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Abstract

The Boltzmann equation for transport in semiconductorsis projected onto spherical harmonics
in sudh a way that the resultant balance equationsfor the coe cien ts of the distribution function
times the generalizeddensity of states can be discretized over energy and real spaceby box in-
tegration. This ensuresexact current continuity for the discrete equations. Spurious oscillations
of the distribution function are successfullysuppressedby stabilization basedon a maximum en-
tropy dissipation principle avoiding the H-transformation. The derived formulation can be used
on arbitrary grids aslong as box integration is possible. The new approad works not only with
analytical bands but alsowith full-band structures in the caseof holes. Results are presered for
holesin bulk silicon basedon a full band structure and electronsin a Si NPN BJT. For the rst
time the convergenceof the spherical harmonics expansionis shown for a device and it is found
that the quasiballistic transport in hanoscaledevicesrequires an expansionof considerably higher
order than the usual rst one. The stability of the discretization is demonstratedfor a range of grid
spacingsin the real spaceand bias points which produce huge gradierts in the electron density and
electric eld. It is shawvn that the resultant large linear systemof equations can be solved memory

e cien tly by the numerically robust padkage ILUP ACK.



. INTR ODUCTION

In the nanometric devicesof modern integrated circuits, transport can be no longer
described accurately by the drift-di usion (DD) or hydrodynamic (HD) models, which fail
even in the linear regimeX® and the semiclassicalBoltzmann equation (BE) has to be
solved*® On the other hand, the usual approad for solving the BE, the Monte Carlo (MC)
method, has,dueto its stochastic nature, many disadwvantagescomparedto the nonstochastic
solversfor the macroscopianodels. For example,small currents entail excessie CPU times
and small-signalanalysisis exceedinglydi cult. ® Therefore,nonstochastic solversfor the BE
have beendeweloped, and amongthe rst methods was the sphericalharmonicsexpansion
(SHE) (e.g.: Ref. 7). Later this method was extendedto the caseof devices®'® small-signal
analysist! noise?>*® somefull band (FB) e ects (FB density of states (DOS) and average
FB group velocity),'* and certain quartum e ects.*® Especially in the caseof small-signal
analysisand noise, SHE has numerousadvantagesover the MC method. In order to realize
the potential of SHE, stable, general,and e cien t numerical methods are required. The

main objectivesof this work are therefore:

1. A spherical harmonics expansion methodology of arbitrary order for general band

structures including FB.

2. A discretization which ensuresexact current cortinuity for arbitrary grids without

explicitly introducingit by arti cial constrains.
3. A stabilization schemeto suppressspuriousoscillationsin the distribution function.

Thesepoints have beenaddressedn the literature to a certain degree.Inherertly particle
number conservingsthemesbasedon box integration were preseried for simple analytical
band structures %16 Wewill presen a uni ed approad in the next section,which canhandle
arbitrary grids on which box integration is possiblein conjunction with analytical and FB
structures for which the energywave vector relation canbe inverted.!” In cortrast to Ref. 14,
where only the DOS and averagegroup velocity were evaluated by FB calculationsand an
otherwiseisotropic model wasused,we will considerthe full anisotropy of the FB structure.
Without stabilization®! simulation of realistic semiconductordevicesis not possibleand an
upwind discretization,'® a so-calledSdarfetter-Gummel-type approad'® and schemesbased

on maximum ertropy dissipation'*?* have beenproposed. In this work the stabilization is
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basedon a maximum entropy dissipation scheme (MEDS), because,n contrast to certain
other approates, MEDS has a sound physical and mathematical basisand can be applied
without problemsto higher order expansionsand generalgrids. MEDS has been applied
beforeto the casewherethe energydependenceof the distribution function is resolved by an
expansionwith polynomials1*2? We apply it for the rst time to the casewherethe energy
is discretizedwith a grid.

Results are presened in the third sectionfor electronsin a nanoscaleNPN BJT based
on the transport model of the Modena group.?® The focus of the investigation is on the
numerical properties and transport at low and medium energies.lIt is shovn that the new
approad can handle variations of many orders of magnitude in the particle density and
steepgradierts in the electric eld without the occurrenceof oscillations. The stabilizing
property of MEDS is demonstrated. The accuracy of the discretized BE is investigated
with respectto the grid spacingin the real spaceand number of sphericalharmonics. Since
previous investigations for deviceswere limited to expansionsupto the rst %24 or third 16
order, convergenceof SHE is shown for devicesfor the rst time by expansionsupto much
higher order. In the fourth section rst resultsare showvn for FB holesin relaxedsilicon and
it is demonstratedby comparisonwith FB Monte Carlo simulations that SHE can handle
FB structures. A disadvantage of SHE is the large system of equationsresulting from the
discretization of the BE which can lead to excessie memory requiremens. In the fth
sectionit is briey showvn how to handle the huge number of unknowns in a memory and

CPU e cient way.

