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SPACE-TIME DISCRETIZATION OF SERIES EXPANSION
METHODS FOR THE BOLTZMANN TRANSPORT EQUATION*

CHRISTIAN RINGHOFERT

Abstract. The approximate solution of the Boltzmann transport equation via Galerkin-type
series expansion methods leads to a system of first order differential equations in space and time for
the expansion coefficients. This system is extremely stiff close to the fluid dynamical regime (for
small Knudsen numbers), and exhibits a mildly dispersive behavior, due to the acceleration of waves
by the external force (the electric field). In this paper a class of difference methods is presented and
analyzed which represent a generalization of the well-known Scharfetter—Gummel exponential fitting
approach for the drift-diffusion equations. It is shown that, by using appropriate operator splitting
methods for the time discretization, one obtains stability properties which are only mildly dependent
on the Knudsen number and essentially independent of the size of the electric field.
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1. Introduction. In this paper we derive and analyze discretization methods for
Galerkin-type series expansion methods for the semiconductor Boltzmann equation

(1.1) NOf+AVic o Vo f +AE e Vif = Q[f],

where the density function f(z,k,t) is a function of position x € R3, wave vector
ke Ri, and time ¢. The function e(k) describes the energy band under consideration.
So Ve denotes the velocity with which an electron with wave vector k travels. (If
more than one energy band is considered one density function f per band would have
to be computed.) Equation (1.1) has already been brought into a scaled dimensionless
form, where the parameter \ denotes scaled mean free path, i.e., the average distance
an electron travels in one time unit before it undergoes a collision event (see [10,
Chapter 1] for the details of the scaling). The function E(z,t) denotes the electric
field and satisfies E = —V,V, where V(x,t) is the electric potential. Finally the
collision events are modeled by the integral operator @ on the right hand side of (1.1)
which is of the form

(1.2) QLf)(x, k) = . k' [S(k, k') f (2, k', t) = S(K, k) f (2, k, 1),

where S(k, k) denotes the scaled scattering cross section. Because of the principle of
detailed balance [3] the symmetry relation

(13) ﬂhMMWU=ﬂ%HM%%AﬂM=ﬁﬁmF&%W
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holds where M (k) denotes the scaled Maxwell distribution. ( in (1.3) is a dimension-
less O(1) parameter. The assumption of a linear collision operator of the form (1.2)
implies that we neglect electron-electron interactions. The scattering cross section S
need not necessarily be a classical function. If the emission/absorption of phonons is
considered, S will be of the form

(1.4) S(k,k) =Y S(k,k)b(e(k) - e(k') = jw),

j=—1,1

where w is the energy lost/gained by the emission/absorption of a phonon.

This paper is concerned with the spatial and time discretization of first order
hyperbolic systems which arise from employing a series expansion method for the
Boltzmann equation (1.1) in the wave vector direction. If we expand the density
function f according to

N

(1.5) fla bty =Y fulz, t)pn(k),

n=1

where the ¢, form an orthonormal system (ONS) with respect to a certain weight
function, then

(1.6) [ b w60, 0616,0) = 8

3
k

holds, the resulting Galerkin discretization giving a first order hyperbolic system of
the form

3
(1.7) XNO,F + XY [A0,, F + E,B,F) = CF.

s=1

F(z,t) in (1.7) denotes the coefficient vector (fi,..., fn)T and the matrices Ay, B
and C' are given by

(1.8) (a) As(m,n) = [ dklw(k)¢m(k)(Ok,e(k))pn(K)],

3
Rk

(b) Bs(m,n) = [ dk[w(k)dm (k) (O, on(k))],

R
(© Clmm) = [ db{ulk)on (KQIon (k).

The quality of this approximation procedure will of course crucially depend on the
choice of the ONS {¢,} and the weight function w. We will assume that the weight
function is chosen as

(19) W) = 7 = e lAEh)
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where M denotes again the Maxwellian. This choice has the following advantage. A
straightforward calculation (see [11]) gives that

1
(1.10) . dkmg(x,k,t)Q[f}(a:,k,t) =

3y B Uy | M5 - T | )

holds. With the choice w = 4 for the weight function (1.10) immediately implies
that

(1.11) (a) /R

o) [k wiQ<o @ [ ak Ql=o

dk  wgQ[f] = /

dk  wfQlg]
R

3
k

holds. (1.11)(a)—(b) implies that the matrix C in (1.8) is symmetric and negative
semidefinite. The choice (1.9) for the weight function is essentially a linear version of
the entropy closures in [8], [9], where the entropy functional can be taken as a bilinear
form (i.e., a scalar product) since we are dealing with a linear collision operator.
(1.11)(c) means that the collision operator @ preserves charge. If we assume that
the first basis function ¢; is given by the Maxwellian itself, this means that the first
row of the matrix C' vanishes. In this case, because of (1.8)(b), the first rows of the
matrices B, vanish as well. Furthermore, we have the relation

(1.12)
0= / Ak {0, [exp(Be) bmebn]} = / k([0 ebmbn + On, b + Srh. u]}
R? R?

= BAs(m,n) + Bs(n,m) + Bs(m,n)
which implies for the matrices A; and B,
(1.13) B, + BT + A, =0, s=1,2,3.

There is considerable freedom in the choice of basis functions ¢,,. A collision term
of the form (1.4) suggests the use of spherical harmonic basis functions (split ap-
propriately into their real and imaginary parts) together with a suitable variable
transformation, which transforms the equipotential surfaces € = const into spheres.
This basis has been successfully employed in [15], [16], and [4] and subsequent pa-
pers. In [12], [13] Hermite polynomials are used for a relaxation time approximation
(S(k, k") = constM (k)). Generally speaking, the advantage of these types of methods
lies in the fact that they allow for a relatively easy coupling of kinetic to fluid dynamic
equations by varying the number of terms used in the expansion (see [5], [6], [7], and
references therein.)

