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Abstract

The Boltzmann equation for transport in semiconductorsis projected onto spherical harmonics

in such a way that the resultant balanceequations for the coe�cien ts of the distribution function

times the generalizeddensity of states can be discretized over energy and real spaceby box in-

tegration. This ensuresexact current contin uit y for the discrete equations. Spurious oscillations

of the distribution function are successfullysuppressedby stabilization basedon a maximum en-

tropy dissipation principle avoiding the H-transformation. The derived formulation can be used

on arbitrary grids as long as box integration is possible. The new approach works not only with

analytical bands but also with full-band structures in the caseof holes. Results are presented for

holes in bulk silicon basedon a full band structure and electrons in a Si NPN BJT. For the �rst

time the convergenceof the spherical harmonics expansion is shown for a device and it is found

that the quasiballistic transport in nanoscaledevicesrequires an expansionof considerablyhigher

order than the usual �rst one. The stabilit y of the discretization is demonstratedfor a rangeof grid

spacingsin the real spaceand bias points which producehugegradients in the electron density and

electric �eld. It is shown that the resultant large linear systemof equationscan be solved memory

e�cien tly by the numerically robust packageILUPACK.
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I. INTR ODUCTION

In the nanometric devicesof modern integrated circuits, transport can be no longer

described accurately by the drift-di�usion (DD) or hydrodynamic (HD) models, which fail

even in the linear regime,1{3 and the semiclassicalBoltzmann equation (BE) has to be

solved.4,5 On the other hand, the usual approach for solving the BE, the Monte Carlo (MC)

method, has,dueto its stochasticnature, many disadvantagescomparedto the nonstochastic

solversfor the macroscopicmodels. For example,small currents entail excessive CPU times

and small-signalanalysisis exceedinglydi�cult. 6 Therefore,nonstochasticsolversfor the BE

have beendeveloped, and amongthe �rst methods was the sphericalharmonicsexpansion

(SHE) (e.g.: Ref. 7). Later this method wasextendedto the caseof devices,8{10 small-signal

analysis,11 noise,12,13 somefull band (FB) e�ects (FB density of states (DOS) and average

FB group velocity),14 and certain quantum e�ects.15 Especially in the caseof small-signal

analysisand noise,SHE hasnumerousadvantagesover the MC method. In order to realize

the potential of SHE, stable, general, and e�cien t numerical methods are required. The

main objectivesof this work are therefore:

1. A spherical harmonics expansionmethodology of arbitrary order for general band

structures including FB.

2. A discretization which ensuresexact current continuity for arbitrary grids without

explicitly introducing it by arti�cial constrains.

3. A stabilization schemeto suppressspuriousoscillations in the distribution function.

Thesepoints have beenaddressedin the literature to a certain degree. Inherently particle

number conservingschemesbasedon box integration were presented for simple analytical

bandstructures.10,16 Wewill present a uni�ed approach in the next section,which canhandle

arbitrary grids on which box integration is possiblein conjunction with analytical and FB

structures for which the energywavevector relation canbe inverted.17 In contrast to Ref. 14,

whereonly the DOS and averagegroup velocity were evaluated by FB calculationsand an

otherwiseisotropic model wasused,we will considerthe full anisotropy of the FB structure.

Without stabilization51 simulation of realistic semiconductordevicesis not possibleand an

upwind discretization,16 a so-calledScharfetter-Gummel-typeapproach18 and schemesbased

on maximum entropy dissipation19{21 have beenproposed. In this work the stabilization is
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basedon a maximum entropy dissipation scheme(MEDS), because,in contrast to certain

other approaches,MEDS has a soundphysical and mathematical basisand can be applied

without problems to higher order expansionsand generalgrids. MEDS has been applied

beforeto the casewherethe energydependenceof the distribution function is resolvedby an

expansionwith polynomials.19{22 We apply it for the �rst time to the casewherethe energy

is discretizedwith a grid.

Results are presented in the third section for electronsin a nanoscaleNPN BJT based

on the transport model of the Modena group.23 The focus of the investigation is on the

numerical properties and transport at low and medium energies.It is shown that the new

approach can handle variations of many orders of magnitude in the particle density and

steepgradients in the electric �eld without the occurrenceof oscillations. The stabilizing

property of MEDS is demonstrated. The accuracy of the discretized BE is investigated

with respect to the grid spacingin the real spaceand number of sphericalharmonics. Since

previous investigations for deviceswere limited to expansionsupto the �rst 10,24 or third 16

order, convergenceof SHE is shown for devicesfor the �rst time by expansionsupto much

higher order. In the fourth section�rst resultsare shown for FB holesin relaxedsilicon and

it is demonstratedby comparisonwith FB Monte Carlo simulations that SHE can handle

FB structures. A disadvantage of SHE is the large systemof equationsresulting from the

discretization of the BE which can lead to excessive memory requirements. In the �fth

section it is brie
y shown how to handle the huge number of unknowns in a memory and

CPU e�cien t way.

I I. THEOR Y

In the framework of semiclassicaltransport theory the spatiotemporal evolution of a

particle gas is described by the BE25 (some indices and arguments are here and in the

following suppressedto increasethe legibilit y of the equations)

@f
@t

+ f h; f g = Ŝf f g ; (1)

wheref � (r ; k ; t) is the distribution function, t the time variable, r the position in real space,

k the wave vector, � the index of the � th valley or band, and Ŝf f g the linear single-particle
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scattering integral

Ŝf f g =

 s

(2� )3

X

� 0

Z
S� ;� 0

(r ; k ; k 0)f � 0
(r ; k 0; t) � S� 0;� (r ; k 0; k )f � (r ; k ; t)d3k0 : (2)


 s is the systemvolume and S� ;� 0
(r ; k ; k 0) the transition rate from the initial state (� 0; k 0)

into the �nal (� ; k ).5 The semiclassicalHamilton function h is given by the total particle

energy

h� (r ; k ; t) = " � (k ) + " �
b(r ) + q	( r ; t) (3)

with q = � e, wheree is the modulus of the electron chargeand the positive sign refers to

holesand the negative to electrons. " denotesthe band energyrelative to its minimum, " b

the band edge(minimum of the band) and 	 the quasistaticpotential. The Poissonbrackets

f h; f g de�ne the drift term

f h; f g = � r T
r h

1
~

r k f +
1
~

r T
k hr r f =

q
~

F T r k f + vT r r f (4)

with v = r k "=~ being the group velocity and ~ Planck's constant divided by 2� .25 The

force is given by26

F � = � r r h� = � r r (q	 + " �
b) : (5)