. THEOR Y

In the framework of semiclassicaltransport theory the spatiotemporal ewlution of a
particle gasis descrited by the BE?®> (some indices and argumerts are here and in the

following suppressedo increasethe legibility of the equations)

%+fh;fg:§ffg; 1)

wheref (r;k;t) isthe distribution function, t the time variable, r the position in real space,

k the wave vector, the index of the th valley or band, and Sff g the linear single-particle



scattering integral
Z

X
Stfg= 2 5)3 SNk kK9 (rk%t) ST (kSK)f (rkdko: (2)

s is the systemvolumeand S * °(r; k; k9 the transition rate from the initial state ( ¢ k9

into the nal ( ;k).> The semiclassicaHamilton function h is given by the total particle
energy

h(r;kit)y=" (k)+"p(r)+a(r;t) 3
with g= e, wheree is the modulus of the electron charge and the positive sign refersto
holesand the negative to electrons."” denotesthe band energyrelative to its minimum, ",

the band edge(minimum of the band) and the quasistaticpotential. The Poissonbrackets
fh;f g de ne the drift term

fhitg= r Thir of + or Thr £ = JETr f +vTr f (4)

with v = r "=~ being the group velocity and ~ Planck's constart divided by 2 .%°> The
forceis given by?®
F = rh= r1,:(q +"b): (5)

The box integration method allows to discretize partial di erential equationsbasedon
densitiesand uxes in a charge conservingway.?’ The key to the box integration method is
that densitiesand uxes are de ned on dual meshes,.e. densitiesare de ned as integral
guartities at the certers of boxes, whereas uxes are de ned on the edges,or surfaces,
of the boxes. We note that, in the casethat the band energy" (k) is an ewven function,
" (k) =" ( k), macroscopicquartities, sud asparticle density and temperature are given
by momerts of the even part of f, while macroscopic uxes, sud as currert densitiesare
given by momerts of the odd part of f . Correspondingly, we split f into its even and odd
part f = fe+ f° with f¢andf° given by?°

f (r;k;t)+f (r; k;t) f(r;k;t) f (r; k;t)

e . . —_ . (o] . . —_
fe(r;k;t)= 5 ; fo(r;kit) = 5 (6)
For both parts a BE can be formulated
@° @°
+fh;fog= &%fg ; ——+fh;feg= S%ffg: 7
a@ g g a@ g g (7)

The drift operator couplesonly the even and odd parts but not the even with even or the

odd with the odd part. The BE for the even part is the continuity equationfor the densities.

4



The correspnding drift operator hasto be formulated asa divergenceof the uxes in order
to be ableto usethe box integration method.° Beforethis is done,the BE is projected onto
sphericalharmonics.

The distribution function is expandedwith sphericalharmonicsY,.,(#;' ). The spherical

harmonicsare orthogonal, real valued and normalized
I
Yl;m(#;I )Y|o;mo(#;' da = [:10 m;m© (8)

forl =0, ;1 andm = |[; ;I Is the solid angleand d = sin#d#d' . The
zero order sphericalharmonic is a constart (Yo.o(#;' ) = 1:IO 4). Details of the spherical
harmonicscan be found in Ref. 28

Before the dependenceof the distribution function on the anglescan be expandedwith
sphericalharmonics,it hasto be decidedwhether the distribution function is expandedfor
constart energyor constart modulus of the wave vector. An expansionof the distribution
function on equienergysurfaceshas many advantagesover an expansionwith respectto the
modulus of the wave vector. E.g. at equilibrium the distribution function f is isotropic on
equienergysurfaces.In many scattering models the scattering rate is a function of energy
and the energytransfer during scattering is alsoconstart. Thus, the scatteringintegral can
be easily formulated on equienergysurfaces. In addition, if a magnetic force is included
in the BE, this formulation ensuresthat the magnetic force does not spuriously produce
energy In order to expand the distribution function on equienergysurfaces,a coordinate
transformation is required and the following mapping of the sphericalcoordinates of the k

space(k; #¢;' ) onto the energyspace("; #;' ) is used

" NG
# = # #i

(9)

== kG
k = k(" #t)

In the energyspacethe equienergysurfacesare spheres? and the anglesare the sameasin
the k space. This is only possibleas long as the mapping is unique in both directions?’
For example,in the caseof an FB structure for holesin unstrained silicor?® this is possible
up to an energy of about 1:27eV. The correspnding rst conduction band on the other

hand touchesthe surfaceof the Brillouin zonealready at 0:13eV, which is too low a cuto



energyfor usefulsimulations. Due to the de nition of the coordinate transformation (9) the
expansionof the distribution function on equienergysurfacescan be written as

5 Z
@)?
2 Yim(#)f (rk (8 )02 (4 )d (10)

(" " (K) Yim(E (ki t)dk

Gm(r;"t)

The generalizedDOS Z for one spin direction®® is proportional to the Jacobian of the

coordinate transformation

@G=@ @G-@ @«-@

Z ()= S @@ @@ 0@ = e (1)
y 1Ty - (2 )3 @—@ @k‘@" @k‘@" - (2 )3@ .
@=@ =@ @ =@
Equation (10) implies for the generalizedenergydistribution function (EDF)
g (r;#s =22 (" (k (H# ) (12)
A macroscopicdensity x readswith the EDF
Z |
x(r;t) = X (#0)9 (s #5 tdd " (13)
Expansion of the microscopicquartit y
I
Xim(M = X (#" )Yim(# ' )d (14)
ields
y x Z
X(r ;t) = XI;m (")gl;m(r ; "; t)d" ; (15)

where here and in the following the Einstein cornvertion of implicitly summing over pairs
of identical indicesis usedfor the indicesof the sphericalharmonics(not ). The particle
density, for example,with X = 1is given by
1 X 4
n(r;t) = — Ooo(r; " t)d" : (16)
Yo,0 '

Thus, due to the de nition of the EDF its (0;0) componert carriesthe chargein cornrast
to f, wherein the anisotropic casealsoterms of higher order cortribute to the charge.