However, in this paper we are not so much concerned with the Galerkin procedure
itself but with the discretization of the first order hyperbolic system (1.7) in space and
time. We will therefore not make any further use of the structure of the underlying
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Boltzmann equation but only assume that the coefficients in the system (1.7) have
the properties outlined above. In summary they are

(1.14) (a) AT =A,, A,(1,1)=0, s=1,2,3,
(b) Bs+ BT =-BA,, B,(1,n)=0, n=1,...,N, s=1,2,3,
(c) c=CcT, FT'CF<0 VFeR™, C(l,n)=0, n=1,...,N.

Boundary conditions. For practical applications the boundary 0f2 of the sim-
ulation domain 2 will consist of a part 0€2. representing Ohmic contacts and a part
0f); representing insulating surfaces. The correct physical treatment of the boundary
conditions for the Boltzmann equation (1.1) is not at all trivial, and it could be argued
that a correct description is not possible at all at the level of the Boltzmann equation,
but has to involve the wave nature of the electrons. In this paper we will ignore this
controversy and instead simply mimic the boundary conditions used in Monte Carlo
simulations. There, the general principle is that insulating surfaces simply reflect
the electrons, and at Ohmic contacts electrons are injected according to a Maxwell
distribution. The formulation of this principle in the case of general band structures
involves the precise geometry of the surfaces of equal energy. For simplicity we will

2
restrict ourselves to parabolic bands (e = %, Ve = k) for the rest of this paper. In
this case the boundary conditions are given by

(1.15) (a) f(z, k,t)= f(z,—k,t), €08, ker<o,
(b)  f(z,k,t) = p(x,t)M(k), €0, ker<o,
(c) 02 =00.U0

holds, where r denotes the unit outward normal vector on the boundary 0f). In order
to translate the conditions (1.15) into the framework of the Galerkin method, we will
need to use a little bit of the theory of collocation methods to see that the coefficient
matrices As in (1.7) are diagonalizable simultaneously. We assume the existence of a
Gaussian integration rule of the form

1 N
10 [ ar [Mksmu}Zwaksm)m(k(a))m(k(a)), v =1, N

with nodal vectors k(o) € R? and integrations weights w,. Such integration rules
exist if the basis functions are products of the Maxwellian and polynomials or spher-
ical harmonics. If we change the basis from the {¢,} to the collocation basis {1, }
according to

N
(1.17) Um(k) =Y v (R)R(v, 1), (k) = by,
v=1

the resulting system matrices A, = RT A R become diagonal and A, = diag{k(1),
..., ks(N)} holds. Thus, all of the matrices A; are diagonalizable simultaneously
and their eigenvalues kq(u) correspond to discrete velocities. Moreover, since the
Maxwellian M is symmetric in all variables the set of eigenvalues will be symmetric
around the origin. Therefore, if k(u) is a Gaussian node, so is —k(u). Imposing



446 CHRISTIAN RINGHOFER
conditions for ker < 0 as in (1.15) corresponds to imposing conditions on the solution
component in the subspace corresponding to the eigenvalues for which k(u) e r < 0

holds. In the Galerkin system (1.7) the flux through the boundary is given by the
term Z§=1 rsAgF , and the matrices Zle rsAs can be diagonalized by

3 3
(1.18) > rA =RA@)RT, A(z) =) ri(z)A, = diag(re k(1),...,r e k(N)).

Because of the symmetry of the nodal vectors k() we can partition A into

-Ay 0 O
(1.19) A(.’E) = 0 Ay 0, Ai>0,
0 0 0

where the matrix A; consists of the positive eigenvalues of Z§:1 rsAs. The compo-
nents of the vector F' corresponding to —A; represent the inflow part of the solution,
which has to be prescribed by the boundary conditions. We therefore define the
projection matrix P(z) by

I, 00
(1.20) Px)y=R| 0 0 0|R" for x€0Q.,
0 00
L - 0
Px)=R| 0 0 0]|R" for zeco®,
0 0 0

with I; and the identity matrix of the same dimension as A;. The resulting boundary
conditions are of the form

(1.21)
P()F(z,t) =0 for ze€0Q;, P(z)[F(z,t)—pe]=0 for ze€d,,

where e; denotes the first unit vector (1,0...,0)7.

It is important to note that the boundary conditions (1.21) are purely phenomeno-
logical and one should rather pay attention to the underlying principle that the inflow
is given by a Maxwellian on 0€2. and by the outflow on 0€2;. This distinction becomes
relevant in section 3, where we will employ operator splitting techniques for the time
discretization of (1.7). Rather than worrying about a precise discretization of the
boundary conditions (1.21) we will employ this principle in each partial step of the
method.

On the surface, since (1.7) is a linear hyperbolic system, any standard hyperbolic
method would seem to be appropriate. However, there are two features which make
the choice of discretization nontrivial. Small values of the scaled mean free path A
in (1.7) correspond to the regime of the Hilbert expansion (c.f. [10]) which yields
the parabolic drift-diffusion equation. Therefore the system (1.7) can be expected to
behave like a parabolic rather than a hyperbolic system for small A. Heuristically,
this behavior can be explained in the following way: For small A signals (waves) will
propagate in all directions with wave speeds of order O(%) Most of the signal will be
damped by the matrix C' on a time scale of order O(%) However, the component of
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the signal lying in the nontrivial null space of the matrix C' will remain undamped.
Thus, in the limit A — 0 finite amplitude signals will propagate in all directions
with infinite velocity, producing the parabolic behavior. Second, the electric field E
can become extremely large locally putting an unrealistically small restriction on the
Courant number of an explicit scheme. This problem of locally large fields has to be
dealt with in a similar way as for the parabolic drift-diffusion equation.

