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Summary. The dynamic of a production networks is modeled by a coupled system
of ordinary differential delay equations. Distribution and order policies are deter-
mined by an optimization problem for maximizing the profit of the production line.

1 Introduction

We consider a network of suppliers which order goods from each other and
process a product according to orders, and receive payments according to a
pricing policy. The dynamics of supply chains has been investigated in re-
cent years (see c.f. [1, 2, 3, 5, 7]) and extended to include money flows and
bankrupctey, e.g. [2]. We extend existing results in the following ways: We con-
sider general networks, represented by an arbitrarily connected graph. Each
node in the network has a finite production or cycle time and a finite produc-
tion capacity, as well as a front-end and back-end inventory. It is therefore
possible that a supplier orders more than can be produced and stockpiles
supplies. It is also possible that a supplier produces more than is ordered and
stockpiles the output. Each supplier receives payments according to a dynam-
ically determined pricing policy. Bankruptcy occurs if payments made exceed
payments received beyond a certain available credit limit. Distribution and or-
der policies are chosen in order to maximize the total profit. Mathematically,
this problem is formulated as a mixed—integer programming problem.

2 The model

The supply chain is modeled as a network of Sy, .., Sy nodes (suppliers) which
order and deliver goods according to given (dynamic or static) policies, and



2 S. Gottlich, M. Herty, and Ch. Ringhofer

receive payments according to certain pricing policies. We suppose that each
supplier can choose his own policy. We furthermore assume that each supplier
S; has two inventories, a front-end (or input) inventory with an inventory
position p;(t), and a back-end (or output) inventory with inventory position
¢;(t). Ttems are taken from the input inventory, processed by a given time
7j, put into the output inventory and instantenously delivered according to
demand. Each supplier cannot take more than p;dt items in every infinites-
imal time interval dt, i.e., the supplier has a maximal capacity of u; on the
production process. There is no restriction on the inventories. This allows for
storing overproduction and buffering for shortages in the supplies. Adjacent
suppliers are directly connected by the rate of orders and flow, respectively.
That means, supplier k orders products from supplier number j at a rate £2;;
and supplier £ sends products to supplier number j at a rate @ ;.

We turn to the mathematical equations describing the above model. We
model the input inventory position p by the simple ordinary differential equa-
tion (ODE) and put a constraint such that the inventory cannot become
negative.

dp_(fm—ufor p>0> (1)
dt 0 for p=0/"

The ODE (1) has a discontinuous right hand side and is therefore not guar-
anteed to have a solution and we therefore we replace (1) by the smooth
dynamics

dp  (f" —u for p>ep\ _ in . D
dt_<fin_§f0rp§€,uf _f _g>g_m1n{ﬂ7g}a 0<e<<l (2)

It is easy to see that (2) exhibits, for small £, asymptotically the same behavior
as (1) and the differential equation (2) has a Lipshitz continuous right hand
side, and has therefore a well defined solution.

The evolution of the output inventory position ¢ is modeled in the same
way, where the influx into the output inventory is the time delayed outflux
of the input inventory, i.e. f(t) — g(t — 7) holds, with 7 the time it takes
the supplier to process an item. The capacity p is replaced by the demand w,
i.e. the supplier cannot ship at a rate greater than the current demand from
tdhe output inventory. Therefore, the output inventory position ¢ will satisfy

q _

St = g(t = 7) — min{w, £}. So, in summary, the dynamics of each supplier

Sj,j =1:J, are given by
(a) P5(t) = £{"() = g;(0), (8) g;(t) = min{pz, 2}, 3)
(©) g() = g;(t = 7) = (8), (@) f(t) =minfw;, L} (&)

For notational convenience we include external suppliers of raw materials and
final customers as suppliers in the network by formally defining raw material
suppliers as suppliers with an infinite output inventory and customers as as
suppliers with zero production capacity.
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It remains to connect the dynamics of the individual suppliers through the
fluxes f; and f;" in (3). This is done by Kirchhoff’s law. We define a J x J
distribution matrix A with nonnegative entries A;, and set

J
=" Apfe, j=1:J (5)

k=1

So the product flux @, from Sy, to S; is given by @, = Aji fi, and Ajy is the
percentage of the output of supplier k sent to supplier 5. We denote the column
sums of the matrix A by a and by a; the percentage of product shipped back
into the system by supplier Si; hence a, = ijl Ajg, ol = 17 A . If there is
no loss of product during shipping (which assumed to be instantaneous), then
the column sums aj, will equal unity, except for those nodes Sj, corresponding
to final customers.