The BE (1) is expandedin the sameway asthe distribution function
Z

(" " (k) Yim(#" ) fBEgdk : (17)
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The rst term on the LHS of Eq. (1) yields
z

@ (r;kt), 2 S @ (r5k;t) 4
! K)Ym# ' )—————=d’k
@ (" 1)
' 2. 18
@ (18)
The rst part of the drift term (4) is rearrangedwith integration by parts
1 2 1 z
:FTr kf ! e ?3: T " " (K) Yimr f B3k
@g 1 @im 1 @im
— T = Iv = i i .
P e X @*'smwe © 9°
T
= @C‘;I’m FT I:m (19)
jtm = v@Yimd (20)
and |
G COme,+ L ime g @1)

‘m = e .
him « @  sin# @
whereey; and e are the unit vectors of the spherical coordinate systemfor the # and '

direction, respectively. The (0,0) componert of the generalizedcurrent density j...(r;"; t)

yields by de nition the particle current density
x Z
H 1 H n n .
jry =g Joo(r;" t)d” (22)
0;0
The secondpart of the drift term (also called di usion term) ewvaluatesto

vir (f 0 r Jjim (23)

The RHS of the BE will be treated in detail later. The resultant systemof coupledbalance

eguationsreadsnow

By FIn s Tjim T = Snlon 24
The derivativesin the drift operator can be combined to yield a divergence
@gl;m Tr rTJ i = i (25)
with 0 1 0 1
& FTiim
r=@@A ; f,=@ “"TA. (26)
ror Jim



Equation (24) hasnow the desiredform

%4- rMTJ»I;m FT Iim = él;mf99: (27)

As stated above, the even part of the distribution function f yields the density. Since
the generalizedDOS is an even function of the wave vector, the even part of g correspnds
to f ¢ and the odd part to f °. Thus, the drift operator should only couplethe odd part of g

into the even one and vice versa. After SHE the even part of g is given by

XX
g° (s #5 1= Goim (1375 ) Yaim (#7) (28)

i=0 m=2i
and cortains only even sphericalharmonics. The odd part cortains only odd harmonics

p Y+l
g° (ri"#5 1) = aivrm (3" O Yaierm (4 7) (29)

i=0 m= (2i+1)

The drift operator cortains two quartities, j ., and ., which dependon g. Inserting the

expansionof g into j ., and ., yields

Jtm = Vimioemogiomo (30)
with |
Vimiemo = YimVYiemod (31)
and
bm = 1imi &moGiomo (32)
with |

i le;m + i@,m

‘me &m0 = e .
it me ~k @ " sin# @
Sincethe velocity is an odd function, V,.m;omo couplesonly even harmonicsto odd ones. The

e Yopod (33)

sameholds for ., om0 dueto the derivativeswith respect to the anglesand becausek is

an ewven function
V2ixm: 2i0m0 = Vi41:m:2i%1:mo = O and 2im: 2i0m0 = 2i+1:m:2i%1:mo = O (34)

Therefore,the odd/even property of the drift operator is consered and the box integration

method can be usedto discretizeEq. (27) for even|.



The current cortinuity equation is obtained by integrating the BE over the k spaceand
summation over all bands or valleys. Becauseof Eqgs. (16) and (22) this correspnds to
integration of Eq. (27) over energyand summationover forl=m= 0

Z z, .
2 X ix ! @o;o+@:TJo;o
(2 )3 - Y0;0 0 @ @

#
+r ] 00 d"=0: (35)

The term cortaining  does not occur, because g omo Vanishesfor all 15 m° due to
@0.0=@& = @.0=@ = 0 [cf. Eq. (32)]. Moreover, it has beenassumedthat the scattering
integral conseresthe particle number. The integral of @ Tj,,=@ over energyyields ex-
actly zero,becausg , vanishesat zeroand in nite energy'®'® Therefore, Eq. (35) reduces
to the cortinuity equation

%Hjjzo (36)

and if Eq. (27) is discretizedfor even| with the box integration method, the discretesystem

of equationswill consene the particle density exactly. Thus, we have extendedthe approach

of Refs.10,16 to the caseof more generalband structures and arbitrary order of SHE.
MEDS is usedto discretizethe balanceequationsfor odd 1.1%?! To this end the BE (1)

is multiplied with

H = exp (37)

keTo
wherekg Ty is the thermal energyat equilibrium. Sinceany function that dependsonly on

the Hamilton function h can be moved inside the Poissonbrackets
Hfh;fg=fh;HfQg ; (38)

the BE can be castinto the following form

@

H= +fh;Hfg= HSffg: (39)
@
The correspnding balanceequationsfor odd | are given by
@ h [
H="4+r T Hfim F'H m=HSnfgy: (40)