This paper is organized as follows. In section 2 we discuss general aspects of
the spatial discretization. For quite general meshes, we derive a discretization which
retains the skew self-adjoint property of the free streaming operator, and therefore
immediately guarantees the stability of the ordinary differential equation (ODE) sys-
tem arising from the method of lines. In section 3 we consider the full space-time
discretization of the system (1.7). It turns out that, in order to obtain a meaningful
stability result for explicit time discretizations, which is not dependent on the size of
the electric field F, and in order to capture the acceleration of waves properly, quite
a bit more work has to be done. The chosen approach for the time discretization is
an operator splitting scheme. At the end of section 3 we discuss the limiting behav-
ior of the discrete system for small Knudsen numbers A, and show that in the limit
of the Hilbert expansion the system reduces to the well-known Scharfetter—-Gummel
discretization for the drift-diffusion equations. Section 4 presents some numerical
experiments. The more technically involved proofs are collected in the appendix.

2. The spatial discretization. The topic of this section is a finite difference
discretization of the operator

3

(2.1) LIf) = Y (Ada. f + E.Bsf)

s=1

in the spatial direction, which is appropriate for large electric fields E. The result
of this section, summarized in Lemmas 2.1 and 2.2, will be a spatial discretization
whose stability properties are independent of the size of the electric field E. Therefore
the system of ODEs arising from the method of lines will be stable for any choice of
mesh. Moreover, the resulting scheme reduces to the well-known Scharfetter—Gummel
discretization for the drift-diffusion equation in the Hilbert expansion limit, that is,
for A — 0.

We start by giving a brief review of the salient features of the stability analysis
given in [11], [12], and [13] for the continuous Boltzmann equation and the series
expansion system (1.7). The original convection operator Vic o V, + E o Vj is
antisymmetric with respect to the usual L? inner product. So

(2.2) /Qd:v /R3 dk g[Vic oV, + EeVi|f

:/ da[(Vkaor)fg]—/dx/ dk  f[VieeV,+ EeVy]g
o9 o Jr?

holds. This antisymmetry lies at the heart of all stability considerations, since it
implies a purely imaginary spectrum. It has been lost in the Galerkin approximation
due to the use of the weight function exp(fe), which was needed to make the collision
operator negative semidefinite. The antisymmetry can be restored by using a weighted
scalar product in the x-direction as well. If we define for vector functions F' and G
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the scalar product

(2.3) <G, F >= / dr  k(z)GT(x)F(x), k:=eY,
Q

it is a straightforward exercise to show that, because of (1.14)(b), the discretized
operator L in (2.1) is antisymmetric with respect to this scalar product, i.e., that

3
(2.4) / dv KG" Y [Ai0y, F + EB.F]
Q s=1
3 3 T
:/ do [HZTSGTASF f/dx k|3 A0,.G+ BBG| F
o0 s=1 Q s=1

holds. The use of this scalar product lies at the heart of the stability analysis in [12],
[13] for the Galerkin system (1.7), and will be used for the derivation of the difference
scheme as well. Given the relation (2.4), the most obvious thing to do would be to
simply perform the variable transformation F' = \/kF and discretize the transformed
variable F'. However, for applications it is crucial to preserve the charge conservation
property

(2.5) 8,5/ dz F(z,t) = boundary terms,
Q

which holds because the first rows of the matrices B; and C vanish, exactly. Just
discretizing the transformed variable F would violate this conservation property.

We will derive the discretization on a rather general level, i.e., for general order
and a general unstructured mesh. We assume a general unstructured mesh of the
form

(2.6) M = {Xj,j =1,2.. .J,Xj S Rg,Xj = (l‘jl,l‘.jg,l‘jg)}

and a mesh parameter h := max; miny |x; —xy| measuring the coarseness of the mesh.
We assume that the integrals of a function f with respect to x will be approximated
by

J
(2.7) /de fFrY o ifx))
j=1

with some integration weights v; . Integrals over the boundary 02 will be approxi-
mated by

J
(2.8) /dQ do [~ ijf(xj)

with some boundary integration weights w;, which are of course only nonzero if x; €
022 holds. Furthermore we will assume some general discretization of the partial
derivatives 0, of the form

(2.9) O f(x5) = ) as(d, k) f(xk).

ol
HM&
L
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For a difference method the coefficient as(j, k) will of course only be nonzero if the
grid points x; and x;, are in some sense neighbors. There are two properties which
we require of the approximation of the partial derivative. The first is a conservation
property which means that

J J
(210) \/de amqf ~ Zzﬂhas ]7 Xk) = ZWjTS(Xj)f(Xj) Vf =
j=1

i=1k=1

<

J
S vas(i k) = wers(x) Yk, s=1,2,3

Jj=1

holds. The second is consistency of the discretization and its dual. Since the term

J J
(2.11) DD va(xi)as(G k) f(xe)

i=1k=1

[

approximates (via integration by parts) [, do(fg) — [, dz(f0s,g) we write

J
(2.12) Z vi9(x5)as (g, k) f(xk)

and the coefficients as are the dual discretization of the partial derivative 0,,. Here
r = (r1,r2,73) denotes again the unit outward normal vector on the boundary 9f2. For
most difference methods as = a5 will hold with an appropriate choice of integration
weights ;. We assume that the coefficients a, as well as their dual a, represent order
p consistent discretizations of the partial derivative, so

(2.13) Zas 3. k) F(xi) = Do f(x;) + O(H7),

Zas gk =0, f(x5) + O(RP), s=1,2,3
holds for sufficiently smooth functions f. Next we discretize the term E,f by
(2.14) E(xj,0)f(x7) = Y bs(j. ki, 6) f (xr).

