Equation (5.3) is then replaced by

Adxj<x>atm<x,t>dx=Tr{<—%m,pm1+@<pm>>op<xjm>}, j=l.d . (5.25)

where p" is the solution of the constrained minimization problem
Tr(h(p™)) = min{Tr(h(p)) : Tr{pOp(\; kK)} = / Aymdr, j=1,..,J} . (5.26)
Rd

Thus, we have replaced the minimization problem (3.11) by a problem with finitely many
constraints leading, consequently to only J(N + 1) Lagrange multiplyers. Next, we replace
the density matrix p in (5.26) by a finite expansion. We choose orthonormal basis functions
Ur(x),k =1,.., K, and approximate the density matrix p by

)= Y Riru(e,y), ma(r,y) = vu@)ily)

k=1

where R} is a Hermitian matrix and the star exponent denotes complex conjugation. In order
to arrive at a finite minimization problem, we also have to replace the operator Op(\;x) by a
finite matrix, i.e.

© S it = [ [ e o0k o) iy

k,l=1

and replace the minimization problem (5.26) by
Te(h(R™)) = min{Te(h(R)) : Tr-{RT/"} — / Nmnde, j=1,0d, n=0,.,N} . (5.27)
R4

The symbol Tr in (5.27) denotes now just the usual matrix trace and h is now to be understood
as the function of a matrix. The Galerkin equations (5.25) are then replaced by

/Rd Aj(x)omy,(x, t)de = ZF T Tre{(— [ P+ Q™" )t j=1,.,J, n=0,.,N
- (5.28)
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(5.28) is a system of ordinary differential equations for the expansion coefficients 2J(t) after
inserting (5.24) for the components m,, of the moment vector. The system (5.27)-(5.28) now
clearly satisfies the same entropy relation as given by Proposition 5.1 on a discrete level. This
can be seen by multiplying (5.28) by 1, and summation over j and n, where y;, is the Lagrange
mgltiplier of the minimization problem (5.27), i.e. h'(R™) = 37, p;»I7" holds. Two questions
arise:

e How to choose the basis functions v, for the density matrices and the basis functions A;
for the moments ?

e How large should K2, the number of density matrix basis functions, be compared to J,
the number of moment basis functions?

There is considerable freedom in the answer to the first question. One possibility would be
to choose the ¢, as the eigenfunctions of p™ itself, making the matrix R™ diagonal. This
makes the evaluation of h(R) trivial, but has the disadvantage that we have to compute the
matrices IV" and the matrix corresponding to the Hamiltonian H anew for each time step. It is
probably preferable to choose a 'good’ basis {1} (say eigenfunctions of the Hamiltonian, which
are also the eigenfunctions of the equilibrium solution e—BH ), compute the TV" once and for all,
and rather deal with the problem of computing the matrix function h(R) in the optimization
procedure. An alternative would be to use the entropy variables i, as primary variables, since
R™ = (W)71 (32, 1jnl7") has to hold. This has the advantage of eliminating the optimization
procedure but makes the ODE system (5.28) implicit, since the term on the left hand side of
(5.28) is then given by

/Rd Ajmada = Tr{rj%h')-l(% D))

The easiest way to invert this equation might again be by using an optimization procedure (i.e.
a discrete version of (5.19). As to the second question: The number of degrees of freedom in
the minimization problem (5.27) is K2 (the number of elements in a K x K hermitian matrix
if we count real and imaginary parts separately). Therefore, K? > J(N + 1) has to hold, in
order to have more variables than constraints. How much larger K2 has to be will depend on
how well we wish to approximate the minimization problem. This will have to be determined
by numerical experiment.