@

They can be discretizedusing the box integration method or nite di erences.
For box integration a special grid is required2° In Fig. 1 an exampleis shovn. The box
G'v of node i, cortains all points which are closestto this grid node. The nodes of the

adjoint grid are given by the nodeson the surfaceof the box. In Fig. 1 the nodes of the
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FIG. 1: Direct grid (lled circles, solid lines) and dual grid (open circles, dashedlines). The shaded
areais a box of the direct grid for the nodeiy. js is a surfacenode belongingto the i, -th box. The

darker shadedareais the part of the box which belongsto the surfacenode js(iy).

direct grid are given by the points wherethe solid lines terminate. On thesenodesthe even
harmonicsare de ned. The endpoints of the dashedlines are the nodesof the adjoint grid,
on which the odd harmonicsare de ned. In the sameway as for the direct grid, boxescan
be de ned for the adjoint grid. To unify the treatment of the balanceequationsfor even

and odd |, H is alsode ned for even |
8

<1 for even |
H = A : (42)
exp for odd |
The balance equations are integrated over the four-dimensional volume of ead box G'v

wherethe integral over the divergences changedto a surfaceintegral with Gauss'law
Z I Z Z

H @ e T A FTH, 1md* = HSmfgod® :  (42)
@ @Biv ' GiV Giv

Giv
@' is the surfaceof the box and ~is a position vector in the four-dimensionalenergy/real
space.

In order to obtain a Sdarfetter-Gummel-type stabilization,3 it is assumedrstly that
g, ), and are constart within a box and given by the value on the node of that box (g
on the direct grid andj, on the adjoint grid). Secondlyit is assumedthat the function
H dependson the coordinatesand the quasistatic potential is interpolated linearly between
the nodesof the direct grid.2° Otherwise, the resultart integrals of H are evaluated exactly
and abbreviated by 7

HV = Hid* ; (43)
Giv
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Z

H A = HidA (44)
@iv\ Gis

and 7

HV/ " = Hid* (45)
Giv\ Gis

The last integral extendsover the overlap of G'v and G/s (the dark shadedareain Fig. 1)
and the surfaceintegral over that part of the surfaceof G'v which liesin Gls. This yields

for the balanceequations

¥ x H Al ijs?‘v#

I'm js T is is — Qiy .

+ Nlj;m H\/Iliv FJ T J|;I’T1 H\I/Iiv - éIl;mfgg ) (46)

jsijs2@siv

wherethe equation hasbeendivided by H \/IiV. The sumin Eq. (46) extendsover all surface

nodes 7, which lie on @s'v. With this method the BE can be discretized on arbitrary

grids on which box integration is possibleand current cortinuity is guararteed by virtue of
construction >

For a 1D real and energy spacethe direct grid can be de ned as a Cartesian tensor

product grid (x;;";) with n, grid nodesin x direction and n- in energy The adjoint grid is

given by
Xiv1 = Xalt¥ fori=1:inne 1 )
"je1 = Gt forj= L 10
on which the potential is linearly interpolated
0, = 7?*1;‘0fori= piinne 1 (48)
2
with q °= ", + q. The integral in Eq. (43) evaluatesfor odd | (i, = (i + %;j + 3)) to
Xi VA
HV(i+%;j+%) — A I exp dudx
' 5 ks To
= (KaTo)2 Ui+ §
(keTo)™ exp kTo P T,
Xivr X q P q?
=1 ex exp ——— 49
q o 97 P ks To P ks To (49)

11



Forjs= (i+ 1;j + 1) Eq. (45) yields

(i+1;j+1) ;(i+ L5+ 1) Xi+1 z N
HV b ! 27 2 - ex dudx
I X1 " p kBTO
|+2 ]+2 .
" 1
= (ksTo)? exp 22 exp 12
(keTo)* exp KeTo P eTo "
Xi  Xist q P 90y (50)
ex ex .
q % q i0+% P ks To P ks To

Similar expressionscan be obtained for the three other surfacenodes. Division of Eq. (50)

by Eq. (49) yields for all four surfacenodesjs= (i%j9=(i+3 3i+3 3)

2 2
|
i0i0y-(j+ L4 1 ) n n
AR gy a R ey -
Hvl(i+%:j+%> 4 ks To ks To
with
B(2x)
o) = 5 (52)
and the Bernoulli function
X
B(x) = ————: 53
(X) oxp) 1 (53)
The surfaceintegral (44) hasan " componert
HAG D3I D) - S D o
’ Xi+ 1 kBTO
z o #
", Xi+1 Xit 1 q 0 q j+1
= kgToexp 2 2 ex 1 ex 2
2100 T q P d ,0+% P e To P e To
(54)
and an x componert
Z.
(i1 +1) s(i+ 3+ 1) i g P
HA. 272t = ex d
b P e
IR
k q i0+1 "j+1 "j+%
= To ex ex ex : 55
Thesereduceto
HAI(.i.f);jO);(H 3i+3) 1 "er o HV(io;jO);(i+ Li+d
: : 1.; 1 = n n B 2 I : 1.; 1 (56)
H\/|(|+§rj+§) jo j+% kBTO H\/|(|+§rj+§)
and o1 |
l_lAI(_IX;J");(I+ 5i+3) 1 q i0+l q i00' H\/I(io;jo);(i+%;j+%)
’ - B 2 7
H\/l(l+%,1+%) X|0 XI+% kBTO H\/|(|+%YJ+%) (5 )
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The last equation reducesto a Sdarfetter-Gummel-type stabilization in the limit of an
in nitely small energy spacing ("j.1 "; ! 0) becauseof B(0) = 1.> For ewen | the

correspnding expressionsare givenby (js= (i%j9 = (i i  3))