Of course, bs(j,k,t) = 6;xEs(x;,t) would be an obvious choice. However, as will
be seen, it pays to be a little more sophisticated in the choice of the b;. However,
regardless of the choice of the coefficients b, the discretized system

3 J
(2.15)  NOF(,t) + A as(, k) A + bs(j, k, 1) B F(k, ) = CF(j, 1)

s=1k=1
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will now satisfy the discretized charge conservation property

J
(2.16) Oy Z’ijl (j,t) = boundary terms

J=1

because of the conservative property (2.10) of the discretization coefficients as, and
because the first rows of the matrices B, and C' vanish. The trick is now to choose the
coefficients by in a way which preserves the discrete equivalent of (2.4) We introduce
the corresponding discrete scalar product

J
(2.17) <F,G>g=>Y ki FT()G(G),  kj = exp(BV(x;,1))
j=1
for vector valued grid functions F' and G, and discretize the term FE,f in the form
Esf = %[8%1‘ — e AV, (eAV f)], using the coefficients as and their duals a, for the
discretization of the derivatives in this identity. This gives for the coefficients by the
formula

(218)  baGikt) = %[asu, k) — exp(BV (xk. ) — BV (x;,£))as (. k)],

with the dual coeflicients as defined by (2.12). With this choice of bs a straightforward
calculation gives that the free streaming operator on the left hand side of (2.15) is skew
self-adjoint with respect to the scalar product (2.17) and we can prove the following
lemma.

LEMMA 2.1. Let as(j,k) be the coefficients of the difference discretization of the
partial derivative O, on the mesh M satisfying the consistency conditions (2.13). Let
the coefficients bs(j, k, t) be given by

(219)  baGikit) = %[asu, k) — exp(BV (xk. ) — BV (x5, £))as (. k)],

as(jv k) = TS(Xj)

ﬁ6]']6*,‘yfkas(kaj)a jak:1727"'75:17273'
J i

Then the discrete operator Lg given by

(2.:20) La[F](G,t) = Y ) las(j: k) As + bs(j, k, ) Bs] F(k, 1)

s=1k=1

is an order p consistent discretization of the operator L in (2.1). Moreover, for fixed
time t, the operator Ly is antisymmetric with respect to the scalar product (., .)q given

by
(2.21) (F,G)a:=Y_exp(BV(x;,t) F" ()G(),
j=1

J 3
(222)  (G,La[Flla= |>_ wir; > rs(x;)G(j)"AF(j)| = (LalG], F)a
j=1 s=1

holds for all vector valued grid functions F and G.



SPACE-TIME DISCRETIZATIONS 451

As a consequence we obtain the stability of the infinite system of ODEs arising
from the method of lines for the hyperbolic system (1.7). The significance of the
following lemma lies in the fact that the stability is independent of the mean free
path X\ as well as of the electric field E. This has been achieved by the special
construction of the spatial difference operator L.

LEMMA 2.2. The system of ODFEs given by

(2.23)
(a) A20.F(j,t) + AL4[F](j,t) — CF(j,t) = N*H(j,t), x; € Q—0Q,

(b) (I = Py{A?8:F(j, 1) + ALa[F](j,t) = CF(j,0)} = (I = PN’ H (5, 1), x; € 99,
(c) PiF(j,t)=0, x;€09

satisfies

(2.24)

g ,
Ocl|Flla < [|Fllagy max{|0V (x5, 1)],5 = 1,2.} + [[Hlla,  [|-lla:= V(. )a,

The proof of Lemma 2.2 is deferred to the appendix.

3. Time discretization. The topic of this section is the derivation of an ap-
propriate time discretization for the hyperbolic system (1.7). Essentially, we have to
deal with two problems:

1. Stability. Although the spatial discretization from the previous sections yields
a stable ODE-system for the method of lines, this implies unconditional sta-
bility for the fully discretized system only if backward differences are used
in time. Besides being computationally expensive, backward differencing is
not appropriate for the discretization of wave propagation problems. If, on
the other hand, the system (2.23) is discretized explicitly in time, adding an
appropriate artificial diffusion term, the resulting CFL condition will again
depend on the electric field F, yielding unacceptably small time steps.

2. Dispersivity. As will be seen, the system (1.7) is mildly dispersive in that
the solution can be constructed as a superposition of modulated plane waves
whose velocities depend on their spatial frequencies. This arises from the
asymmetry of the coefficient matrices By and is a consequence of the fact
that electrons (and therefore also waves) are accelerated in the electric field
E.

The methodology in this section will consist of dealing with these problems separately
in the context of an operator splitting approach. The result, summarized in (3.12),
will be a scheme where each time step consists of three substeps simulating the three
mechanisms present in the equations, namely wave propagation, wave acceleration
due to the electric field, and diffusion, due to the collision term C'.

