MAT 271 Spring 01 Review of series
Instructor: Nandor Sieben, Office: PSA 208
Phone: 965-5450 Message: 965-3951

e-mail: nandor.sieben@asu.edu
http://math.la.asu.edu/~sieben/271/271.html

Hours: MWTh 8:40 or by appointments

Series:

- Z;)ioai:a0+a1+a2+"'

You need to be able to recognize a pattern in a series and write it using )| notation, write out
the first few terms of a series given by > notation,

- Geometric series:

Seoaqt = a+aq+ ag® + aq3 + -+ is convergent if the |¢| < 1, divergent if |¢| > 1. If it is
convergent then the sum is % 7 You need to be able to recognize if a series is geometric or not,
and find the sum of the series.

- Ratio test:

Let lim,,_, o, 9n+1l —

lan]

=c. If ¢ <1 then Y 7, a, is absolutely convergent. If c > 1 then the series

oo

i=1 (1) +1), is convergent. The

is divergent. If ¢ = 1 then the test is inconclusive. For example ).
ratio test is inconclusive for >, ;ﬁ
- Root test:

Let lim, o0 {/]a,| = c. If ¢ < 1 then Y 7, a, is absolutely convergent. If ¢ > 1 then the series

is divergent. If ¢ =1 then the test is inconclusive. For example > >~ <27;;23>n is convergent.
- Alternating series:

Z;}io(—l)iai is convergent if a; is decreasing and lim; ., a; = 0. For example 1— % + % — i +—
is convergent.

- Integral test:

If f is a positive decreasing function and a,, = f(n), then elther both [ f(z)dz and > - an

are convergent or both are divergent. For example Y > + is divergent since f1 Ldx is diver-

n=1n
gent.
- Comparison test:
Let 0 < a; < b;. If Y72, b; is convergent then so is Y .o, a;. If > 7% a; is divergent then so is
>1° b;. For example >, ﬁ is convergent since Y o | - is.
- Limit comparison test:
If a,, and b,, are positive lim,, . Z = ¢ > 0 where c is finite, then either both >~ | a, and

> | by, are convergent or both diverge. For example Y >° 1

o) 57— Is convergent since Y

n=1 2”
is convergent.
- n-th term test:

If 7% a; is convergent then lim; ., a; = 0. If the limit is not 0 then the series is not convergent.

For example ) 7 | 20

- Absolute convergence:
If the series Y.~ |a;| is convergent then the series > .~ a; is called absolutely convergent. Every

is divergent.

absolutely convergent series is convergent. For example 1 + % - 2% + 2% + 2% - 2% + —--- s
convergent because it’s absolutely convergent. The series 1 — % + % — i + — -+ is convergent
but not absolutely convergent.

- Taylor series:

Sometimes a series can be recognized as a Taylor series evaluated at a certain value. For example
1= 544 — g +—=cos(1).



Taylor series:
- The Taylor series of f around c is the power series

LCTR G

7] g @+

. £(@) .
S g = p0+ Pl -+

i=0
You need to be able to find and recognize the Taylor series of simple functions like sin, cos, e,
1 (1 + z)P using the definition.
- A Taylor series, like any power series, always has an interval of convergence with center at c.
The distance between the center and the endpoints is called the radius of convergence. We can
find the radius of convergence using the ratio test. The ratio test is inconclusive at the endpoints
of this interval. So we need to consider the endpoints separately. The Taylor series of f may or
may not converge to f but it usually does.
- A Taylor series can be differentiated and integrated term by term. The new series has the
same radius of convergence. When you integrate you need special care to find the value of the
constant term. For example you need to be able to find the Taylor series of In(x), arctan(x)
from the Taylor series of 2 and ﬁ, or get the Taylor series of cos(x) from that of sin(x).
- We can substitute cz* for & in a Taylor series or multiply a Taylor series by z*. For example
you can get the Taylor series of e% from the Taylor series of e* by substituting —x? for x and
then multiplying the terms by .
- Given a Taylor series of f around ¢ you need to be able to find the values of f()(c).

sin(z

- The Taylor series can be used for finding limits of functions such as lim,_.q TQ) by replacing

the function by its Taylor series.