H\/l(io;jo);(i;j ) _ Xjo Xi "j° "j 58
HYG) x,1 ox 1", "o (9)
[ I+3 g 1*3 I3
H\/I(iij) "jO "j H\/I(iij)
and o O o o
H AI(;IXYJO)Y(I’J ) _ 1 H\/I(I 950 ) . (60)
H Vl(i;j ) Xjo Xi H Vl(i;j )

If (i;j) is agrid point on the surfaceof the direct grid, the volume of the box in Egs. (58)-
(60) hasto be reducedaccordingly (i.e. replacingxij+1  Xj 1 by Xj+1  Xj orx; X; 1 and
similarly for the energy).

The boundary conditions for the balanceequationsare de ned on the direct grid. Boxes
cortain only points which lie within the direct grid. All quartities de ned on the adjoint
grid, which would lie outside of the direct grid, are not considered.This correspndsto von-
Neumann-type boundary conditions. The scattering integral is formulated in sud a way
that scattering with nal energiesoutside of the direct grid is suppressed.Ohmic cortacts
are modeledby a generation/reconbination processwith the rate

gl;m (") ZI;m (")feq(") :

0

I;m(") =

(61)

o is the reconbination time and fqq the equilibrium distribution function (Maxwell-
Boltzmann distribution) normalized to the particle density on the cortact. The recom-
bination rate is applied for even | on grid nodes of the direct grid, which belongto the
cortacts.
The Poissonequation (PE) for the quasistatic potertial hasto be solved self-consistetly
with the BE
Fi(re) = %o On; (62)

where isthe dielectric constart and %), the dopingconcertration timesthe electroncharge.
The PE is alsodiscretizedwith the box integration method. The potertials are de ned on

the nodes of the direct grid and are linearly interpolated on the grid lines betweennodes.
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The usual boundary conditions are usedfor the potential (Dirichlet type on corntacts and
von Neumannon the other parts of the devicesurface)°

Dueto the stabilization schemeand the electric eld in the drift term the BE is nonlinear
and coupledto the PE. The coupledBE and PE are solved simultaneously by the Newton-
Raphsonmethod. The equationsare built for even and odd |, wherethe odd equationsare
subsequetly eliminated by a pre-soler. The resultant sparsesystemof linear equationsis
solved with ILUPACK, a very CPU and especially memory e cien t sparsematrix solver.3?

The band structure has a strong impact on vi.pjomo and  .mjomo. In the caseof the
silicon electron model developed by the Modenagroup®?® these expressionscan be greatly

simpli ed. After application of the Herring-Vogt transform to the BE®>3 they read

Vimiemo(") = V (")aimiemo (63)
with |
aA|:m:| &m0 = Y|;m e"Y|o;mod (64)
and
W 1
I;m;IO;mO( ) = T(..)bl;m;lo;mo (65)

@)\-:m 1 @m
@ " snt @

where the asteriskindicates a Herring-Vogt transformed variable and e- is the unit vector

e Yomd ; (66)

bl;m;lo;m0 =

in radial direction for spherical coordinates. In the caseof this analytical band structure
it is possibleto separatecompletely the energy dependencefrom the dependenceon the
harmonics. This is not possiblein the caseof an FB structure. In this casethe group
velocity and the inverse of the modulus of the wave vector are expandedinto spherical

harmonicswith Eq. (14)

Vim(") = v (58 i (#)d (67)
|
1 n —_— l . ! .
..__k m ( ) - ~k (u; #’u )Y|;m(#’ )d . (68)

Theseexpansionsare inserted into Eqgs. (31) and (33) resulting in

Vimiomo(") = Vioomod")&;m; 4mei0emoo (69)
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a;m;omo1omo = Yi;m YiomoYjoomod (70)

and
1

~K 100 00

(")bl;m;l";mo;loo,moo (71)

I;m;IO;mO(") =

@I;m ey + -1 @I;m
@ sint @

The integralsin Egs. (64), (66), (70), and (72) can be easily evaluated by computer algebra

e YiomoYjoomod (72)

B1:m;1 ¢ mo00mo0 =

methods for arbitrary indices.

The scattering integral cortains the transition rate which is given with Fermi's golden
rule by%2°

S kK= 1 ok ) MUKy A (73)
s

whereit for the sake of simplicity has beenassumedthat the energytransfer ~!  doesnot
depend on the initial and nal wave vector. The minus sign standsfor absorption and the
plus for emission. The index is usedto label the di erent typesof scattering processes
(e.g.: impurity scattering, acousticand optical phononscatteringetc.). Beforethe scattering

integral is projected onto sphericalharmonics,it is splitted into an in-scattering term

Z
i x 0 0
§nffg= P 5)3 S O(r;k;kYf °(r;k®t)d3k° (74)
0
and out-scattering term
n X Z #
Soutffg= (2 S)3 S (r:k®K)dk® f (r:k;t) : (75)
Projection of the in-scattering term yields
Z
in - 2 n " o in 3
mfog = 7B (" " (k) Yim(# )S"f gdk
; %in " 0 .n .
= S ;I;m;lo;mo(r; )glo;mo(r’ ~! ’t) (76)
0
with
_ 1
S imiomo(r;") = Yim(#')Z (N #")
i~ #HY YYomo(#' 9d W (77)
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The out-scattering term evaluatesto

