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Abstract—We derive a modification of the semi- the resulting modification dissipates a quadratic
classical Fermi Golden Rule collision operator based approximation of the quantum mechanical entropy
on quantum thermodynamic principles. The resulting  relative to the Hamiltoinian,
operator is nonlocal in space and acknowledges the Syet = —Tr[p-(In p+ H)] near thermal equilibrium.

presence of steep potential gradients and potential - o fina| resylt is a quantum Boltzmann equation
barriers. The resulting quantum mechanical trans- . .
for the Wigner functionf,, of the form

port equation - the Wigner quantum Boltzmann
equation - increases the corresponding quantum me-

chanical entropy and is therefore well posed. Orfuw + [E(K) + V), fulg = Cylfu] (1)
I. INTRODUCTION

The simulation of nanoscale devices requires, awhere[x, x], denotes the usual quantum commutator
least rudimentarily, the inclusion of quantum ef- in the Wigner picture.C;; denotes the modified
fects. Quite a lot of attention has been paid to theFermi Golden Rule collision operator, which has
quantum mechanical modeling of free (collision- the following properties:

less) transport. Efforts here include the direct so-
lution of the Schddinger equation [2], [11], macro-
scopic moment equations (quantum hydrodynamic
models) [9], [10], and extensions of semiclassical
Monte Carlo methods, either directly [13], [8] or via
effective potential approaches [6], [1], [12]. Compa-
rably little work has been done on the inclusion of
guantum effects into collision operators. Collisions
can be treated quite rigorously using Green'’s func-
tions or by Wigner function methods for the phonon
system [7]. Using classical collision operators in
collusion with quantum corrected transport modelsThe organization of this paper is the following. In
has the disadvantage that equilibrium solutions ofSection Il we define the quadratic approximation to
the resulting system do not correspond to admissiblehe relative entropy functiona,..; around thermal
guantum mechanical states, since the semiclassicaquilibrium and give a formula for its evaluation
phonon collision operator increases the classicaln terms of the eigenfunctions and eigenvalues of
entropy and not the correct quantum mechanicathe HamiltonianH. The entropic collision operator
entropy, given byS = —Tr(p - Inp), where p Cy in (1) is derived in Section Ill and the resulting
denotes the density matrix of the mixed state. In thisquantum Boltzmann equation is discussed in Sec-
work we modify the semiclassical phonon collision tion 1V. Numerical results are presented in Section
operator, based on Fermi's Golden Rule, such thav.

o As in Fermi's Golden Rule, the change in en-
ergy, due to a collision event equdis, where
w denotes the dominant phonon frequency.

« C, increases the quadratic approximation of
the relative quantum entropy,..; around ther-
mal equilibrium.

o C, is nonlocal in the spatial variable as well
as in the wave vector. The spatial nonlocality
becomes more pronounced for large electric
fields.



II. THE ENTROPY CLOSE TO THERMAL IIl. FERMI’'S GOLDEN RULE

EQUILIBRIUM The electron - phonon interaction based on
Since the phonon collision operator models theFermi's Golden rule is given by the collision op-
interaction of electrons with a background of erator
phonons, which is assumed to be in equilibrium,
it should increase the entropy relative to the Hamil- Crarlflkr.t) = —r(r, k) f(r.k, t)+  (4)
tonian. The relative entropy is given k..;(p) = Z /cyé(s(k) — (k) + vhw) f (K, 1, 1) dK/
—Tr[p - (Inp + H)], where H denotes the usual )
electron Hamiltoniam (k)+V (r). The present paper
is concerned with a perturbation theory close to

Tths errS:(ljrzgglgbr":g('irg;iegnlzrxi dr?r?;ac%galb ymax_gained or lost by creation or annihilation of a
9 PP g phonon. At the same time, the probabilitiesc_,

imum of S,¢;, given by peqy = exp(—FH), with . . :
[ the inverse ambient temperature. The quadratiécor the emission and absorption of a phonon in the