As can be expected from a hyperbolic system, the method of lines theory from
section 2 does by no means tell the whole story. For instance, one could conclude
from Lemma 2.2 that a completely implicit discretization, such as backward Euler,
would be stable. However, such a scheme would not reflect the hyperbolic nature
of the problem and essentially eliminate all wave propagation in practice. As will
be seen this hyperbolic structure can be quite complex due to the asymmetry of the
coeflicient matrices. To demonstrate this behavior, let’s for the moment neglect the
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collision matrix C in (1.7) and assume that the electric field E is constant in space
and time. (So V(z) = —FEex holds for the potential V.) We seek plane wave solutions
of (1.7) of the form

(3.1) F(z,t) = exp <§V(x) Fiwt —ite :U) P

for some constant vector z. Inserting (3.1) into (1.7) gives the eigenvalue problem

- 8
ZAsgs - ZES <Bs' + 2A9>
s=1

for w(§) and z(€). Since the matrices B, + gAS are skew symmetric and the matrices
A, are symmetric (see (1.14)) the complex matrix on the right hand side of (3.2) is
hermitian, and so the eigenvalue w is real. Thus the solution can be constructed of
undamped plane waves of the form (3.1). Moreover, the problem is dispersive, since

the velocities |“’|§|)‘ depend on the frequency £. This is not surprising since the term

(3.2) wz =

z

1
Y

E eV, f is an acceleration term and therefore waves cannot be expected to travel with
a fixed set of velocities. Particularly, low frequency signals can travel at high speeds
for large values of the electric field E. Therefore any standard explicit discretization
will suffer from a CFL condition much more restrictive than the At = O(AAz) one
would expect. On the other hand, care has to be taken when using an implicit method
since the original wave solution (3.1) is, in the absence of collisions, undamped. We
will deal with this problem in a way which can be formulated best in the context
of an operator splitting method (cf. [1], [2] for a reference). In this framework, to
advance the solution from a time ¢,, to the next step t;,4+1 = t.,, + At we solve the
two problems

(3.3)
O - B . .
(a) AatG+Z(ASa%G7ES(x,tm)ASG) =0, G(z,tm)=F(z,tm), tm <t <tmi
s=1
U 3 - N N
(b) MO H+ Ey(w,tm)(Bat G AH =0, H(w,tm) = G(@,tms1), b <t <ty
s=1

(C> F(l‘,tm+1) = H(‘T7tm+1>‘

Performing now the variable transformation G(z,t) = exp[g‘/(x, ty)|G(x,t) , H(x,t) =
exp[g‘/(x,tm)]ﬁ(:c,t) (3.3) becomes
(3.4)
- g
(a) /\atG—l—Z As0,.G =0, G(z,ty,)=exp {2V(x,tm)} F(z,tm), tm <t<tmi1,

s=1

3
(b) AatH‘f'Z Es(xytm) (Bs + 5A5> H= 07 H(x7tm) = G(xathrl)a tm S t S tm+17

s=1

(©) F(t.tma) = exp {gwx,m} H(z,ty ).
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(3.4)(a) is now a constant coefficient hyperbolic problem, independent of the electric
field £ which can be solved by any kind of standard method. For constant field
E this means that, after Fourier transformation in z we have replaced the matrix
exp|At Zi’zl(iﬁsAs + Es(gAS + Bs))] by the matrix product exp[At Zi:l i€sAs)
exp|At Zi:l Es(gAs + Bs)]. This gives an O(At?) error in each step, making the
overall method formally first order in time, which becomes even smaller for small
frequencies £ for which the dispersive effect will be felt most.

The choice of discretization scheme for the ODE system (3.4)(b) is not so triv-
ial. Since (3.4)(b) corresponds to the acceleration of waves and leaves amplitudes
unchanged, one would like to minimize any artificial damping introduced by implicit
methods. On the other hand, one would like to avoid a severe time step restriction for
locally large fields. One relatively elegant and cheap way to satisfy both requirements
is to apply operator splitting to (3.4)(b) and to solve the equations involved in the
individual steps exactly. We split the ODE system (3.4)(b) according to

(3.5)

(a) Aat}Is + Es(xatm) (Bs + §AS> Hs = 07 s = 1a 2a 37 tm S t S tm-{-lv

(b) Hi(x,tm) =G(x,tms1), Hs(x,tm) = Hs_1(2,tme1), s=2,3.

Each of the steps in (3.5) can now be carried out exactly without any time step
restriction at relatively little cost. Since the matrices By + gAS are skew symmetric
there exist complex hermitian matrices Z; and purely imaginary diagonal matrices
I’y such that

g

(3.6) Bs + §AS =2z, 7%

holds, where ZH denotes complex conjugate transpose of Zs. These matrices can be
computed once at the beginning of the computation and stored. The solution of (3.5)
is then given by

At
(3.7) Hy(x,tymy1) = Zsexp {—)\Es(x,tm)I‘s] ZHEH, (x,tm).

The step (3.5) is then computed as

(3.8)

3
At
F(-T'atm-‘rl) = €Xp |:_§V(x7tm):| H {Zs exp l:_)\Es(x7t7rL)Fs:| Zf} Gs(ajytm—i-l)-

s=1

In combining the operator splitting approach with the spatial discretization from
section 2 we encounter one major problem: For practical applications it is absolutely
essential to discretize the conservation of charge property exactly. So, we want the
relation

J J
(3.9 Z'ijl (Jytms1) = nyjFl (J,tm) + boundary terms
j=1

Jj=1
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to hold exactly. Experimentally, only the fluxes through the boundary can be ob-
served, and it is important that the change in time of the total charge is preserved
exactly. Unfortunately, the hyperbolic scheme employed for (3.4)(a) will preserve
G = exp[gV]Fl rather than the density Fi, which, for not so small values of the
time step and rapidly varying potentials can make quite a difference. We circumvent
this problem by applying the operator splitting technique once more. We partition
the matrices Ag and By according to