The box integration method allows to discretize partial di�eren tial equationsbasedon

densitiesand 
uxes in a chargeconservingway.27 The key to the box integration method is

that densitiesand 
uxes are de�ned on dual meshes,i.e. densitiesare de�ned as integral

quantities at the centers of boxes, whereas
uxes are de�ned on the edges,or surfaces,

of the boxes. We note that, in the casethat the band energy " � (k ) is an even function,

" � (k ) = " � (� k ), macroscopicquantities, such asparticle density and temperature are given

by moments of the even part of f , while macroscopic
uxes, such as current densitiesare

given by moments of the odd part of f . Correspondingly, we split f into its even and odd

part f = f e + f o with f e and f o given by20

f e� (r ; k ; t) =
f � (r ; k ; t) + f � (r ; � k ; t)

2
; f o� (r ; k ; t) =

f � (r ; k ; t) � f � (r ; � k ; t)
2

: (6)

For both parts a BE can be formulated

@f e

@t
+ f h; f og = Ŝef f g ;

@f o

@t
+ f h; f eg = Ŝof f g : (7)

The drift operator couplesonly the even and odd parts but not the even with even or the

odd with the odd part. The BE for the evenpart is the continuity equationfor the densities.

4



The corresponding drift operator hasto be formulated asa divergenceof the 
uxes in order

to be able to usethe box integration method.10 Beforethis is done,the BE is projected onto

sphericalharmonics.

The distribution function is expandedwith sphericalharmonicsYl ;m (#; ' ). The spherical

harmonicsare orthogonal, real valued and normalized
I

Yl ;m (#; ' )Yl0;m 0(#; ' )d
 = � l ;l 0� m;m 0 (8)

for l = 0; � � � ; 1 and m = � l; � � � ; l . 
 is the solid angle and d
 = sin#d#d' . The

zero order sphericalharmonic is a constant (Y0;0(#; ' ) = 1=
p

4� ). Details of the spherical

harmonicscan be found in Ref. 28.

Before the dependenceof the distribution function on the anglescan be expandedwith

sphericalharmonics,it has to be decidedwhether the distribution function is expandedfor

constant energyor constant modulus of the wave vector. An expansionof the distribution

function on equienergysurfaceshasmany advantagesover an expansionwith respect to the

modulus of the wave vector. E.g. at equilibrium the distribution function f is isotropic on

equienergysurfaces. In many scattering models the scattering rate is a function of energy

and the energytransfer during scattering is alsoconstant. Thus, the scattering integral can

be easily formulated on equienergysurfaces. In addition, if a magnetic force is included

in the BE, this formulation ensuresthat the magnetic force does not spuriously produce

energy. In order to expand the distribution function on equienergysurfaces,a coordinate

transformation is required and the following mapping of the sphericalcoordinates of the k

space(k; #k ; ' k) onto the energyspace("; #" ; ' " ) is used

" = " � (k; #k ; ' k) ;

# = #" = #k ;

' = ' " = ' k ;

k = k� ("; #" ; ' " ) :

(9)

In the energyspacethe equienergysurfacesare spheres52 and the anglesare the sameas in

the k space. This is only possibleas long as the mapping is unique in both directions.17

For example,in the caseof an FB structure for holesin unstrained silicon29 this is possible

up to an energy of about 1:27eV. The corresponding �rst conduction band on the other

hand touchesthe surfaceof the Brillouin zonealready at 0:13eV, which is too low a cuto�
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energyfor usefulsimulations. Due to the de�nition of the coordinate transformation (9) the

expansionof the distribution function on equienergysurfacescan be written as

g�
l ;m (r ; "; t) =

2
(2� )3

Z
� (" � " � (k )) Yl ;m (#; ' )f � (r ; k ; t)d3k

= 2
I

Yl ;m (#; ' )f � (r ; k � ("; #; ' ); t)Z � ("; #; ' )d
 : (10)

The generalizedDOS Z for one spin direction53 is proportional to the Jacobian of the

coordinate transformation

Z � ("; #; ' ) =
k2

(2� )3

�
�
�
�
�
�
�
�
�

@k=@" @#k=@" @' k=@"

@k=@#" @#k=@#" @' k=@#"

@k=@' " @#k=@' " @' k=@' "

�
�
�
�
�
�
�
�
�

=
k2

(2� )3

@k
@"

: (11)

Equation (10) implies for the generalizedenergydistribution function (EDF)

g� (r ; "; #; '; t) = 2Z � ("; #; ' )f � (r ; k � ("; #; ' ); t) : (12)

A macroscopicdensity x readswith the EDF

x(r ; t) =
X

�

Z I
X � ("; #; ' )g� (r ; "; #; '; t)d
d " : (13)

Expansionof the microscopicquantit y

X �
l ;m (") =

I
X � ("; #; ' )Yl ;m (#; ' )d
 (14)

yields

x(r ; t) =
X

�

Z
X �

l ;m (")g�
l ;m (r ; "; t)d" ; (15)

where here and in the following the Einstein convention of implicitly summing over pairs

of identical indices is usedfor the indicesof the sphericalharmonics(not � ). The particle

density, for example,with X = 1 is given by

n(r ; t) =
1

Y0;0

X

�

Z
g�

0;0(r ; "; t)d" : (16)

Thus, due to the de�nition of the EDF its (0; 0) component carries the charge in contrast

to f , wherein the anisotropic casealso terms of higher order contribute to the charge.