L ) infinitesimal time dt always satisfy & = e/
approximation to the relative entropy near thermal . ) ) c—1
o . . . where § is the inverse ambient temperature. For
equilibrium is then given by the quadratic form

this reason, the collision operatar can be
SQ(p) = %D2Srel(Pequ)(Pvp)v where DQST@I de- expressed in weak form as P FoR
notes the second Frechet derivative $f;. This

which states that in the course of the interaction
with the lattice an amountw of energy is either

guadratic entropy functional can be expressed _in /w(k)CFGR[f](k, r) dk = (5)
terms of a scalar product on the space of density

matrices in the formSy(p) = —17Tr[p - u,] where 1

the relation betweerp and Up 2is givenpbyp = _2/[¢<k)_w(k/)]K(k; k/)[g(k,r>_g(k/7r)] dkk’

Il:) exﬁ(zg H.)ufi.’ thtf aga;'r.'D oxXp dentptle ?thte where ¢ is an arbitrary test functiong(k,r) =
rechet derivative of the matrix exponential. Written ¢%(X) £(k, r) holds, and the symmetrized kerrg|

in te_rms of the elgenbas_ls o_f the Hamiltonian, theiS given by
relation betweerp andu, is given by

K(kK) = ()
p(z,y) = Zwk(x)Pkﬂ/)j(y)v co Z 6(e(k) —e(k') + ,/m))e*%(s(k)%(k’))’
kj v==+1
up(x>y) = ZW(J«")UM%(?J), co = 67%01 = 6%0—1
kj

From the form (5) it can be seen that the Fermi

—BX; _ o—Bk o :
e —eP ) Golden Rule operato€rcr dissipates the classi-

P TR0 — ) cal entropy, given by the functiona'®ss[f] =
e—BN _ =B — [ %X f(k,r)? drk. By choosing the test func-

Sa(p) = Zluwﬁ (3) tion ¢ = g = M f(k 1) it is immediate that
kj B =) [ 9Crar[f] dkr < 0 holds and therefore the

wheredy, and \; denote the eigenfunctions and en- homogenous Boltzmann equatiéhf = Crcr|/]
ergies of the Hamiltoniad/. The formula (2) can be increases the classical entropy functiosgl*[f].
derived from computing the derivati@ exp of the ~ The key point here is that the Fermi Golden Rule
matrix exponential by linearizing the corresponding cellision operator is completely determined by four
Bloch equation [4], [5] and expressing the solution Properties, namely

in terms of the eigenfunctions of the Hamiltonian. 1) A collision results in a gain or loss of an

Note, that this represents the quantum mechani- amounti?w of energy.

cal equivalent of the classical entropy functional 2) Charge is conserved.

Sglass(f) = — [ dk [dr ePH ) £k r)2, which 3) The operator increases the classical entropy.
is well known to be increased by the dynamics of (The form of the entropy, i.e3 governs the

the semiclassical Boltzmann equation. ration - in (5).)



4) The scattering frequency, or the mean freef, = e %¢g, and the modified collision operator

path which determines the absolute size ofC, reduces to the classical Fermi Golden Rule.
c+1, Or alternatively,co in (6).

The natural quantum thermodynamic modification

of the classical Fermi Golden Rule operator consists The resulting transport equation in the Wigner

therefore of replacing the classical entropy by thePicture is then of the form

guantum entropy derived in Section Il and keeping _

the other three points. This means, that the collision Ohfuw+ [ek) +V(x): fulg = Calful - (7)

operatorCy is given by (5) where the functiof,, where[x, x|, denotes the usual quantum commutator

is now computed from the Wigner functiof), by  in the Wigner picture. Using pseudo - differential

gw = Wluy), p = Wf,], whereW and W1 operator notation, it is of the form

denote the usual Wigner - Weyl transform and its

inverse. So, to evaluat€,[f,], given the Wigner [, fulq =

function f,, the following steps have to be taken Yo iyv v iyv K
1) Compute the representation of the density ma- 2 ekt V) + V= 5Vl fulkr)