SHEgg = S ibmo(r; ") Gomo(r ;"5 1) (78)
with
| "x x|
S o(r:") = Yim(#') z° o~ #% 9
’ i
ch(r;t ~ A% % Yd O Yomo(#: )d (79)

The transition rate is often appraximated as velocity randomizing>634

. 0 1X . 0 0
Sirkik = = o (K k) K)o (80)

S

Sincethe transition rate dependsonly on the wave vectorsvia the energiesjt doesno longer

depend on the angles. This simpli es greatly the expressiondor in

;I mIOmO(r.") - ZI m(")C (r." oA ) 0;19 O;m0 (81)
and out scattering
out .n 1 X X 0 ru 0. .n . .
Simiomo(r:") = o— Zoo(" =1 ) (r; ~L ") o mmeo (82)
Yo:0

0

In the caseof the analytical electronband structure the DOS doesnot depend on the angles.
Thus, the in-scattering term couplesonly gy, into the balanceequationfor | = m = 0. The
out-scattering term reducesto the scattering rate times g.,. A detailed discussionof the
scattering integral for an analytical electron band structure can be found in Ref. 24, which
also covers anisotropic impurity scattering. The given expressionscan be directly applied

to the Modenamodel as shovn by Goldsmart® and are not repeated here.

IIl. RESUL TS FOR ELECTR ONS IN A SI NPN BJT

Resultsare presetted for a 1D NPN Si BJT, which is discretizedon an equidistart grid
in energy and 1D real space. Electrons are simulated with the Modena model which is
basedon an analytical band structure with six nonparatolic and ellipsoidal valleys2?® The
phonon energiesare mapped onto the energygrid which simpli es the discretization of the

scattering integral becausan this casethe energytransferis a multiple of the energyspacing
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FIG. 2: Donor and acceptor pro les of the Si BJT.

and the nal energiesalways lie on grid nodes!® The energyspacingis setto onetenth of
the maximum phonon energyin order to resole alsothe phononswith lower energies.The
BJT is aligned along the [100] direction. The arti cial doping pro le is shavn in Fig. 2.
Apparent band gap narrowing is included®® and the doping concertration dependenceof the
Brooks-Herringtypeimpurit y scatteringmodel?® is modi ed to reproducemeasuredmajority
and minority electron mobilities.® Holes are included in the zero currert approximation
in the nonlinear Poissonequation by a quasi-Fermi potential evaluated by consistet DD
simulations,®” wherethe hole quasi-Fermi potential was xed to the basebias for one node
in the middle of the base3® The DD electrostatic potertial is usedasan initial condition for
the Newton-Raphsoniteration of the coupledBE and PE, which corvergeswithin three (low
injection) to seen iterations (high injection) down to an error in the potential of lessthan
10 V. If not stated otherwise, the distance betweenthe nodesof the equidistart grid in
real spaceis 1nm and the order of SHE is v e. Due to the symmetry of the problemin the
1D real spaceall coe cien ts of the distribution function with m 6 0 vanish. The cortact
reconbination time in Eqg. (61) is setto 1fs

Small currents and densities, which vary by many orders of magnitude, are di cult to
simulate by MC. In the caseof the collector current of a BJT the CPU time of an MC

simulation is inverselyproportional to the collector current and simulation of small currents
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FIG. 3: Electron current density at Vcg = 0.5V as obtained by BE and DD.

is not possiblebecauseof too large CPU times® In Fig. 3 the collector currernt versusbase
bias is shavn together with DD results, and SHE is able to simulate the collector current
without any problemsover a range of se\en orders of magnitude and more, wherethe CPU
time is almost independert of the collector current. Corresponding electron densitesare
shavn in Fig. 4 and very low and very high densitiesposeno problem at all. Even very
strong gradierts in the electron density can be handled. Thus, stable solutions can be
obtained without relying on the H-transformation.® In cortrast to the MC method, which is
inherertly transient, SHE yields solutions, which are exactly stationary. This is important
in caseswherethe relaxation of the devicetowards the stationary state is slow. In the case
of the BJT the transit time is inversely proportional to the collector current below high
injection and readiing the stationary state with a transient method at low basebias entails
excessie CPU times.

The electrondistribution function gy is showvn in Fig. 5 for the valleys on the principal
axis in k spaceparallel to the x axis. The distribution function is simulated over many
orders of magnitude. No arti cial oscillations occur, which are typical if no stabilization
sthemeis used(seealsodiscussionin Ref. 16). In Fig. 6 the distribution function is showvn
calculatedwith and without MEDS. The oscillationsare clearly visible even at low energies.