The BE (1) is expandedin the sameway as the distribution function

2
(2� )3

Z
� (" � " � (k )) Yl ;m (#; ' ) f BEgd3k : (17)
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The �rst term on the LHS of Eq. (1) yields

@f � (r ; k ; t)
@t

!
2

(2� )3

Z
� (" � " � (k )) Yl ;m (#; ' )

@f � (r ; k ; t)
@t

d3k

=
@g�

l ;m (r ; "; t)

@t
: (18)

The �rst part of the drift term (4) is rearrangedwith integration by parts

1
~

F T r k f !
2

(2� )3

1
~

F T
Z

� (" � " � (k )) Yl ;m r k f d3k

= F T
I �

@vg
@"

Yl ;m �
1

~k

�
@Yl ;m

@#
e# +

1
sin#

@Yl ;m

@'
e'

�
g
�

d


=
@F T j l ;m

@"
� F T � l ;m (19)

with

j l ;m =
I

vgYl ;m d
 (20)

and

� l ;m =
I

1
~k

�
@Yl ;m

@#
e# +

1
sin#

@Yl ;m

@'
e'

�
gd
 ; (21)

where e# and e' are the unit vectors of the spherical coordinate system for the # and '

direction, respectively. The (0,0) component of the generalizedcurrent density j �
l ;m (r ; "; t)

yields by de�nition the particle current density

j (r ; t) =
1

Y0;0

X

�

Z
j �

0;0(r ; "; t)d" : (22)

The secondpart of the drift term (also called di�usion term) evaluatesto

vT r r f ! r T
r j l ;m : (23)

The RHS of the BE will be treated in detail later. The resultant systemof coupledbalance

equationsreadsnow

@gl ;m

@t
+

@F T j l ;m

@"
+ r T

r j l ;m � F T � l ;m = Ŝl ;m f gg : (24)

The derivativesin the drift operator can be combined to yield a divergence

@F T j l ;m

@"
+ r T

r j l ;m = ~r T ~j l ;m (25)

with

~r =

0

@
@
@"

r r

1

A ; ~j l ;m =

0

@F T j l ;m

j l ;m

1

A : (26)
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Equation (24) hasnow the desiredform

@gl ;m

@t
+ ~r T ~j l ;m � F T � l ;m = Ŝl ;m f gg : (27)

As stated above, the even part of the distribution function f yields the density. Since

the generalizedDOS is an even function of the wave vector, the even part of g corresponds

to f e and the odd part to f o. Thus, the drift operator should only couplethe odd part of g

into the even oneand vice versa. After SHE the even part of g is given by

ge� (r ; "; #; '; t) =
1X

i =0

2iX

m= � 2i

g�
2i;m (r ; "; t)Y2i;m (#; ' ) (28)

and contains only even sphericalharmonics. The odd part contains only odd harmonics

go� (r ; "; #; '; t) =
1X

i =0

2i+1X

m= � (2i+1)

g�
2i +1 ;m (r ; "; t)Y2i+1 ;m (#; ' ) : (29)

The drift operator contains two quantities, j l ;m and � l ;m , which depend on g. Inserting the

expansionof g into j l ;m and � l ;m yields

j l ;m = v l ;m;l 0;m 0gl0;m 0 (30)

with

v l ;m;l 0;m 0 =
I

Yl ;m vYl0;m 0d
 (31)

and

� l ;m = � l ;m;l 0;m 0gl0;m 0 (32)

with

� l ;m;l 0;m 0 =
I

1
~k

�
@Yl ;m

@#
e# +

1
sin#

@Yl ;m

@'
e'

�
Yl0;m 0d
 : (33)

Sincethe velocity is an odd function, v l ;m;l 0;m 0 couplesonly evenharmonicsto odd ones.The

sameholds for � l ;m;l 0;m 0 due to the derivativeswith respect to the anglesand becausek is

an even function

v2i;m; 2i 0;m 0 = v2i+1 ;m;2i 0+1 ;m 0 = 0 and � 2i;m; 2i 0;m 0 = � 2i+1 ;m;2i 0+1 ;m 0 = 0 : (34)

Therefore,the odd/even property of the drift operator is conserved and the box integration

method can be usedto discretizeEq. (27) for even l.
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The current continuity equation is obtained by integrating the BE over the k spaceand

summation over all bands or valleys. Becauseof Eqs. (16) and (22) this corresponds to

integration of Eq. (27) over energyand summation over � for l = m = 0

2
(2� )3

X

�

Z
f BEgd3k !

1
Y0;0

X

�

Z 1

0

"
@g�

0;0

@t
+

@F � T j �
0;0

@"
+ r T

r j �
0;0

#

d" = 0 : (35)

The term containing � does not occur, because� 0;0;l 0;m 0 vanishes for all l0, m0 due to

@Y0;0=@# = @Y0;0=@' = 0 [cf. Eq. (32)]. Moreover, it has beenassumedthat the scattering

integral conservesthe particle number. The integral of @F � T j �
0;0=@" over energyyields ex-

actly zero,becausej �
0;0 vanishesat zeroand in�nite energy.10,16 Therefore,Eq. (35) reduces

to the continuity equation
@n
@t

+ r T
r j = 0 (36)

and if Eq. (27) is discretizedfor even l with the box integration method, the discretesystem

of equationswill conserve the particle density exactly. Thus, we have extendedthe approach

of Refs.10,16 to the caseof more generalband structures and arbitrary order of SHE.

MEDS is usedto discretizethe balanceequationsfor odd l.19{21 To this end the BE (1)

is multiplied with

H = exp
�

h
kBT0

�
; (37)

wherekBT0 is the thermal energyat equilibrium. Sinceany function that dependsonly on

the Hamilton function h can be moved inside the Poissonbrackets

H f h; f g = f h; H f g ; (38)

the BE can be cast into the following form

H
@f
@t

+ f h; H f g = H Ŝf f g : (39)

The corresponding balanceequationsfor odd l are given by

H
@gl ;m

@t
+ ~r T

h
H ~j l ;m

i
� F T H � l ;m = H Ŝl ;m f gg : (40)

They can be discretizedusing the box integration method or �nite di�erences.