The demand w; on supplier S; in (3)(d) is given by the orders placed.
The modeling is analogously as for the distribution rates. Assuming that the
supplier Sy, places orders to supplier S; at a rate {2, i.e.,

J
dj =)y, j=1:J, w=1 (6)
k=1

The matrix {2 defines the topology of the network, since each supplier will
only place orders to a limited number of other suppliers. The elements of the
matrices A and {2 are the distribution and order policy decision variables.
However, the distribution policy cannot be chosen independently of the order
policy. Not only can supplier S not ship more from the output inventory
than the total demand wy, (as enforced by the form of the outflux function f
in (3)(d)). He also cannot ship to the individual supplier S; at a rate greater
than S; is ordering. That is, we have the additional constraints

Pjp = Ajifr < g, Jk=1:J (7)

The constraint (7) is a dynamic and nonlinear constraint, since all terms in
(7) depend on time and the fluxes fj are given by (3). The constraint can be
satisified by choosing an a priori rule for the distribution policy (which is not
dependent on the dynamics): A;, = ﬁﬂkj, This reduces (7) to fi < wy, which
is enforced by (3) automatically. This choice can be understood as follows.

1. If the output inventory is non-empty (¢ = O(1), fr = di): Satisfy all
demands @1, = (2.

2. If the output inventory is empty qp < edy, fr = & ~ gr(t — %) < di:
Distribute the output proportionally to the demand. Set ;i = Aji fi =
Lo (.
dy ki

Given a certain order policy, any other distribution policy will have to use

information about the current state of the system (the values of fi(t) and

di(t)) to enforce the constraint (7).
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Remark 1. Up to this point we assumed that, if supplier S; cannot satisfy
all orders at any point in time, these orders are lost. A more realistic model
allows for the orders to be filled at a later point in time (occurring a penalty
which has to be included in a cost functional for optimization). We remove
the constraint that the output inventory position g;(¢) in (3) remains non-
negative, and define the inventory position as g; for positive ¢; and the backlog
as —¢; for negative ¢;. In this case (3) (c)(d) have to be replaced by

4;(t) = g;(t — 15) —w;(t), f; = H(qj)w,

for H being the Heavi-side function.

2.1 The money flow

One of the purposes of the model developed so far is the study of the evolution
of bankruptcies in a given network. To this end, it is necessary to include cash
flow into the model. Money flows in the opposite direction of product in the
network, and is weighted by a price. We denote by 7; the price per product
unit supplier S; charges to deliver. Therefore, the flow of money 1;;, from
supplier S, to supplier S; is given by ;i = Py;r; , Furthermore, we assume
that each supplier S; has certain production costs for delivering the product.
The production costs per product unit supplier S; are denoted by r;. Hence,
the money supply o; of supplier S; evolves according to

7 7 7 7
oj(t) = Z%‘k — Yk — Zrkfk =a;frj — ZAjkfka - Zrkflm (8)
=1 =1 =1 =1

If we assume that no credit is extended, i.e. the supplier S; has to stop ordering
once its money supply is exhausted, we obtain the condition

ij:OifCTj:O (9)

The above model allows for the simulation of the flow of product and payments
on arbitrary complex networks, given a ceratin order and pricing policy, i.e.
once the order rates (2;;(t) and the prices r;(t) are chosen. Choosing optimal
policies by solving a constrained optimization problem is subject of Section 3.