Thus, no useful solutions can be obtained for this bias point without stabilization.
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FIG. 6: Electron distribution function go.o for the x-valley at x = 64nm, Vgg = 0.55V and V¢g =

0.5V evaluated with and without the maximum entropy dissipation scheme (MEDS).
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FIG. 7: Electron density and current density at Vgg = 0.95V and Vcg = 0.5V calculated with and

without exact current cortinuity (ecc).

variesover the device. At high current levelsthe error is quite small. For a basebiasof 0:95v
the variation is lessthan onepercern (Fig. 7) and the di erence in electrondensity between
both schemesis negligible. At low basebias (0.55V) the di erences in the electron density
are alsonegligibleand in the low density regionthe current density calculatedwithout exact

currernt cortinuity is almost constart and similar to the other one. But in the high density
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FIG. 8: Electron density and absolute value of the current density at Vgg = 0.55V and Vcg =

0.5V calculated with and without exact current cortinuity (ecc).

regionsthe current density varies by many orders of magnitude (Fig. 8), if exact current
cortinuity is not ensuredby the discretization. In this caseit is only possibleto acieve
current cortinuity by introducing it arti cially asan additional constrain!® But this leads
to unphysical generation/reconbination rates or modi cations of the distribution function
dependingon how the constrainis implemerted. This canbe avoidedby simply multiplying

the BE with the generalizedDOS beforebox integration.®'6 Moreover, further comparison
of results with and without exact current continuity shoved no detrimental e ects of the
multiplication with the generalizedDOS.

In Ref. 16 it hasbeenshavn by SHE of the third order that the usual rst order expan-
sion is not su cient for small devices. Therefore, the convergenceof SHE is investigated
by simulations with di erent maximum order. The error in collector current decrease®x-
ponerially with the maximum order and an expansionup to the fth order yields an error
which is lessthan 1.6% (Fig. 9). The correspnding electron velocity pro les are shown
in Fig. 10 and the corvergenceis again clearly visible. The quasiballistic transport with a
velocity overshmt of more than 60% requiresan expansionbeyond the rst or third order.
It is worth noting that the appearanceof non-negligiblehigher order harmonicsis due to
the large and rapidly varying built-in elds and happensalready in the linear regime3

Another important question is, whether the grid in the real spaceis su ciently ne.

Although the collector current shaws only a very weak dependenceon the grid spacing,
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FIG. 9: Error of the collector current density at Vge = 0.85V and Vcg = 0.5V for di erent numbers

of spherical harmonicsrelative to the 11th order.

the velocity shows a stronger dependence(Fig. 11). With respect to the terminal current
behavior this does not matter, but quartities like the cuto frequency®*° are strongly
in uenced by the velocity pro le. Newerthelessa rather coarsegrid with a spacingof 2:5nm
seemdo be sucient.

In order to show that the discretization is also stable under rather extreme conditions,
simulations have been performed at a collector bias of 3V. In this casethe electric eld
changesby 500kV=cm over lessthan 50nm and the electron temperature varies rapidly
(Fig. 12). In addition, a nonequidistart grid has beenused, where the spacingin the real
spacevariesfrom 1to 10nm This reducesthe number of nodesin the real spacefrom 251to
82. In spite of this, no problemsoccur in the simulations and the distribution function shows
no spuriousoscillations (Fig. 13). The stability of the discretization seemsto be similar to
the one of the DD or HD model.

IV. BULK RESUL TS FOR FB HOLES

In this sectiona few results are presened for FB holesunder homogeneousulk condi-
tions. A detailed analysiswill be published elsewhere.Under homogeneousulk conditions

the discrete BE is already stable without MEDS and no stabilization schemeis usedin the
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FIG. 11: Electron velocity at Vge = 0.85V and Vcg = 0.5V for di erent spacingsin the real space.

bulk case. The transport model for holesin silicon is basedon an FB structure calculated
with the nonlocal empirical pseudomtential method?® and acoustic and optical phonons

with constart energies>*! The generalizedDOS is shown in Fig. 14 for the heavy hole band
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FIG. 13: Electron energy distribution function go.o for the x-valleys at Vgg = 0.85V and Vg =

3.0V.

and the warped cortour of the cuto energyat 1:27eV can be discerned. The anisotropy of
the generalizedDOS is clearly visible. The DOS hasa four fold symmetry in the ky; ky-plane

and Z,., is only nonzerofor m = 0;4;8;::: This strong anisotropy is the reason,why in

cortrast to the analytical electron model*?*3 harmonicsbeyond the third order are required

under homogeneousulk conditions. This is already the casein the linear regime,for which
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the distribution function is given by

f(GE) fool’ () + = ( (DETV ()feal” (K)) ; (83)
B 10

where is the microscopicrelaxation time and E the electric eld. 444> Thus, the linear
response of the distribution function is proportional to the group velocity, of which the
SHE (67) cortains odd harmonicsof higher order than onein the caseof an FB structure.
Therefore, simulations were performedwith an |,ox much higher than oneor three resulting
in upto (Imax + 1) nonzeroharmonicsdepending on the direction of the electric eld. The
strong anisotropy is re ected in the heary hole EDF, which is shavn in Fig. 15for an electric
eld in [110]direction and l,.x = 20. The rather large value of |,ox IS chosento resohe
the strong angular dependence.For the calculation of averages(e.g. drift velocity) sud a
high number of harmonicsis not necessary In Fig. 16 the drift velocity evaluated by SHE
is shawvn together with consiste FB-MC results® and good agreemen is obtained between
both methods for |,2x = 13. In Fig. 17 the sum of the EDF over all bands(p 4_P do.o("))
is shovn togetherwith MC results. Good agreemen betweenSHE and MC is obtained upto
100kV=cm. Above this value the cuto energyat about 1:2eV hasa detrimental e ect and
simulation of higher electric elds requiresa new method to include higher energiean SHE.
Otherwise, theseresults clearly shav that SHE can handle FB structures. We would like to

point out that SHE, if properly applied, providesan exact solution of the full BE and is not
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FIG. 15: Distribution function g [a:u:] for heavy holesin the plane at k, = O for an electric eld

of 30kV=cm in [110]direction and |max = 20.

inferior to the MC method.