For box integration a special grid is required.30 In Fig. 1 an exampleis shown. The box

Gi v of node i v contains all points which are closestto this grid node. The nodes of the

adjoint grid are given by the nodes on the surfaceof the box. In Fig. 1 the nodes of the
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FIG. 1: Direct grid (�lled circles,solid lines) and dual grid (open circles,dashedlines). The shaded

area is a box of the direct grid for the node i v . j s is a surfacenode belonging to the i v-th box. The

darker shadedarea is the part of the box which belongsto the surfacenode j s(i v).

direct grid are given by the points wherethe solid lines terminate. On thesenodesthe even

harmonicsare de�ned. The endpoints of the dashedlines are the nodesof the adjoint grid,

on which the odd harmonicsare de�ned. In the sameway as for the direct grid, boxescan

be de�ned for the adjoint grid. To unify the treatment of the balanceequationsfor even

and odd l, H is alsode�ned for even l

H l =

8
<

:

1 for even l

exp
�

h
kB T0

�
for odd l

: (41)

The balance equations are integrated over the four-dimensional volume of each box Gi v

wherethe integral over the divergenceis changedto a surfaceintegral with Gauss' law
Z

G i v

H l
@gl ;m

@t
d4� +

I

@G i v

H l
~j T

l ;m d ~A �
Z

G i v

F T H l � l ;m d4� =
Z

G i v

H l Ŝl ;m f ggd4� : (42)

@Gi v is the surfaceof the box and ~� is a position vector in the four-dimensionalenergy/real

space.

In order to obtain a Scharfetter-Gummel-type stabilization,31 it is assumed�rstly that

g, j , and � are constant within a box and given by the value on the node of that box (g

on the direct grid and j , � on the adjoint grid). Secondly, it is assumedthat the function

H dependson the coordinatesand the quasistaticpotential is interpolated linearly between

the nodesof the direct grid.20 Otherwise, the resultant integrals of H are evaluated exactly

and abbreviatedby

H V i v
l =

Z

G i v

H ld4� ; (43)
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H ~A j s;i v
l =

Z

@G i v \ G j s

H ld ~A (44)

and

H V j s;i v
l =

Z

G i v \ G j s

H ld4� : (45)

The last integral extendsover the overlap of Gi v and Gj s (the dark shadedarea in Fig. 1)

and the surfaceintegral over that part of the surfaceof Gi v which lies in Gj s. This yields

for the balanceequations

@gi v
l ;m

@t
+

X

j sj ~� j s2 @G i v

"

~j j s T
l ;m

H ~A j s;i v
l

H V i v
l

� F j s T � j s
l ;m

H V j s;i v
l

H V i v
l

#

= Ŝi v
l ;m f gg ; (46)

wherethe equationhasbeendivided by H V i v
l . The sum in Eq. (46) extendsover all surface

nodes ~� j s which lie on @Gi v . With this method the BE can be discretized on arbitrary

grids on which box integration is possibleand current continuity is guaranteed by virtue of

construction.54

For a 1D real and energy spacethe direct grid can be de�ned as a Cartesian tensor

product grid (x i ; " j ) with nx grid nodesin x direction and n" in energy. The adjoint grid is

given by

x i + 1
2

= x i +1 + x i

2 for i = 1; : : : ; nx � 1

" j + 1
2

= " j +1 + " j

2 for j = 1; : : : ; n" � 1
; (47)

on which the potential is linearly interpolated

	 0
i+ 1

2
=

	 0
i +1 +	 0

i

2 for i = 1; : : : ; nx � 1 (48)

with q	 0 = "b + q	. The integral in Eq. (43) evaluatesfor odd l (i v = (i + 1
2; j + 1

2)) to

H V
(i + 1

2 ;j + 1
2 )

l =
Z x i +1

x i

Z " j +1

" j

exp
�

h
kBT0

�
d"dx

= (kBT0)2

�
exp

�
" j +1

kBT0

�
� exp

�
" j

kBT0

��

�
x i +1 � x i

q	 0
i+1 � q	 0

i

�
exp

�
q	 0

i+1

kBT0

�
� exp

�
q	 0

i

kBT0

��
: (49)
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For j s = (i + 1; j + 1) Eq. (45) yields

H V
(i +1 ;j +1) ;(i + 1

2 ;j + 1
2 )

l =
Z x i +1

x
i + 1

2

Z " j +1

"
j + 1

2

exp
�

h
kBT0

�
d"dx

= (kBT0)2

�
exp

�
" j +1

kBT0

�
� exp

� " j + 1
2

kBT0

��

�
x i +1 � x i + 1

2

q	 0
i+1 � q	 0

i+ 1
2

"

exp
�

q	 0
i+1

kBT0

�
� exp

 
q	 0

i+ 1
2

kBT0

!#

: (50)

Similar expressionscan be obtained for the three other surfacenodes. Division of Eq. (50)

by Eq. (49) yields for all four surfacenodesj s = (i 0; j 0) = (i + 1
2 � 1

2; j + 1
2 � 1

2)

H V
(i 0;j 0);(i + 1

2 ;j + 1
2 )

l

H V
(i + 1

2 ;j + 1
2 )

l

=
1
4

C

 
q	 0

i+ 1
2

� q	 0
i 0

kBT0

!