3 Computing optimal order and distribution policies

We are interested in an optimal choice of the given order policies (2;; and
distribution policies A;,. We consider the choice to be optimal, if the profit
of the supply chain Z}]=1 0;(T') at some final time T is maximal. Constraints
to this optimization problem are the dynamics of the supply chain as well
as constraints on order flows, production capacities, inventories and possible
bankruptcy.
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This is described by the following maimization problem for (2;; and Aj.

max Z o;(T) subject to (3), (5), (6), (7), (8), (9). (10)

Numerically, this prolem is solved using a mixed—integer programming for-
mulation as studied e.g. in [4, 6]. We study some analytical properties of the
maximization problem.

Lemma 1. As long as there is no bankruptcy, the internal pricing has no
influence on the order (2; and distribution policy Ajy.

In fact, due to equation (5), we have > . Aj, = 1 and hence Ay fr = 0 Vk,
for customers j, and Aj; f; = 0V, for raw material suppliers &, respectively.
We introduce the index sets Ac, Ay and Ag for customers, raw material
suppliers and the remaining suppliers. Then, we obtain

S Awifiri = Apfere = > fri— > firge
7.k

JEAC JEAM

For an initial money supply of o;(t = 0) = 0 we obtain by integrating (8)

ZUJ(T):/O Z—rjfj—i- Z ijj— Z ij‘j dt. (11)

J JjEAC JEAM

Hence, only the production costs but not the internal pricing effect the cost
functional (as long as there is no bankruptcy).

Second, we reformulate equations (3) in order to obtain a partial differ-
ential equation. This approach is analogously to the presentation in ([6]): We
assume each supplier as unit length. The delay in 7; is then modeled by a
function p(x,t) satisfying

p'(t) = f" = p(0,1), ¢'(t) = p(1,t) — f(t),
P + %gm =0, p(0,t) = min{u, g}, f = min{w, g},
g9(t) = p(0,1).

The latter set of equations is in fact an Upwind discretization of a partial
differential equation for the part densities p given by

Oip + 0, min{v,vp} =0, g(0,t) = f" (12)

and where v(z) = p Xp<1 + W Xpx1, U = L and p = ep(0—,t) and ¢ =
ep(1+,t). This equation has to be solved for pj, i.e., the part density for
supplier S;.

Third, if we denote by ¢; := min{v;,v;p;}, we obtain f; = v;(1,t) and
f]m = 1;(0,¢). Assuming an initially empty supply chain p;(x,0) = 0 for all
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suppliers j, and equal prices per product r; = r, we obtain from (12) upon
integrating

J
> oy(T)
j=1

T J T
_/ erfjdt+/ S fr— D frt

JjEAC JEANM
T J T
:_/ er¢j(1,t)dt+/ r Z Pi(1,t) — Z b1 | dt
0 j:1 0 jE.Ac jeAM

T J J T
—— [ Swwared [ rw0.0 - v0.0)d
0 j=1 j=179

T J J 1
—— [ Smua-rY [ o
0 j=1 j=1"0

Summarizing, we proved:

Lemma 2. If r; = 0, then mazimizing the costs at time T using cost func-
tional (11), is equivalent to minimizing the load in the complete network at
time t =T where the load is the number of parts [ p;dx in supplier S;.

References

1. D. Armbruster, P. Degond and Ch. Ringhofer, STAM J. Appl. Math. 66, 896—
920 (2006)

2. S. Battiston, D. Delli Gatti, M. Gallegati, B. Greenwald and J.E. Stiglitz, J.
Eco. Dyn. & Control 31, 2061-2084 (2007)

. C. Daganzo, A Theory of supply chains (Springer-Verlag, 2003)

. A. Fligenschuh, S. Gottlich, M. Herty, A. Klar and A. Martin, SIAM J. Sci.
Comp. 30, 1490-1507 (2008)

. S. Gottlich, M. Herty and A. Klar, Comm. Math. Sci. 3, 545-559 (2005)

. M. Herty and Ch. Ringhofer, Physica A 380, 651-664 (2007)

. D. Helbing, D. Armbruster, A. Mikhailov and E. Lefeber, Physica A 363, 1-60
(2006).

=~ W

~N O Ot