We conclude this section with a remark about the usefulness of Wigner functions in this
context. While Wigner functions are convenient for expressing local moments they are not the
appropriate tool in this approach. The reason for this is the following. The reason why Wigner
functions were useful in expressing the moment equations is that the moments of [H, p] can be
expressed in terms of the moments of p in the Wigner picture, up to a few closure terms. This
property is lost here, due to taking a finite number of expansion terms for the density matrix.
If we define by fx; the Wigner transform of the basis element py; of the density matrix, we
obtain

Fi@? = TT{OP()‘J"%)PM} == / / )\j/infkldrdp
R4 JRd
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and (5.28) becomes

[ Aot = [ [ SR o Qu) e, (520

kl=1
j=1,.,J, n=0,.,N
Written out in more detail, the right hand side is of the form

[ M) Sl ) D™ V177 4 Q™)) o ).

kl=1

If now

K
Z fu(2',p) fua(z, p) = 0(2" — )5 (p" — p)
ki=1
were to hold, the right hand side of (5.29) would simplify in the same way as it did in Section
5.2. For a finite number K of expansion terms this can, however, not be assumed.

5.5 Quantum BGK model

Finally, we end this section about the quantum moment hierarchies by outlining the use which
can be made of the equilibrium density matrix p” under the moment constraint m. Indeed, a
density matrix equation including relaxation to local equilibria can be written in the spirit of
the BGK model of rarefied gas dynamics. Such a model can be written:
9P _ L1 g — w(p— priete (5.30)
825 - A ) P e\p p ’ :
where we haved denoted by m[p(t)] the moments associated with p at time ¢ according to (3.5).
Usually, we shall take the hydrodynamic moments. We shall prove in [8] that such an operator
is consistent with entropy decay. The quantity v. is a collision frequency. By construction,
composing on the right by Op(\ - k) where k are the hydrodynamic monomials shows that
the relaxation term p — p’®! does not appear in the evolution of the hydrodynamic moment
equations (5.3). However, the scaling v. — v, /e, where ¢ < 1 is a small parameter representing
the Knudsen number (i.e. the ratio of the collision scale to the macroscopic scale), allows
to justify (at least formally) the hydrodynamic closure (5.4). In most of the literature, only
relaxation towards global equilibria are taken into account through equilibria p™ associated with
global constraints (like in remark 4.1). The present approach allows to give a meaning to "local
equilibrium relaxation’ in a quantum framework. In fact, the term "local’ is slightly misleading
in this case. It refers to the fact that moment constraints are functions of x. However, the
relation between the moment constraints m and the equilibrium density matrix p™ is not a
local one, but a functional one.
A natural question is the existence of a series of perturbative models obtained through an
expansion of the solutions of (5.30) in powers of ¢ (after rescaling v, — v./¢), in the spirit of
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the Chapman-Enskog expansion of the Boltzmann equation of gas dynamics (see [26]). This
question will be investigated in future work.

Another question is related to the possible existence of ’diffusion-like’ limits of model (5.30)
(after a simulatneous rescaling v. — v./e and dp/0t — €0p/0t, with € < 1). This question is
investigated in [8].

6 Conclusion and future work

We have developed a systematic approach to construct quantum hydrodynamical models from
appropriate closures of the quantum Liouville equation. This approach is made possible by
an adequate definition of the local moment of a density operator. This concept is defined by
duality through the observations of the system on a suitable class of test functions. Then,
the concept of an equilibrium density matrix, a solution of the entropy minimization principle
subject to the constraints of given moments, is developed. Taking successive moments of the
quantum Liouville equation (in the above defined sense), it is possible to close the chain of
equations by this equilibrium operator, giving rise to a hierarchy of models called Quantum
Moment Hydrodynamic models. We have studied in more detail the quantum hydrodynamic
model corresponding to the usual hydrodynamical moments and have shown that it is formally
similar as the classical one apart from nonlocal expressions of the pressure tensor and heat-flux
vector.