C
� " j + 1

2
� " j 0

kBT0

�
(51)

with

C(x) =
B(2x)
B(x)

(52)

and the Bernoulli function

B(x) =
x

exp(x) � 1
: (53)

The surfaceintegral (44) hasan " component

H A
(i +1 ;j +1) ;(i + 1

2 ;j + 1
2 )

l ;" =
Z x i +1

x i + 1
2

exp
�

" j +1 + q	 0

kBT0

�
dx

= kBT0 exp
�

" j +1

kBT0

� x i +1 � x i + 1
2

q	 0
i+1 � q	 0

i+ 1
2

"

exp
�

q	 0
i+1

kBT0

�
� exp

 
q	 0

i+ 1
2

kBT0

!#

(54)

and an x component

H A
(i +1 ;j +1) ;(i + 1

2 ;j + 1
2 )

l ;x =
Z " j +1

" j + 1
2

exp
�

" + q	 0
i+1

kBT0

�
d"

= kBT0 exp
�

q	 0
i+1

kBT0

� �
exp

�
" j +1

kBT0

�
� exp

� " j + 1
2

kBT0

��
: (55)

Thesereduceto

H A
(i 0;j 0);(i + 1

2 ;j + 1
2 )

l ;"

H V
(i + 1

2 ;j + 1
2 )

l

=
1

" j 0 � " j + 1
2

B
� " j + 1

2
� " j 0

kBT0

�
H V

(i 0;j 0);(i + 1
2 ;j + 1

2 )
l

H V
(i + 1

2 ;j + 1
2 )

l

(56)

and
H A

(i 0;j 0);(i + 1
2 ;j + 1

2 )
l ;x

H V
(i + 1

2 ;j + 1
2 )

l

=
1

x i 0 � x i + 1
2

B

 
q	 0

i+ 1
2

� q	 0
i 0

kBT0

!
H V

(i 0;j 0);(i + 1
2 ;j + 1

2 )
l

H V
(i + 1

2 ;j + 1
2 )

l

: (57)
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The last equation reducesto a Scharfetter-Gummel-type stabilization in the limit of an

in�nitely small energy spacing (" j +1 � " j ! 0) becauseof B(0) = 1.55 For even l the

corresponding expressionsare given by (j s = (i 0; j 0) = (i � 1
2 ; j � 1

2))

H V (i 0;j 0);(i;j )
l

H V (i;j )
l

=

�
�
�
�
�

x i 0 � x i

x i + 1
2

� x i � 1
2

" j 0 � " j

" j + 1
2

� " j � 1
2

�
�
�
�
�

; (58)

H A(i 0;j 0);(i;j )
l ;"

H V (i;j )
l

=
1

" j 0 � " j

H V (i 0;j 0);(i;j )
l

H V (i;j )
l

(59)

and
H A(i 0;j 0);(i;j )

l ;x

H V (i;j )
l

=
1

x i 0 � x i

H V (i 0;j 0);(i;j )
l

H V (i;j )
l

: (60)

If (i; j ) is a grid point on the surfaceof the direct grid, the volume of the box in Eqs. (58)-

(60) has to be reducedaccordingly (i.e. replacingx i +1 � x i � 1 by x i +1 � x i or x i � x i � 1 and

similarly for the energy).

The boundary conditions for the balanceequationsare de�ned on the direct grid. Boxes

contain only points which lie within the direct grid. All quantities de�ned on the adjoint

grid, which would lie outsideof the direct grid, arenot considered.This correspondsto von-

Neumann-type boundary conditions. The scattering integral is formulated in such a way

that scattering with �nal energiesoutside of the direct grid is suppressed.Ohmic contacts

are modeledby a generation/recombination processwith the rate


 �
l ;m (") = �

g�
l ;m (") � Z �

l ;m (")f �
eq(")

� 0
: (61)

� 0 is the recombination time and f eq the equilibrium distribution function (Maxwell-

Boltzmann distribution) normalized to the particle density on the contact. The recom-

bination rate is applied for even l on grid nodes of the direct grid, which belong to the

contacts.

The Poissonequation (PE) for the quasistaticpotential hasto be solved self-consistently

with the BE

r T
r (� r r 	) = � %Dot � qn ; (62)

where� is the dielectric constant and %Dot the dopingconcentration times the electroncharge.

The PE is also discretizedwith the box integration method. The potentials are de�ned on

the nodesof the direct grid and are linearly interpolated on the grid lines betweennodes.
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The usual boundary conditions are used for the potential (Dirichlet type on contacts and

von Neumannon the other parts of the devicesurface).30

Due to the stabilization schemeand the electric �eld in the drift term the BE is nonlinear

and coupledto the PE. The coupledBE and PE are solved simultaneouslyby the Newton-

Raphsonmethod. The equationsare built for even and odd l, wherethe odd equationsare

subsequently eliminated by a pre-solver. The resultant sparsesystemof linear equationsis

solved with ILUPACK, a very CPU and especially memory e�cien t sparsematrix solver.32

The band structure has a strong impact on v l ;m;l 0;m 0 and � l ;m;l 0;m 0. In the caseof the

silicon electron model developed by the Modenagroup5,23 theseexpressionscan be greatly

simpli�ed. After application of the Herring-Vogt transform to the BE33 they read

v �
l ;m;l 0;m 0(") = v� (")a l ;m;l 0;m 0 (63)

with

a l ;m;l 0;m 0 =
I

Yl ;m e" Yl0;m 0d
 (64)

and

� �
l ;m;l 0;m 0(") =

1
~k� (")

bl ;m;l 0;m 0 (65)

with

bl ;m;l 0;m 0 =
I �

@Yl ;m

@#
e# +

1
sin#

@Yl ;m

@'
e'

�
Yl0;m 0d
 ; (66)

where the asterisk indicates a Herring-Vogt transformed variable and e" is the unit vector

in radial direction for spherical coordinates. In the caseof this analytical band structure

it is possibleto separatecompletely the energy dependencefrom the dependenceon the

harmonics. This is not possible in the caseof an FB structure. In this casethe group

velocity and the inverse of the modulus of the wave vector are expanded into spherical

harmonicswith Eq. (14)

v �
l ;m (") =

I
v � ("; #; ' )Yl ;m (#; ' )d
 ; (67)

�
1

~k

� �

l ;m

(") =
I

1
~k� ("; #; ' )

Yl ;m (#; ' )d
 : (68)

Theseexpansionsare inserted into Eqs. (31) and (33) resulting in

v �
l ;m;l 0;m 0(") = v �

l00;m 00(")al ;m;l 0;m 0;l 00;m 00 (69)
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with

al ;m;l 0;m 0;l 00;m 00 =
I

Yl ;m Yl0;m 0Yl00;m 00d
 (70)

and

� �
l ;m;l 0;m 0(") =

�
1

~k

� �

l00;m 00

(")bl ;m;l 0;m 0;l 00;m 00 (71)

with

bl ;m;l 0;m 0;l 00;m 00 =
I �

@Yl ;m

@#
e# +

1
sin#

@Yl ;m

@'
e'

�
Yl0;m 0Yl00;m 00d
 : (72)

The integrals in Eqs. (64), (66), (70), and (72) can be easilyevaluated by computer algebra

methods for arbitrary indices.