(3.10) (a) A,=A,+A,, B,=B,+B,, s=123,

- 0 Al2 - 0 0
o a-( ) A (3 )

~ 0 0 ~ 0O O
o h (1) he (3 )

where, as before, the first row of A, is given by (0, A12) and so on. Note that the
matrices fls, BS, fls, BS satisfy the same properties as the original matrices A; and B
in (1.14) and B?!' = —3A2! holds. We now apply the operator splitting method once
more by successively solving

3
(3.11) (a) NOF +A> [A0: F+ E,B.F] =0,

s=1
and

3
(b) N0,F + A [A0y, F + E;B.F] = CF

s=1

to advance the solution one time step, where we employ hyperbolic method (3.4) to
(3.11)(a) and discretize (3.11)(b) implicitly by the backward Euler scheme together
with the spatial discretization from section 2. This represents somewhat of a com-
promise with the hyperbolic nature of the problem. However, step (3.11)(b) will be
dominated by the damping due to the matrix C' anyway, and therefore using the im-
plicit method there is not such a tragedy. As mentioned in section 1, we will use the
basic idea behind the boundary conditions (1.21), namely that the inflow is either
given by a Maxwellian or by the outflow, at each step of the splitting method. This
gives the following method: given the solution vector F'(j,t,,) solve

(3.12)
= 8
(a) /\6tG—|—Z A0, G =0, ty <t<tmy1, G(z,tm,)=exp {2V(m, tm)] F(z,ty)

s=1

V(m,tm)] p(xz)e1] =0, =€ 9Q,

S
=
<
~
§—/
|
@
4
o)
|
\
=
8
~
3
[
—
CAN)
@
>
go)
|
>
5
0
.
~
2
=

8} Zf} G(Xj>tm+1)7
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(d) NK(j,tme1) + AMELGK (§, ta1) — ACK (j, tng1) = A2K (G, t),
x; € Q- 09,
(€) (I = P(x)NK(fytmir) + (I = POy){AALLAK (j, tugr) — ACK (f, tms1) }
= (I = P(;))N°K(jtm), x; € 09,

(f) P)K(f,tms1) = P(xj)erp(x;), %, € 09,

w

J
(g) LdK Jyt m+1 Z Z ag .]7 As + bs(.jv k, tm+1)Bs]K(ka tm+1)a
s=1k=1

(h) F(j7tm+1) :K(jatm+l)7
where, for notational simplicity, we have set px) =0, x € 09Q;. The projection

matrices P and P are defined according to (1.20) for the matrices A, and 4. So

I 00
(3.13) (a) Px)=R@x)[0 0 0]R@T, zecd,,
0 0 0

3 ) R —A1 0 0
© Y rddy=R[ 0 A 0|R", Ar>0,
s=1 0 0 0

3 N B —A1 0 0
) Y rdAi=R| 0 Ay 0|R", A >0
s=1 0 0 0

holds. For the operator splitting scheme (3.12) we now have the following theorem
which gives stability with a moderate O(A) CFL condition.
THEOREM 3.1. Let the time step be such that the discretization of the constant

coefficient hyperbolic boundary value problem (3.12)(a) is stable in the discrete L>
norm, so

J

(3.14) > UG tm)? Z GG (%5t

j=1 j=1

<
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holds. Then, for the boundary influz p in (3.12) equal to zero the stability estimate

(3.15) @) NPla(tn) < maey [ 2558 Pl ),

(b) [IFII3(t) Zw@ )E(j, 1)

holds.

The proof of Theorem 3.1 is deferred to the appendix.

We conclude this section by considering the diffusion limit of the scheme (3.12).
In the limit A — 0 the Boltzmann equation is, according to the Hilbert expansion,
replaced by a diffusion equation, and as we will see, the scheme (3.12) reduces to a
difference scheme for this diffusion equation employing backward differences in time
and a generalization of the well-known Scharfetter—-Gummel scheme [14] in the spatial
direction. To this end, we rescale all but the first component of the the solution vector
F by F = (Fy,F) = (Fy, )\]3‘2), where F; denotes the first component of F' and F»
denotes the rest. In the same way we rescale the intermediate solutions G and K in
(3.12) by F = (G1,G3) = (G1,A\Gs) and K = (K, K5) = (K1, \K>). Since the first
row and column of the matrices A, and B, are identically zero the diagonalization
matrices I'y and Z, in (3.12)(c) will be of the form

- 1 0 0 0
(316) ZS = <0 222> ’ FS = (O F22) )

which implies Gy (z, tm1) = G1(x,tm) = exp[%V(gc7 tm )| F1(z, tm) and, consequently,
Ky(z,tm) = Fi(z,t,,). Splitting (3.12)(d) into the first and second component gives,
after rescaling,

(317) (a‘) Kl(ja tm-‘rl) + Ati’¢112[~(2(.7a tm-‘rl) - Kl(j7 t’rn)7 X,

(b)  N2K3(j,tmr1) + ALK (j, tms1) — AtCPKo(f,timg1) = N Ka(f, tm), X5,

where the L'* denote the corresponding blocks of the (matrix- ) operator Lq. (L1 =
L% = 0 holds because of the structure of the matrices A and B.) If we now formally
set A =0 in (3.17) and explicitly write the operator L; we obtain