Obviously, this paper leaves a lot of mathematical questions open: existence of solutions for
the entropy minimization problem, well-posedness of the quantum hydrodynamic equations,
derivation of efficient numerical solvers, well-posedness of quantum BGK models, existence of
perturbative series expansions of solutions in the spirit of the Chapman-Enskog expansion,
derivation of quantum diffusion models (like the quantum drift-diffusion), etc. Other pending
questions are concerned with the physical restriction of the model. One can think of taking
into account non constant particle number (thus requesting the use of Fock spaces), Fermi-
Dirac or Bose-Einstein statistics, spin and relativity effects together with the inclusion of the
magnetic field through the Dirac equation, etc. All these questions clearly open a large field of
investigations for the future.
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7 Appendix: Quantum entropy minimization principle:
proofs

In this appendix, we give the proofs of the statements related with the quantum entropy
minimization principle.

Proof of Lemma 3.5: The Euler-Lagrange equation for the minimization problem (3.16)

<5£m) B (5H> B (5KA>
0p (Px;A) op P 0p
Thanks to the linearity of K,(p) with respect to p, we have, for any self-adjoint, trace class

operator 0 p:
0K
(W)

where we denote by ay. the matrix element of the operator Op(\ - k) in the eigenbasis of p.
Then, thanks to (3.14), the Euler-Lagrange equation (7.1) is written:

~0. (7.1)

P

6p = Tr{(5p)Op(A- K)} = > Spmar,
lr

p

> (h/(&e(ﬂ))5pa - 5p€rar€> =0,
/=1 r=1
for all Hermitian, trace class operators dp. Choosing dpp,r = 0p0p + 0ppOprg OF dpps =

1(8prg0pry — Oprp0prg) Where gy is the Kronecker symbol, with ¢ # r, we deduce that a, must
be equal to zero, i.e. that p must be diagonal in the basis where the operator Op(\ - k) is
diagonal. Such a basis always exist, since Op(\ - k) is Hermitian (because A(z) and k(p) are
real functions) at least in the generalized sense, (i.e. in the sense of the spectral measure if
Op(X - k) has continuous spectrum, see [31]). Then, taking 0pp .. = 0p¢d,¢, we deduce that

W (au(p)) = aw,

ie.
ar(p) = (W) aw),
which is precisely the definition of p being given by (3.17). ]

Proof of Lemma 3.6: The Euler-Lagrange equation of the maximization problem reads
(where we drop the superscript m):
N <5£m>
i oA

(.., ()
5p (pHHU‘) 6)\
But, by the Euler-Lagrange equation of the minimization problem (7.1), since p, realizes the
minimum, the first term is identically zero. Therefore, i is characterized by

()
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~0. (7.2)

(Pu,#)

=0.
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By linearity of £, with respect to A, we have:

0L,
WP
for any N-tuple 6\ = (6A;(z));=1,. v of arbitrary functions d\;(x), which is exactly relation

(3.20) (with A = X). It is easy to show that this extremum is indeed a maximum. This
classical point is left to the reader. [

N =— <Tr{pu0p((5)\ ‘k)}— [ m(x)-dA(x) dx) =0,

Rd

Proof of Lemma 4.1: (i) We use that H is strictly convex (by virtue of Lemma 3.4.
Therefore, let m and m’ be two moment vectors and ¢ € [0, 1]. Then:

S(tm+ (1 —tym') = H(p" 170
= min{H(p) | Tr{pOp(A-K)} = [ X-(tm+ (1 —t)m')dx, VA (z)}.

R4

But we have

Te{(tp™ + (1 =)™ )Op(\ - k)} = Tr{p"Op(A - K)} + (1 — 1) Tr{p™ Op(\ - %)}

= t/ )\~mdx—|—(l—t)/ A-m'dx
Rd Rd

= /)\-(tm+(1—t)m’)d:17
Rd

Therefore, tp™ + (1 — t)p™ satisfies the constraints and consequently:
H(pm 00y < H(tp™ + (1= 1)p™).

Now, using the strict convexity of H, we have:

!