The scattering integral contains the transition rate which is given with Fermi's golden

rule by5,25

S� ;� 0
(r ; k ; k 0) =

1

 s

X

�

c� ;� 0

� (r ; k ; k 0)�
�

" � (k ) � " � 0
(k 0) � ~! �

�
; (73)

where it for the sake of simplicity has beenassumedthat the energytransfer ~! � doesnot

depend on the initial and �nal wave vector. The minus sign stands for absorption and the

plus for emission. The index � is used to label the di�eren t types of scattering processes

(e.g.: impurit y scattering,acousticand optical phononscatteringetc.). Beforethe scattering

integral is projected onto sphericalharmonics,it is splitted into an in-scattering term

Ŝin f f g =

 s

(2� )3

X

� 0

Z
S� ;� 0

(r ; k ; k 0)f � 0
(r ; k 0; t)d3k0 (74)

and out-scattering term

Ŝout f f g =

"

 s

(2� )3

X

� 0

Z
S� 0;� (r ; k 0; k )d3k0

#

f � (r ; k ; t) : (75)

Projection of the in-scattering term yields

Ŝin
l ;m f gg =

2
(2� )3

Z
� (" � " � (k )) Yl ;m (#; ' )Ŝin f f gd3k

=
X

� 0

X

�

S� ;� 0 in
� ;l ;m;l 0;m 0(r ; " )g� 0

l0;m 0(r ; " � ~! � ; t) (76)

with

S� ;� 0 in
� ;l ;m;l 0;m 0(r ; " ) =

I I
Yl ;m (#; ' )Z � ("; #; ' )

� c� ;� 0

� (r ; "; #; '; " � ~! � ; #0; ' 0)Yl0;m 0(#0; ' 0)d
 0d
 : (77)
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The out-scattering term evaluatesto

Ŝout
l ;m f gg = S� out

l ;m;l 0;m 0(r ; " )g�
l0;m 0(r ; "; t) (78)

with

S� out
l ;m;l 0;m 0(r ; " ) =

I
Yl ;m (#; ' )

"
X

� 0

X

�

I
Z � 0

(" � ~! � ; #0; ' 0)

� c� 0;�
� (r ; " � ~! � ; #0; ' 0; "; #; ' )d
 0

i
Yl0;m 0(#; ' )d
 : (79)

The transition rate is often approximated as velocity randomizing5,6,34

S� ;� 0
(r ; k ; k 0) =

1

 s

X

�

c� ;� 0

� (r ; " � (k ); " � 0
(k 0)) �

�
" � (k ) � " � 0

(k 0) � ~! �

�
: (80)

Sincethe transition rate dependsonly on the wave vectorsvia the energies,it doesno longer

depend on the angles.This simpli�es greatly the expressionsfor in

S� ;� 0 in
� ;l ;m;l 0;m 0(r ; " ) =

1
Y0;0

Z �
l ;m (")c� ;� 0

� (r ; "; " � ~! � )� 0;l 0� 0;m 0 (81)

and out scattering

S� out
l ;m;l 0;m 0(r ; " ) =

1
Y0;0

X

� 0

X

�

Z � 0

0;0(" � ~! � )c� 0;�
� (r ; " � ~! � ; " )� l ;l 0� m;m 0 : (82)

In the caseof the analytical electronband structure the DOS doesnot dependon the angles.

Thus, the in-scattering term couplesonly g0;0 into the balanceequation for l = m = 0. The

out-scattering term reducesto the scattering rate times gl ;m . A detailed discussionof the

scattering integral for an analytical electron band structure can be found in Ref. 24, which

also covers anisotropic impurit y scattering. The given expressionscan be directly applied

to the Modenamodel as shown by Goldsman33 and are not repeatedhere.

I I I. RESUL TS FOR ELECTR ONS IN A SI NPN BJT

Resultsare presented for a 1D NPN Si BJT, which is discretizedon an equidistant grid

in energy and 1D real space. Electrons are simulated with the Modena model which is

basedon an analytical band structure with six nonparabolic and ellipsoidal valleys.23 The

phonon energiesare mapped onto the energygrid which simpli�es the discretization of the

scattering integral becausein this casethe energytransfer is a multiple of the energyspacing
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FIG. 2: Donor and acceptor pro�les of the Si BJT.

and the �nal energiesalways lie on grid nodes.18 The energyspacingis set to one tenth of

the maximum phonon energyin order to resolve also the phononswith lower energies.The

BJT is aligned along the [100] direction. The arti�cial doping pro�le is shown in Fig. 2.

Apparent band gapnarrowing is included35 and the doping concentration dependenceof the

Brooks-Herringtypeimpurit y scatteringmodel36 is modi�ed to reproducemeasuredmajorit y

and minorit y electron mobilities.6 Holes are included in the zero current approximation

in the nonlinear Poissonequation by a quasi-Fermi potential evaluated by consistent DD

simulations,37 wherethe hole quasi-Fermi potential was �xed to the basebias for onenode

in the middle of the base.38 The DD electrostaticpotential is usedasan initial condition for

the Newton-Raphsoniteration of the coupledBE and PE, which convergeswithin three (low

injection) to seven iterations (high injection) down to an error in the potential of lessthan

10� 10V. If not stated otherwise, the distancebetweenthe nodesof the equidistant grid in

real spaceis 1nm and the order of SHE is �v e. Due to the symmetry of the problem in the

1D real spaceall coe�cien ts of the distribution function with m 6= 0 vanish. The contact

recombination time in Eq. (61) is set to 1fs.