V. PERF ORMANCE OF THE LINEAR SOLVER

In the caseof the 5th order expansionand 251 nodesin the real spaceand 140in energy
the linear system of equations of the Newton-Raphsoniteration has after elimination of
the equationsfor odd | 211091unknowns but only 6032893nonzeroertries in its matrix.
Thusthe matrix is extremely sparseand in order to avoid excessie ll{in, a preconditioned
iterativ e solver is used. Here we usethe GMRES method*® asiterativ e solver and restart it
ewvery 30th step. The performanceof an iterativ e solver extremely dependson the designof
the preconditioner P that approximates the original systemA. In the ideal caseone would
obtain AP ' = | + E for amatrix E of smallnorm kEk < 1. In this caseit is known* that

the numerical approximation x® of Ax = b after k GMRES iteration stepssatis es
kb Ax®k 2kb Ax@k KEK

Here we use a multilevel incomplete LU decommsition®? of the given matrix as precondi-
tioner. Smallertries in magnitude are beingdroppedif they are below a giventhreshold 8 In

addition, the growth of kL 'k and kU 'k is cortrolled by an adaptive pivoting strategy.*®
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300kV=cm in [110]direction and Ihax = 13 and corresponding MC results.

While the cortrol on the growth of the inversetriangular factors is usedto substartially
improve the robustnessof the factorization, the choice of the drop tolerancedrivesthe e -

ciency of the preconditioner. A larger drop toleranceresultsin a smaller number of Il{ins
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and the preconditioner requireslessmemory This kind of preconditioning, on the other
hand, degradeswith increasingdrop tolerance. For larger drop tolerancesthe approximate
LU decomposition becomestoo rough and the iterativ e solver will not corvergeanymore.
For our example, when the drop tolerance exceeds0.1, the iterativ e solver does not con-
verge within 500 iterations, which we consideras failure. With increasingdrop tolerance
the CPU time for the decompsition decreasesvhereasthe iterativ e solver requires more
stepsand more time. The total CPU time is minimal for a drop toleranceof about 0.05for
which the number of Il{ins is 4.4times the number of nonzerosin the given matrix and the
memory requiremert is appraximately 500 MBytes. The accuracyof the solution is closeto
madhine precisionand the Newton-Raphsonmethod corvergesover morethan ten ordersof

magnitude.

VI. CONCLUSIONS

We have preserted a newgeneralizedderivation of balanceequationsfrom the BE by SHE
which can handle FB structures, at leastin the caseof holes. Current cortinuity is ensured
by box integration and spurious oscillations are suppressedoy MEDS. It is showvn that
the discretization is rather robust and remains stable under the adverseconditions found
in nanoscaledevices. This allows to avoid the H-transformation which makes it almost

impossibleto obtain a self-consisten solution of the BE and PE by the Newton-Rhapson
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method, which is a prerequisitefor small-, large-signalanalysis,and noisecalculations. The
corvergenceof SHE hasbeendemonstratedand if a su cien t number of harmonicsis used,
SHE yields a solution of the full BE similar to MC. The necessaryorder of SHE is found to
increasewith decreasingdevicesizeasthe transport becomesnore and more ballistic. It has
beendemonstratedhow to solwe the resultant large systemof equationsin a memory and
CPU e cient way by ILUPACK. Comparedto the MC method, SHE hasall the advantages
of the macroscopidransport models(e.g. DD or HD model) and can handle small currents,
hugevariations in the particle density, acanalysisetc. In cortrast to the inherertly transiernt

MC method, SHE canyield exactly stationary solutions.
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The so-called H-transformation allows to formulate stable equations without a stabilization
schemeat the expenseof a grid, which must be aligned with the electrostatic potential. ® Such
grids are exceedinglydi cult to useif the self-consistetly calculated potential is time dependert
asin the transient, small- or large-signal cases'?

In the caseof the analytical electron band structure of the Modena model,23 which will be
discussedater in this work, rst the Herring-Vogt transform is applied.>°

This de nition does not include the integration over the solid angle. The generalizedDOS is
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therefore for the casethat it doesnot depend on the anglesby a factor of 4 smaller than the
corvertional expression.

Equation (46) can be alsoderived for f instead of g by neglectingthe delta function in Eq. (17)
and integrating only over the solid angle, but the resultant systemof equationsdoesnot consene
the particle charge exactly. Due to box integration a certain density de ned with f will be
consened exactly, but becausethe generalizedDOS is missing, this density doesnot correspond
to the particle density.

This stabilization schemeshould not be confusedwith the so-calledScarfetter-Gummel scheme
presened in Ref. 18, which was derived by enforcing continuity in the real spacefor the ho-
mogeneouspart of the balance equation for I=m=0 and which can be applied only to a rst
order expansion.In cortrast to Ref. 18 in our approac current cortinuity is ensuredby box
integration and the Scharfetter-Gummel schemeis usedto stabilize the equationssimilar to the

caseof the DD model.3!
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