(3.18)
3

(a) Kl(jatm+1)+AtzZAizas(jvk)RQ(katm-‘rl) :Kl(jatm)a X,
s=1 k

3
DO A2 a (G, k) + B2'bs (5, k) K (Kt 1) = CP2Ka(f, tngr)-
s=1 k

Of course, letting A go to zero will result in an instability in the hyperbolic step
(3.12)(a). However, this is irrelevant since the result of this step is never used. Using
the fact that B2' = —A2" holds, (3.18)(b) becomes

(3.19)

3
Ko (j tmer) = exp[=V(w;)] DD (C*) 7 A2 s (j, k) exp[V (@) K1 (k tins1).
s=1 k
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If we now rename the variables according to p = Ki, J; = A2K, the difference
scheme (3.18) becomes

3
(3'20) (a) p(j7 tm-‘rl) + Atz Zas(ja k)Js(k7 tm-‘rl) = p(j, tm)a X3,

s=1 k
3
(b)  Jo(Gtmer) = —exp[=V(2))] DY " Dy, k) explV(wp) | Ki (k, tgr),
s=1 k
with the positive definite diffusion matrices Dy given by D, = —Al%(C?2)71A2L

(3.20) is now a Scharfetter—Gummel type discretization of the corresponding diffusion
equation, since the current relation (3.20)(b) is discretized in a self-adjoint form.

So, in conclusion, the time discretization given by (3.12) takes into account the
three essential mechanisms present in the Boltzmann equation, namely convection,
acceleration by the force F, and diffusion due to the collision term. If waves with
possible speeds of order O(%) shall be resolved a necessary CFL condition of the form
At = O(MAz) has to be observed. However, in the limit of the Hilbert expansion it
reproduces the appropriate discretization of the resulting diffusion equation.

4. Numerical experiments. In this section we present some numerical exper-
iments for the discretization derived in sections 2 and 3. The experiments are carried
out for the case of one spatial dimension. So, the system

(4.1) N20,F + A\(A10,,F + EyB, F) = CF

is solved on the interval [0, 1] together with Dirichlet boundary conditions at both
end points. Thus, the boundary 9. consists of the two end points z = 0 and =z = 1
and the boundary conditions (1.20) are imposed there. As a collision term the simple
relaxation time approximation is chosen. So S(k,k’) = M(k) in (1.3) holds. This
choice of collision operator particularly simplifies the Galerkin procedure in the case
of parabolic band structures since in this case the Boltzmann equations allow for
solutions of the form

(4.2) Fla,k,t) = f(w1, ki, t) exp[=B(k3 + k3)],

provided the initial conditions are of this form. Accordingly we choose the basis
functions ¢,, as

(4.3) (k) = exp[—0|k|*] Hy (k1)

where the H, (k1) are the corresponding orthonormalized polynomials, namely the
Hermite polynomials. The collision matrix C' in (1.7) is then of the form

(4.4) C= (8 _OI)

where I denotes the n — 1 dimensional identity matrix. It could be argued that, with
so many simplifications, the resulting system is of little physical relevance, but the
point of this paper is to investigate the space-time discretization of the system (1.7)
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and its salient features will remain the same for more realistic collision models. All the
following computational results are obtained by using six terms in the expansion, after
verifying that using more terms produces practically identical pictures. For the wave
propagation step (3.12)(a)—(b) the Lax—Friedrichs scheme was used. The coefficients
a1(j, k) for the spatial discretization of the diffusion step (3.12)(e)—(g) were chosen
to correspond to central differences in the interior and one sided differences at the
boundaries. So,
CEESH A ES A TR g

Tjp1—Tj-1

. 8i4+1,k—05.k -
(45) al(]v k) = ﬁa J= 07
AL, i=J

holds for a mesh 0 = 29 < .. < x; = 1. Integration weights 7v; and w; for integrals
over the interior and the boundary are chosen as

% j=1...,J-1,
(4.6) (a) w= S, =0,
R A J=4J

(b) wj=0dj0+ 0.

Direct calculation shows that the adjoint coefficients a; in (2.12) coincide with the aq
for this case, and the term A0, F'+ EBF is discretized at x; as

J

(4.7) > ai(h k) [Al !

k=1

— exp(BVi — BV})
B

Bl F(Z‘k,ﬁ).

The scaled Knudsen number A was chosen as 0.2, which means that an electron under-
goes on average five collision events travelling from z = 0 to x = 1. We simulate the
situation of an electron travelling from right to left through a potential barrier located
at x = 0.5. The corresponding electric field £ = —V,V is shown in Figure 1. Figure 2
demonstrates the effect of the deceleration of the electron at the barrier. In order to
study this effect, we have omitted the diffusion step (3.12)(d)—(g) and only carried
out the wave propagation and acceleration parts (3.12)(a)—(c). Figure 2 shows the
second component of the solution vector F' which is partially reflected at the barrier
due to the deceleration effect. (Omitting the diffusion step, the first component of
F, the electron density, remains of course unchanged in time.) Figures 3-8 show the
repetition of the above experiment, now carrying out all three steps in (3.12). As a
comparison we also show the solution of the drift-diffusion problem, drawn in dashed
lines. The drift-diffusion solution has been computed by rescaling the vector F' accord-
ing to section 4 and setting A = 0. In this case, only the diffusion step (3.12)(d)—(g) is
carried out. Figure 3 shows the evolution of the electron density p = Fj. Figures 4-8
show the time evolution of the current density J = (A12)F. While there is quite
good agreement for the electron densities between the drift diffusion solution and the
solution of the Boltzmann equation, the current densities differ dramatically. We are
generally interested in two quantities, namely the size of the currents and the time it
takes for the system to reach a steady state. In one spatial dimension a steady state
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is characterized by the current density J being constant in space. Figures 4-8 show
that the Boltzmann solution requires much longer to reach a spatially constant cur-
rent, and that the value of this current is drastically different from the drift-diffusion
solution. This implies that, at least for this simple model problem, the drift diffusion
regime is not applicable for geometry dimensions of the order of five times the mean
free path.