Small currents and densities,which vary by many orders of magnitude, are di�cult to

simulate by MC. In the caseof the collector current of a BJT the CPU time of an MC

simulation is inverselyproportional to the collector current and simulation of small currents
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FIG. 3: Electron current density at VCE = 0.5V as obtained by BE and DD.

is not possiblebecauseof too large CPU times.6 In Fig. 3 the collector current versusbase

bias is shown together with DD results, and SHE is able to simulate the collector current

without any problemsover a rangeof seven ordersof magnitude and more, wherethe CPU

time is almost independent of the collector current. Corresponding electron densitesare

shown in Fig. 4 and very low and very high densitiesposeno problem at all. Even very

strong gradients in the electron density can be handled. Thus, stable solutions can be

obtained without relying on the H-transformation.9 In contrast to the MC method, which is

inherently transient, SHE yields solutions, which are exactly stationary. This is important

in cases,wherethe relaxation of the devicetowards the stationary state is slow. In the case

of the BJT the transit time is inversely proportional to the collector current below high

injection and reaching the stationary state with a transient method at low basebias entails

excessive CPU times.

The electron distribution function g0;0 is shown in Fig. 5 for the valleys on the principal

axis in k spaceparallel to the x axis. The distribution function is simulated over many

orders of magnitude. No arti�cial oscillations occur, which are typical if no stabilization

schemeis used(seealsodiscussionin Ref. 16). In Fig. 6 the distribution function is shown

calculatedwith and without MEDS. The oscillationsare clearly visible even at low energies.

Thus, no useful solutions can be obtained for this bias point without stabilization.
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FIG. 5: Electron distribution function g0;0 for the x-valleys at VBE = 0.55V and VCE = 0.5V.

If the BE is multiplied with the generalizedDOS before box integration, the resultant

balanceequationsare current conservingby virtue of construction. The electron current

density is therefore constant in the 1D BJT, in which the stationary current should be

divergence-lessin the absenceof recombination processes.If the BE is discretizedwithout

multiplying �rst with the DOSasin Ref.24, this is no longerthe caseand the current density
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FIG. 6: Electron distribution function g0;0 for the x-valley at x = 64nm, VBE = 0.55V and VCE =

0.5V evaluated with and without the maximum entropy dissipation scheme(MEDS).
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FIG. 7: Electron density and current density at VBE = 0.95V and VCE = 0.5V calculated with and

without exact current contin uit y (ecc).

variesover the device. At high current levelsthe error is quite small. For a basebiasof 0:95V

the variation is lessthan onepercent (Fig. 7) and the di�erence in electrondensity between

both schemesis negligible. At low basebias (0.55V) the di�erences in the electron density

arealsonegligibleand in the low density regionthe current density calculatedwithout exact

current continuity is almost constant and similar to the other one. But in the high density
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FIG. 8: Electron density and absolute value of the current density at VBE = 0.55V and VCE =

0.5V calculated with and without exact current contin uit y (ecc).

regions the current density varies by many orders of magnitude (Fig. 8), if exact current

continuity is not ensuredby the discretization. In this caseit is only possibleto achieve

current continuity by introducing it arti�cially as an additional constrain.18 But this leads

to unphysical generation/recombination rates or modi�cations of the distribution function

dependingon how the constrain is implemented. This can be avoidedby simply multiplying

the BE with the generalizedDOS beforebox integration.10,16 Moreover, further comparison

of results with and without exact current continuity showed no detrimental e�ects of the

multiplication with the generalizedDOS.

In Ref. 16 it hasbeenshown by SHE of the third order that the usual �rst order expan-

sion is not su�cien t for small devices. Therefore, the convergenceof SHE is investigated

by simulations with di�eren t maximum order. The error in collector current decreasesex-

ponentially with the maximum order and an expansionup to the �fth order yields an error

which is less than 1.6% (Fig. 9). The corresponding electron velocity pro�les are shown

in Fig. 10 and the convergenceis again clearly visible. The quasiballistic transport with a

velocity overshoot of more than 60%requiresan expansionbeyond the �rst or third order.

It is worth noting that the appearanceof non-negligiblehigher order harmonics is due to

the large and rapidly varying built-in �elds and happensalready in the linear regime.3

Another important question is, whether the grid in the real spaceis su�cien tly �ne.

Although the collector current shows only a very weak dependenceon the grid spacing,
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FIG. 9: Error of the collector current density at VBE = 0.85V and VCE = 0.5V for di�eren t numbers

of spherical harmonics relative to the 11th order.

the velocity shows a stronger dependence(Fig. 11). With respect to the terminal current

behavior this does not matter, but quantities like the cuto� frequency39,40 are strongly

in
uenced by the velocity pro�le. Nevertheless,a rather coarsegrid with a spacingof 2:5nm

seemsto be su�cien t.

In order to show that the discretization is also stable under rather extreme conditions,

simulations have been performed at a collector bias of 3V. In this casethe electric �eld

changesby 500kV=cm over less than 50nm and the electron temperature varies rapidly

(Fig. 12). In addition, a nonequidistant grid has beenused,where the spacingin the real

spacevariesfrom 1 to 10nm. This reducesthe number of nodesin the real spacefrom 251to

82. In spite of this, no problemsoccur in the simulations and the distribution function shows

no spuriousoscillations (Fig. 13). The stabilit y of the discretization seemsto be similar to

the oneof the DD or HD model.