H(p™m =9y < tH (p™) + (1 = )H(p™) ,
; S(tm+ (1 —t)m') < tS(m) + (1 —t)S(m'),

which proves the strict convexity of S, i.e. point (i).
(ii) We write:

55 5 -~

s 5—m(£m(Pum,M )
0L, (6L a6l N\ oum
= )+ (B2 ) 220 4 S )

0L,

= %(pumnu )7

om

32



where the last equality follows from the fact that " is a solution of the Euler-Lagrange equation

(7.2). Therefore, for any perturbation ém = (dm;(x));=1,.. N, we have
dS 0L, m B "
%(Mn = %(pum,u )om = /Rdu (x) - om(z)dz,
which exactly means (4.2) by duality. ]

Proof of Lemma 4.2: (i) ¥ can be defined as
() = main {S(m) ~ [ - mde),
m Rd

and a minimum of linear functions, which are concave functions, is concave.
(ii) We have:

0 08 6 4]

—op = ——méu—/ (5u-mdaj—/ u~—m(5udx.

o om O R rd O
But, with (4.2), the first term of the right-hand side cancels the last one and we have

—ou = — op - mdx
(5M Rd

which proves (4.4). ]

8 Appendix: properties of the quantum entropy H

The proofs of lemmas 3.3 and 3.4 can be found e.g. in [30]. Here, we give an elementary proof
of these results.

Proof of Lemmas 3.3 and 3.4: Let §p be a self-adjoint trace-class operator. By the definition
of the Gateaux differentiability, we wish to investigate if the following limit exists:

o = lm = (Te{h(p -+ 160)) — Tr{h(p))} |

We can choose variations dp the expressions of which are given by either of the following
formulae in the eigenbasis ¢, of p :

0

5/)[’1“’ - 5(62’667"’7" + 5Z’r5r’€) P (81>
10

5pl’r’ = 5(5@[57“’7' - 5€’r6r’€) ’ (82>

where 0y, is the Kronecker symbol and 6 is a real number. Indeed, any variation dp can be
decomposed into a (possibly infinite but convergent) sum of such variations. The elementary
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0p is still trace-class and self adjoint. It is then enough to investigate the influence of the
perturbation on the space spanned by (¢, ¢.). We investigate the following three cases:

(i) £ = r. Then, ay(p + tép) = ae(p) + t0 and therefore,
! t292 " 2
hae(p +1p)) = hlau(p)) + 10 W (au(p)) + —=h"(u(p)) + o(t7) ,
as t — 0. Therefore, in this case,

0H 6*H

5—pf5p = 1 (c(p))dpur 5—[)2(5/), dp) = h"(cu(p))|6peel”-

(ii)) £ # r and oy # «a,. Then, in the basis (¢, ¢,), the matrix p + tdp is written as follows
(respectively in the cases (8.1) and (8.2)):

o 6t/2 « 10t /2
i (5 ) o v (G )

In these two cases, the eigenvalues of p + tdp are the same. Suppose that a, > «, to fix the
ideas. Then, they are given by

ap(t) = 1<oz +a, + (o —a )2—1—02152) =« —i—ﬂ—%o(ﬂ)
l 9 l T l r 4 4(Oé£ —_ Oér) 9
1 t26*
Oz,,(t) = 5 <Ozg + o, — \/(O[g — ()5,,,)2 + 02t2> = Q, — m + O(tQ) s
as t — 0. Thus,
262 b’ — h(a,
h(c(t)) + h(a,(t)) = h(ap) + h(ay) + (ce) (ar) + o(t?).
4 oy — O
Therefore, in this case, we have:
o0H 02H R (o) — B ()
_6 - = o 5 5 - ! 5 r 2 5 r 2 .
5,00 0, 5p2(p, p) P (16per|” + [pre]”)

(iii) £ # r and oy = o, = . Then,
ap(t) = a+|td]/2, a.(t)=a—|td]/2.
It follows that -
hap(t)) + h(a,(t)) = 2h(a) + %h"(a} + o(t?) .
Then, we deduce that:

oH 52H " 2 2
55/? =0, 5—p2(5/?7 op) = h"(a) ([0pe|” + [6prel”) -

Collecting the results in the above three cases, leads to formulae (3.14) and (3.15). "
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