Appendix.
Proof of Lemma 2.2. Computing the time derivative of the term (F, F')4 we obtain

(Al) at<Fa F>d = 2<F» atF>d + ZﬁatV(Xj,t) eXp(ﬂV(Xj,t))’}/ﬂF(j, t)|2

Jj=1

< 2<F7 8tF‘>d +ﬂmax{|atv(xjat)|aj = 1a2"}<F7 F>d
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For the term (F,0;F)4 in (A.1) we obtain

(AQ) <F78tF>d: Z 'YJKJ ja 815 ( )
x; €EQ—0Q
+ ) s FGO I = P)OF () + Y vk F(G. )T Pi0F(j,t).
x; €00 x;€0Q

The third term in (A.2) vanishes because of the homogeneous boundary conditions
(2.23)(c). For the second term in (A.2) we obtain

(A.3) > vk F(G 0" (I = Py)oiF (j,t)

x; €00

=77 Z vk F (G, )T (I — Pp){—AL4[F](j,t) + CF(j,t) + N> H(j, 1)}
x; €00

=AY R P ) {=ALalF)(, 1) + CF(j,t) + A H (4,1},
x,; €00

again because of the homogeneous boundary condition (2.23)(c). For the first term
in (A.2) we get

(A.4) Z V565 F (5, 1) TOuF (j,1)
x;E€Q—0Q
20N R FG)T{=ALa[F)(j. t) + CF(j.t) + A2 H(j, 1)}
XJEQ o0

Adding (A.3) and (A.4) gives
(A.5) (F,0iF)g = \"2(F, =ALg[F] + CF)q + (F,H)4.

Now (F,CF), is nonpositive and L4 is antisymmetric. This gives (because of (2.22))

(A.6) (F,0.F ij/f] er x;)F ()T AsF ()] + (F, H) g

Z%Zm x;)F(j)T (I — P)Ay(I — Py)F(j)| + (F, H)a.

Since the matrices 22:1 rs(x;)(I — Pj)As(I — P;) are positive semidefinite, inserting
(A.6) into (A.1) gives

(A7) Ou(F, F)g < 2(F, HYq + Bmax{|0;V (x;,1)],j = 1,2. }(F, F)q.

Standard application of the Gronwall inequality yields the result (2.24). 1]
Proof of Theorem 3.1. We start with the stability estimate for (3.12)(c): Multi-
plying (3.12)(c) by v;&;(tm+1) K (J, tm+1) and summation over the j gives

J

(A.8) N> i85 (b ) K (J, tnga) P
j=1
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+At Z Vit (tmt1) K (5, t77L+1)T[>‘(LdK) (J,tm+1) — CK(J, tingr)]
bfz,;¢0Q

A Y Y (b)) K (s tmgn) [ = POGINLaK) (y tn1) = COK (J, tn)]
bfz;€00Q

=2 > (s ) K Gy tingn) TE ()
bfz,;¢oQ

A Y R () K (G timgn) T = PG ()
bfz; €00

Since the matrices P are projections and symmetric, multiplying (3.12)c) by P(x;)
gives immediately that K (j,¢m+1)7 P(x;) = 0 holds. Therefore (A.8) becomes

J
(Ag) )‘2 Z’}/jﬁj(thrl)'K(jv tm+1>|2
j=1
J
+At Z Vikj (tm-l-l)K(j) tm+1)T[>‘(LdK) (.]7 tm-i-l) - CK(J) tm+1)]
j=1

= )‘2 Z Vikj (tm+1)K(j7 tm—i—l)TK(ja t’m)
Because of (2.21)

(AlO) Zvjﬁj(thrl)K(f thrl)T(LdK)(ja tm+1)

J 3
:ZZ‘U]’%? m+1)7s K (7, m+1) A K (j, tms1)

j=1s=1

J
= Zzwj”ij(tm-&-l)rsK(ja t7n+1)T[I - P(Xj)]TAS[I_ P(XJ)]K(J7 tmt1) =0

j=1s=1



464

CHRISTIAN RINGHOFER

holds since, by construction, the matrices Z‘:’:I[I — P(x)]"r A [I — P(x;)] are posi-
tive semidefinite. Using (A.10) and the fact that the matrix C' is negative semidefinite,
we obtain

(A.11)

J J

N i (b )IE (s b)) P < XD 5565 (b)) K (s tnsa) K (G, ),
j=1 j=1

and, using the Cauchy—Schwartz inequality

J J
Z’th-'j(tm+1)|K(j; tm+1)|2 < Zvjﬁj(tm+1)|K(jv tm)|2'

(A.12)
j=1 Jj=1
Therefore
J
(A13) ||F||d m+1 Z m—i—l |K(]7 )|2

holds. Now, smce the hyperbolic scheme in (3.12)(a) is assumed to be stable and the
matrices B, + A are skew symmetric we have

(A.14)

J

J
. Kj(tma1
ZVj“j(tm+1)|K(J7tm)|2 = Z’Yj;(‘(t +)) |G(xj7tm+1)|2
=1 j=1 s

J
Kj(tm tm
< { L Gl )P < e { P2est) }Z%IG% wl?
j\lm

zz » >

Q o > = >

j=1

=maX{ & }Z%“J m)|F (), tm) [ a

J
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