. . . . v==+1
trix p, corresponding to the Wigner function . . . .
f., in the basis, given by the eigenfunctions Where functions of gradients are defined in the

of the Hamiltoniand. . usual way via Fourier transforms. Note, that the
2) Computeu, according to (2). transport term only reduces to its classical equiv-

3) Compute the entropy variablg, in the alent + VeV, f, in the case of quadratie, i.e.
Wigner picture as the Wigner - Weyl trans- for parabolic band structures. By virtue of con-
form of u,, i.e. g = Wu,). struction, the quadratic approximatio$, of the

4) Evaluate the Fermi Golden Rule collision €ntropy functional around thermal equilibrium is

operator (4) by replacing the classical densityincreased by the collision operater,. We now
function f by e=%g,. give a simple argument for the fact that the entropy

is conserved by the quantum commutafers],.
ue to the cyclicity of the trace, we have that.

Tr(a-[H,e",) =0 holds for any density matrix

Differentiating this relation twice yields

IV. THE QUANTUM BOLTZMANN EQUATION

The resulting collision operator expresses the sam
principle as Fermi's Golden Rule, namely the gain
/ loss of an amounthw of energy. However it
increases the quantum entropy functiosal from
Section Il. Because of the properties of the Wigner Tr(Say - [H, e, + day - [H, D exp(a)das],+
transform, and the symmett§, we have

Sag-[H, D exp(a)day],+a-[H, D* exp(a)(dar, daz)],)

9 Salp] = —Trluy - Opp) = — /gatfw dkr . _ 0
Therefore, multiplying the homogeneous equationgettingq = —H, da; = das = u, D exp(a)da; =
Orfw = Cqlfu] by the entropy variabley,, and  , and using the fact that a density matrix commutes
integrating w.r.t.k andr yields 9,5, > 0 b_ecause “with its exponential, yieldTr(u - [H, p];) = 0.

of the en'[l’OpIC weak form (5) of the classical Fermi ThUS, in the Wigner picture, where Corresponds

Golden Rule operato€'rgr. to ¢,, and p corresponds tq',,, we have
Remark: The modified collision operator’; is
nonlocal in the spatial variable because of the /gw[H, fwlq dkdr =0,

nonlocal relation betweerf,, and g,. This non-

locality becomes more pronounced in the presencevhich means that the quadratic entropy approxima-
of large electric fields, since in this case the supportion S, is conserved by the quantum commutator
of the wave functions);, of the Hamiltonian are [, x], as well. Integrating the quantum Boltzmann
spread out over a larger region. In the classical limitequation against the entropy variablg, yields

(h — 0 formally) the relation between the Wigner 9,5:(f,] = — | gw0:fw dkdr > 0 and the total
function f,, and the entropy variable, reduces to entropy is increased due to collisions.
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Fig. 1. Potential

V. DISCUSSION AND PRELIMINARY SIMULATION
RESULTS

We have presented a relatively inexpensive exten
sion of the semiclassical Fermi Golden rule collision
operator. In fully guantum mechanical simulations,
using the Wigner Boltzmann equation (7) this col-
lision operator dissipates an approximation of the
correct quantum entropy and the resulting problem
is therefore well posed. We conclude by computing
the steady states of the resulting collision operator
i.e. the equivalent of the Maxwellian, in the absence
of the transport terms. In this case, the steady stat.
entropy variabley,, in Section Il is given by a classi-
cal Maxwellian and the equilibrium density function
fw 1s given by by the transformation outlined above.
A simple barrier potential, shown in Figure 1, has
been used. Figure 2 shows the steady state Wigner
function corresponding to the classical global en-
tropy maximum, i.e. fog,, = e <&K=Y ({)_Figure
3 shows the Wigner function for a single particle
inside the potential well. Note that the Wigner
function in Figure 3 becomes locally negative, in-
dicating that the integral kernel corresponding to 5]
the modified collision operator contains negative [6]
elements. Therefore, particle based discretizations [7]
of the Wigner - Boltzmann equation (7) will exhibit i8]
the same difficulties as particle discretizations of the
collisionless Wigner equation (see [8]). [0
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Wigner functionf,, for a constant entropy variablg
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