IV. BULK RESUL TS FOR FB HOLES

In this sectiona few results are presented for FB holesunder homogeneousbulk condi-

tions. A detailed analysiswill be publishedelsewhere.Under homogeneousbulk conditions

the discreteBE is already stable without MEDS and no stabilization schemeis usedin the
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FIG. 11: Electron velocity at VBE = 0.85V and VCE = 0.5V for di�eren t spacingsin the real space.

bulk case.The transport model for holesin silicon is basedon an FB structure calculated

with the nonlocal empirical pseudopotential method29 and acoustic and optical phonons

with constant energies.6,41 The generalizedDOS is shown in Fig. 14 for the heavy hole band
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FIG. 12: Electrostatic �eld and dynamic electron temperature at VBE = 0.85V and VCE = 3.0V.
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FIG. 13: Electron energy distribution function g0;0 for the x-valleys at VBE = 0.85V and VCE =

3.0V.

and the warped contour of the cuto� energyat 1:27eV can be discerned.The anisotropy of

the generalizedDOS is clearly visible. The DOS hasa four fold symmetry in the kx ; ky-plane

and Z l ;m is only nonzerofor m = 0; 4; 8; : : : This strong anisotropy is the reason,why in

contrast to the analytical electronmodel42,43 harmonicsbeyond the third order are required

under homogeneousbulk conditions. This is already the casein the linear regime,for which
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the distribution function is given by

f � (k ; E ) � f eq (" � (k )) +
q

kBT0
� � (" � (k ))E T v � (k )f eq(" � (k )) ; (83)

where � is the microscopicrelaxation time and E the electric �eld. 6,44,45 Thus, the linear

response of the distribution function is proportional to the group velocity, of which the

SHE (67) contains odd harmonicsof higher order than one in the caseof an FB structure.

Therefore,simulations wereperformedwith an lmax much higher than oneor three resulting

in upto (lmax + 1)2 nonzeroharmonicsdepending on the direction of the electric �eld. The

strong anisotropy is re
ected in the heavy holeEDF, which is shown in Fig. 15 for an electric

�eld in [110] direction and lmax = 20. The rather large value of lmax is chosento resolve

the strong angular dependence.For the calculation of averages(e.g. drift velocity) such a

high number of harmonicsis not necessary. In Fig. 16 the drift velocity evaluated by SHE

is shown together with consistent FB-MC results6 and good agreement is obtained between

both methods for lmax = 13. In Fig. 17 the sum of the EDF over all bands(
p

4�
P

� g�
0;0("))

is shown togetherwith MC results. Good agreement betweenSHE and MC is obtainedupto

100kV=cm. Above this value the cuto� energyat about 1:2eV hasa detrimental e�ect and

simulation of higher electric �elds requiresa new method to include higher energiesin SHE.

Otherwise, theseresults clearly show that SHE can handleFB structures. We would like to

point out that SHE, if properly applied, providesan exact solution of the full BE and is not
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inferior to the MC method.

V. PERF ORMANCE OF THE LINEAR SOLVER

In the caseof the 5th order expansionand 251nodesin the real spaceand 140in energy

the linear system of equations of the Newton-Raphsoniteration has after elimination of

the equationsfor odd l 211091unknowns but only 6032893nonzeroentries in its matrix.

Thus the matrix is extremely sparseand in order to avoid excessive �ll{in, a preconditioned

iterativ e solver is used. Herewe usethe GMRES method46 as iterativ e solver and restart it

every 30th step. The performanceof an iterativ e solver extremely dependson the designof

the preconditionerP that approximates the original systemA. In the ideal caseonewould

obtain AP � 1 = I + E for a matrix E of small norm kEk < 1. In this caseit is known47 that

the numerical approximation x(k) of Ax = b after k GMRES iteration stepssatis�es

kb� Ax (k)k � 2kb� Ax (0) k � kEkk

Here we usea multilevel incomplete LU decomposition32 of the given matrix as precondi-

tioner. Smallentries in magnitudearebeingdroppedif they arebelow a giventhreshold.48 In

addition, the growth of kL � 1k and kU � 1k is controlled by an adaptive pivoting strategy.49
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While the control on the growth of the inversetriangular factors is used to substantially

improve the robustnessof the factorization, the choiceof the drop tolerancedrivesthe e�-

ciency of the preconditioner. A larger drop toleranceresults in a smaller number of �ll{ins

27



10
-3

10
-2

10
-1

Drop tolerance

0.00

2.00

4.00

6.00

8.00

10.0

12.0

F
ill

-in
 fa

ct
or

Fill in

10
-3

10
-2

10
-1

Drop tolerance

0.000

100.0

200.0

300.0

400.0

500.0

C
P

U
 ti

m
e 

 [s
]

CPU time

FIG. 18: Fill-in factor and total CPU time (2:2GHz Opteron) for the preconditioner and iterativ e

solver.

and the preconditioner requires lessmemory. This kind of preconditioning, on the other

hand, degradeswith increasingdrop tolerance. For larger drop tolerancesthe approximate

LU decomposition becomestoo rough and the iterativ e solver will not convergeanymore.

For our example, when the drop tolerance exceeds0.1, the iterativ e solver does not con-

vergewithin 500 iterations, which we consideras failure. With increasingdrop tolerance

the CPU time for the decomposition decreaseswhereasthe iterativ e solver requiresmore

stepsand more time. The total CPU time is minimal for a drop toleranceof about 0.05for

which the number of �ll{ins is 4.4 times the number of nonzerosin the given matrix and the

memory requirement is approximately 500MBytes. The accuracyof the solution is closeto

machine precisionand the Newton-Raphsonmethod convergesover more than ten ordersof

magnitude.

VI. CONCLUSIONS

Wehavepresented a newgeneralizedderivation of balanceequationsfrom the BE by SHE

which can handleFB structures, at least in the caseof holes. Current continuity is ensured

by box integration and spurious oscillations are suppressedby MEDS. It is shown that

the discretization is rather robust and remains stable under the adverseconditions found

in nanoscaledevices. This allows to avoid the H-transformation which makes it almost

impossibleto obtain a self-consistent solution of the BE and PE by the Newton-Rhapson
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method, which is a prerequisitefor small-, large-signalanalysis,and noisecalculations. The

convergenceof SHE hasbeendemonstratedand if a su�cien t number of harmonicsis used,

SHE yields a solution of the full BE similar to MC. The necessaryorder of SHE is found to

increasewith decreasingdevicesizeasthe transport becomesmoreand moreballistic. It has

beendemonstratedhow to solve the resultant large systemof equationsin a memory and

CPU e�cien t way by ILUPACK. Comparedto the MC method, SHE hasall the advantages

of the macroscopictransport models(e.g. DD or HD model) and can handlesmall currents,

hugevariations in the particle density, acanalysisetc. In contrast to the inherently transient

MC method, SHE can yield exactly stationary solutions.
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